This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of
to make the world’s books discoverable online.

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was nevel
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domair
are our gateways to the past, representing a wealth of history, culture and knowledge that’s often difficult to discover.

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book’s long journey fro
publisher to a library and finally to you.

Usage guidelines

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belon
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have take
prevent abuse by commercial parties, including placing technical restrictions on automated querying.

We also ask that you:

+ Make non-commercial use of the fild&e designed Google Book Search for use by individuals, and we request that you use these fil
personal, non-commercial purposes.

+ Refrain from automated queryirigo not send automated queries of any sort to Google’s system: If you are conducting research on m:
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encc
use of public domain materials for these purposes and may be able to help.

+ Maintain attributionThe Google “watermark” you see on each file is essential for informing people about this project and helping ther
additional materials through Google Book Search. Please do not remove it.

+ Keep it legalWhatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume |
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users
countries. Whether a book is still in copyright varies from country to country, and we can’t offer guidance on whether any specific
any specific book is allowed. Please do not assume that a book’s appearance in Google Book Search means it can be used in al
anywhere in the world. Copyright infringement liability can be quite severe.

About Google Book Search

Google’s mission is to organize the world’s information and to make it universally accessible and useful. Google Book Search helps
discover the world’s books while helping authors and publishers reach new audiences. You can search through the full text of this book on
athttp://books.google.com/ |



http://books.google.com/books?id=E9M2AAAAMAAJ&ie=ISO-8859-1




—

KA

45/
.Ta42






EUCLID’S
ELEMENTS OF GEOMETRY

BOOKS I—VI



Fondon: C. J. CLAY anp SONS,

CAMBRIDGE UNIVERSITY PRESS WAREHOUSE,
AVE MARIA LANE.

CAMBRIDGE: DEIGHTON, BELL, AND CO.
LEIPZIG: F. A. BROCKHAUS.
NEW YORK: MACMILLAN AND CO.



Coeldoe.  SEECINZ 3Py, b
Pitt Pregs Mathematical Series

W W .Ggww

EUCLID’S
ELEMENTS OF GEOMETRY

EDITED FOR THE SYNDICS OF THE PRESS

B4 FAYLOR, MA.

FELLOW AND FORMERLY TUTOR OF TRINITY COLLEGE, CAMBRIDGE.

BOOKS I—VI

CAMBRIDGE
AT THE UNIVERSITY PRESS
1893

[4u Riglm. reserved.].



Cambrivge:
PRINTED BY C. J. CLAY, M.A. AND SONS,
AT THE UNIVERSITY PRESS.






NOTE.

The Special Board for Mathematics in the University
of Cambridge in a Report- on Geometrical Teaching dated
May 10, 1887, state as follows:

‘The majority of the Board are of opinion that the rigid adherence
to Euclid’s texts is prejudicial to the interests of education, and
that greater freedom in the method of teaching Geometry is
desirable, As it appears that this greater freedom cannot be
attained while a knowledge of Euclid’s text is insisted upon in
the examinations of the University, they consider that such
alterations should be made in the regulations of the examina-
tions a8 to admit other proofs besides those of Euclid, while
following however his general sequence of propositions, so that
no proof of any proposition ocourring in Euclid should be
accepted in which a subsequent proposition in Euclid’s order
is assumed.’

On March 8, 1888, Amended Regulations for the
Previous Examination, which contained the following
provision, were approved by the Senate :

*Euclid’s definitions will be required, and no axioms or postulates
except Euclid’s may be assumed. The actual proofs of propo-
gitions as given in Euclid will not be required, but no proof of
any proposition occurring in Euclid will be admitted in which
use is made of any proposition which in Euclid’s order occurs
subsequently.’

And in the Regulations for the Local Examinations
conducted by the University of Cambridge it is provided
that :

‘Proofs other than Euclid’s will be admitted, but Euclid’s Axioms
will be required, and no proof of any proposition will be
accepted which assumes anything not proved in preceding
propositions in Euclid.’
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PREFACE TO BOOKS 1. AND IL

h‘ T was with extreme diffidence that I accepted an invi-
§ tation from the Syndics of the Cambridge University

Press to undertake for them a new edition of the Elements

g of Euclid. Though I was deeply sensible of the honour,
A~which the invitation conferred, I could not but recognise

' the great responsibility, which the acceptance of it would

- entail,

|

~

The invitation of the Syndics was in itself, to my mind,
a sign of a widely felt conviction that the editions in
common use were capable of improvement. Now improve-
ment necessitates change, and every change made in a
work, which has been a text book for centuries, must run
the gauntlet of severe criticism, for while some will view
every altération with aversion, others will consider that
every change demands an apology for the absence of more
and greater changes.

I will here give a short account of the chief points, in
which this edition differs from the best known editions of
the Elements of Euclid at present in use in England.

‘While the texts of the editions of Potts and Todhunter
are confessedly little more than reprints of Simson’s English
version of the Elements published in 1756, the text of the
present edition does not profess to be a translation from
the Greek. I began by retranslating the First Book: but
there proved to be so many points, in which I thought it

T. E : b



vi PREFACE.

desirable to depart from the original, that it seemed best
to give up all idea of simple translation and to retain
merely the substance of the work, following closely Euclid’s
sequence of Propositions in Books I. and II. at all events.

Some of the definitions of Euclid, for instance trapezium,

" rhomboid, gnomon are omitted altogether as unnecessary.
The word ¢rapezium is defined in the Greek ta mean “any
Jour sided figure other than those already defined,” but in
many modern works it is defined to be “a guadrilateral,
which has ome pair of parallel sides.” The first of these
definitions is obsolete, the second is not universally ac-
cepted. On the other hand definitions are added of several
words in general use, such as pertmeter, parallelogram,
diagonal, which do not occur in Euclid’s list.

The chief alteration in the definitions is in that of the
word figure, which is in the Greek text defined to be “that
which 18 enclosed by onme or more boundaries.” I have
preferred to define a figure as “a combination of points,
lines and surfaces.” That Euclid’s definition leads to diffi-
culty is seen from the fact that, though Euclid defines a
circle as “a figure contained by one line...”, he demands in
his postulate that “a circle may be described...”. Now it is
the circumference of a circle which is described and not
the surface. Again, when two circles intersect, it is the
circumferences which intersect and not the surfaces.

I have rejected the ordinarily received definition of a
square as “a quadrilateral, whose sides are equal, and whose
angles are right angles.” There is no doubt that, when we
define any geometrical figure, we postulate the possibility
of the figure; but it is useless to embrace in the definition
more properties than are requisite to determine the figure.

The word axiom is used in many modern works as
applicable both to simple geometrical propositions, such as
“two straight lines cannot enclose a space,” and to proposi-
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tions, other than geometrical, accepted without demonstra-
tion and true universally, such as “the whole of a thing s
greater than a part.” These two classes of propositions are
often distinguished by the terms ¢ geometrical axioms” and
“general axioms.” I prefer to use the word axsom as appli-
cable to the latter class only, that is, to simple propositions,
true of magnitudes of all kinds (for instance “things whick
are equal to the same thing are equal to one another”), and
to use the term postulate for a simple geometrical proposi-
tion, whose truth we assume.

When a child is told that 4 weighs exactly as much
as B, and B weighs exactly as much as C, he without
hesitation arrives at the conclusion that 4 weighs exactly
ns much as C. His conviction of the validity of his
conclusion would not be strengthened, and possibly his
“confidence in his conclusion might be impaired, by his
being directed to appeal to the authority of the general
proposition ‘“things which are equal to the same thing are
equal to one another.” I have therefore, as a rule, omitted
in the text all reference to the general statements of
axioms, and have only introduced such a statement occa-
sionally, where its introduction seemed to me the shortest
way of explaining the nature of the next step in the
demonstration.

" If it be objected that all axioms used should be clearly
stated, and that their number should not be unnecessarily
extended, my reply is that neither the Greek text nor any
edition of it, with which I am acquainted, has attempted
to make its list of axioms perfect in either of these respects.
The lists err in excess, inasmuch as some of the axioms
therein can be deduced from others: they err in defect,
inasmuch as in the demonstrations of Propositions conclu-
sions are often drawn, to support the validity of which no
appeal can be made to any axiom in the lists.
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Under the term postulate I have included not only what
may be called the postulates of geometrical operation, such
as ‘“st 18 assumed that a straight line may be drawn from
any point to any other point,” but also geometrical theorems,
the truth of which we assume, such as “two straight lines
cannot have a common part.”

The postulates of this edition are nine in number.

Postulates 3, 4, 6 are the postulates of geometrical
operation, which are common to all editions of the Elements
of Euclid. Postulates 1, 5, 9 are the Axioms 10, 11, 12 of
modern editions. Postulates 2, 7, 8 do not appear under
the head either of axioms or of postulates in Euclid’s text,
but the substance of them is assumed in the demonstrations
of his propositions,

Postulate 9 has been postponed until page 51, as it
seemed undesirable to trouble the student with an attempt
to unravel its meaning, until he was prepared to accept it
as the converse of a theorem, with the proof of which he
had already been made acquainted.

It may be mentioned that a proof of Postulate 5, “all
right angles are equal” is given in the text (Proposition 10B),
and that therefore the number of the Postulates might
have been diminished by one: it was however thought
necessary to retain this Postulate in the list, so that it
might be used as a postulate by any person who might
prefer to adhere closely to the original text of Euclid.

One important feature in the present edition is the
greater freedom in the direct use of ‘“ the method of super-
position ” in the proofs of the Propositions. The method is
used directly by Euclid in his proof of Proposition 4 of
Book I, and indirectly in his proofs of Proposition 5 and
of every other Proposition, in which the theorem of
Proposition 4 is quoted. It seems therefore but a slight
alteration to adopt the direct use of this method in the
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proofs of any theorems, in the proofs of which, in Euclid's
text, the theorem of Proposition 4 is quoted.

It may of course be fairly objected that it would be
more logical for a writer, who uses with freedom the
method of superposition, to omit the first three Propo-
sitions of Book I. To this objection my reply must be
that it is considered undesirable to alter the numbering
of the Propositions in Books I. and IL at all events. No
doubt a work written merely for the teaching of geometry,
without immediate reference to the requirements of candi-
dates preparing for examination, might well omit the first
three Propositions and assume as a postulate that “a circle
may be described with any point as centre, and with a
length equal to any given straight line as radius,” instead
of the postulate of Euclid’s text (Postulate 6 of the pre-
sent edition), “a circle may be described with any point as
centre and with any straight line drawn from that point as
radius.” ' .

The use of the words ‘“each to each” has been aban-
doned. +The statement that two things are equal to two
other things each to each, seems to imply, according to the
natural meaning of the words, that all four things are
equal to each other. 'Where we wish to state briefly that
A has a certain relation to a, B has the same relation to
b, and C has the same relation to ¢, we prefer to say that
A, B, C have this relation to a, b, ¢ respectively.

The enunciations of the Propositions in Books I. and
II. have been, with some few slight exceptions, retained
throughout, and the order of the Propositions remains
unaltered, but different methods of proof have been adopted
in many cases, The chief instances of alteration are to be
found in Propositions 5 and 6 of Book I., and in Book II.

The use of what may be called impossible figures, such
as occurred in Euclid's text in the proofs of Propositions
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6 and 7 of Book I. has been avoided. It seems better to
prove that a line cannot be drawn satisfying a certain condi-
tion without making a pretence of doing what is impossible.

Two Propositions (10 A and 10 B), have been introduced
to shew that, if the method of superposition be used, we

need not take as a postulate “all right angles are equal to -

one another,” but that we may deduce this theorem from
other postulates which have been already assumed.

Another new Proposition introduced into the text is

* Proposition 26 A, “if two iriangles have two stdes equal to
two sides, and the angles opposite to one pair of equal sides
equal, the angles opposite to the other patr are either equal or
supplementary,” which may be described, with reference to
Euclid’s text, as the missing case of the equality of two
triangles. It is intimately connected with what is called
in Trigonometry “the ambiguous case” in the solution of
triangles.

Another new Proposition (41 A) is the solution of the
problem “to construct a triangle equal to a given rectilineal
Sigure.” Tt appears to be a more practical method of solving
the general problem of Proposition 45 “?o construct a paral-
lelogram equal to a given rectilineal figure, having a side
equal to a given straight line, and having an angle equal to
a given angle,” to begin with the construction of a triangle
equal to the given figure rather than to follow the exact
sequence of Euclid’s propositions.

In the notes a few ¢ Additional Propositions” have
been introduced containing important theorems, which did
not occur in Euclid’s text, but with which it is desirable
that the student should become familiar as early as
possible. Also outlines have been given of some of tho
many different proofs which have been discovered of
Pythagoras’s Theorem. They may be found interesting and
useful as exercises for the student.

—— .
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Euclid’s proofs of many of the Propositions of Book II.
are unnecessarily long. His use of the diagonal of the
square in his constructions in Propositions 4 to 8 can
scareely be considered elegant.

It is curious to notice that Euclid after giving a
demonstration of Proposition 1 makes no use whatever
of the theorem. It seems more logical to deduce from
Proposition 1 those of the subsequent Propositions which
can be readily so deduced.

In Book IL outlines of alternative proofs of several of '
the Propositions have been given, which may be developed
more fully and used in examinations, in place of the
proofs given in the text. Some of these proofs are not,
so far as I know, to be found in English text books.
The most interesting ones are those of Propositions 12
and 13. Some, which I thought at first were new, I have
since found in foreign text books.

The Propositions in the text have not been distin-
guished by the words “Theorem” and “Problem.” The
student may be informed once for all that the word
theorem is used of a geometrical truth which is to be
demonstrated, and that the word problem is used of a
geometrical construction which is to be performed.

Although Euclid always sums up the result of a Propo-
sition by the words drep e Seifar or Gmep é8ev movjoa,
there seems to be no utility in putting the letters Q.E.D.
or Q.EF. at the end of a Proposition in an English text-
book. The words “Quod erat demonstrandum ” or ¢ Quod
erat faciendum ” in a Latin text were not out of place.

When the book is opened, the reader will see as a rule
on the left hand page a Proposition, and on the opposite
page notes or exercises. The notes are either appropriate
to the Proposition they face or introductory to the one
next succeeding. The exercises on the right hand page are, .
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it is hoped, in all cases capable of being solved by means of
the Proposition on the adjoining page and of preceding
Propositions. They have been chosen with care and with
the special view of inducing the student from the com-
mencement of his reading to attempt for himself the
solution of exercises.

For many Propositions it has been difficult to find
.suitable exercises: consequently many of the exercises have
been specially manufactured for the Propositions to which
they are attached. Great pains have been taken to verify
the exercises, but notwithstanding it can scarcely be hoped
that all trace of error has been eliminated.

It is with pleasure that I record here my deep sense
of obligation to many friends, who have aided me by
valuable hints and suggestions, and more especially to
A. R. Forsyth, M.A, Fellow and Assistant Tutor of
Trinity College, Charles Smith, M.A., Fellow and Tutor of
Sidney Sussex College, R. T. Wright, M.A., formerly
Fellow and Tutor of Christ’s College, my brother-in-law
the Reverend T. J. S8anderson, M.A., formerly Fellow of
Clare College, and my brother W. W. Taylor, M.A,,
formerly Scholar of Queen’s College, Oxford, and after-
wards Scholar of Trinity College, Cdmbridge. The time
and trouble ungrudgingly spent by these gentlemen on
this edition have saved it from many blemishes, which
would otherwise have disfigured its pages.

I shall be grateful for any corrections or criticisms,
which may be forwarded to me in connection either with
the exercises or with any other part of the work.

H. M. TAYLOR.

TriNiTY CoLLEGE, CAMBRIDGE,
October 1, 1889,



PREFACE TO BOOKS III AND IV.

N Book III. the chief deviation from Euclid’s text will
be found in the first twelve Propositions, where a good
deal of rearrangement has been thought desirable, This
rearrangement has led to some changes in the sequence
of Propositions as well as in the Propositions themselves;
but, even with these changes, the first twelve Propositions
will be found to include the substance of the whole of the
first twelve of Euclid’s text.

The Propositions from 13 to 37 are, except in unim-
portant details, unchanged in substance and in order.

The enunciation of the theorem of Proposition 36 has
been altered to make it more closely resemble that of the
complementary theorem of Proposition 35.

An additional Proposition has been introduced on page
186 involving the principlé of the rotation of a plane
figure about a point in its plane. It is a principle of
which extensive use might with advantage be made in the
proof of some of the simpler properties of the circle.
It has not however been thought desirable to do more
in this edition than to introduce the student to this
method and by a selection of exercises, which can readily
be solved by its means, to indicate the importance of the
method.
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The elegant theorem commonly called Ptolemy’s Theorem
is not found in Euclid’s text. It was incorporated by
Dr Robert Simson in one of his later editions as Pro-
position D of Book VI The position in those modern
editions which are based on Simson’s conveys the idea
that the methods of proportion are necessary for the
proof of the theorem. I have been bold enough to insert
it as Proposition 37 B in Book III, prefacing it by
another theorem which appears as Proposition 37 A.

The additional Propositions at the end of Book III
will introduce the reader to some of the simpler properties
of Poles and Polars, of the Radical Axis of two Circles,
of Orthogonal Circles, and of the Nine Point Circle of
a Triangle.

Some of the definitions usually found in Book IV
have been transferred in this edition to Book III. The
-.change has been made chiefly with a view to convenience
in the enunciation of exercises.

There is nothing which calls for special remark in
Book IV.

I record with gratitude my obligations to those friends
who have again so generously in this the second instal-
ment of my work rendered me every assistance.

H MT

TriN1TY COLLEGE, CAMBRIDGE.
January 8, 1891.



PREFACE TO BOOKS V. AND VI

THE portion of Book V which is included in this edition
contains only so much as is sufficient to establish in their
generality those theorems in proportion which in Book VI
are applied to geometrical magnitudes.

The method commonly used of representing the magni-
tudes under discussion by straight lines has been discarded
as tending to mislead the student with respect to the general
nature of the theorems of Book V, which are applicable to
magnitudes of many kinds besides those met with in Geo-
metry. In fact Book V is not essentially geometrical ; a
student whose knowledge of proportion is derived entirely
from any of the standard treatises on Algebra is fully pre-
pared to follow the applications of proportion to geometrical
magnitudes as developed in Book VT.

. In consequence of the omission of some of the Pro-
positions of the Greek text, the Propositions in Book V
have been renumbered ; but for convenience the numbering
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of the Greek text is printed in brackets at the head of each
Proposition.

In Book VI a slight departure from Euclid’s text is
made in the treatment of similar figures. The definition of
similar polygons which is adopted in this work brings into
prominence the important property of the fixed ratio of
their corresponding sides. Its use has the great merit of
tending at once to simplicity and brevity in the proofs of
many theorems.

The numbering of the Propositions in Book VI remains
unchanged : Propositions 27, 28, 29 are omitted as in many
of the recent English editions of Euclid, and in several cases
a Proposition which consists of a theorem and its converse
is divided into two Parts. Proposition 32 of Euclid’s text,
which is a very special case of no great interest, has been
replaced by a simple but important theorem in the theory
of similar and similarly situate figures.

The chief difficulty with respect to the additions which
have been made to Book VI was the immense number of
known theorems from which a selection had to be made.

I have attempted by means of two or three series of
Propositions arranged in something like logical sequence to
introduce the student to important general methods or
well-known interesting results.

One series gives a sketch of the theory of transversals,
and the properties of harmonic and anharmonic ranges and
pencils, and leads up to Pascal’s Theorem. Another series
deals with similar and similarly situate figures and leads up
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to Gergonne’s elegant solution of the problem to describe a
circle to touch three given circles. These are followed by '
an introduction to the method of Inversion, an account of
Casey’s extension of Ptolemy’s Theorem, some of the im-
portant properties of coaxial circles, and Poncelet’s Theorems
relating to the porisms connected with a series of coaxial
circles,

No attempt has been made to represent the very large
and still increasing collection of theorems. connected with
the “Modern Geometry of the Triangle.”

I hereby acknowledge the great help I have received in
this portion of my work from friends, and especially from
Dr Forsyth and from my brother Mr J. H. Taylor. To the
latter I am indebted. for the Index to Books I—VI, which
I hope may prove of some assistance to persons using this
edition.

H M. T.

TRINITY COLLEGE, CAMBRIDGE,
March 16, 1898,






THE ELEMENTS OF GEOMETRY.



BOOK I

DeriniTioN 1. That which has position but not magni-
tude is called a point.

The word point is used in many different senses. We speak in
ordinary language of the point of a pin, of a pen or of a pencil.
Any mark made with such a point on paper is of some definite size
and is in some definite position. A small mark is often called a spot
or a dot. Suppose such a spot to become gmaller and smaller; the
smaller it becomes the more nearly it resembles a geometrical point:
but it is only when the spot has become so small that it is on the
point of vanishing altogether, i.e. when in fact the spot still has
position but has no magnitude, that it answers to the geometrical
definition of a point.

A point is generally denoted by a single letter of the alphabet:
for instance we speak of the point 4.

DEeriNiTION 2. That which has position and length but
neither breadth nor thickness is called a line.
The extremities of a line are points.

The intersections of lines are points.
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The word line also is used in many different senses in ordinary
language, and in most of these senses the main idea suggested is that
of length. For instance we speak of a line of railway as connecting
two distant towns, or of a sounding line as reaching from the bottom
of the sea to the surface, and in so speaking we seldom think of the
breadth of the railway or of the thickness of the sounding line.

When we speak of a geometrical line, we regard merely the length:
we exclude the idea of breadth and thickness altogether: in fact we
consider that the cross-section of the line is of no size, or in other
words that the cross-section is a geometrical point.

If a point move with a continuous motion from one position to
another, the path which it describes during the motion is & line.

DerixiTioN 3. That which has position, length and
breadth but not thickness is called a surface.

The boundaries of a surface are lines.
The intersections of surfaces are lines.

The word surface in ordinary language conveys the idea of ex-
tension in two directions: for instance we speak of the surface of the
Earth, the surface of the sea, the surface of a sheet of paper.
Although in some cases the idea of the thickness or the depth of the
thing spoken of may be present in the speaker’s mind, yet as a rule
no stress is laid on depth or thickness. When we speak of a geome-
trical surface we put aside the idea of depth and thickness altogether.
‘We are told that it takes more than 300,000 sheets of gold leaf to
make an inch of thickness; but although the gold leaf is so thin, it
must not be regarded as a geometrical surface. In fact each leaf
however thin has always two bounding surfaces. The geometrical
surface is to be regarded as absolutely devoid of thickness, and no
number of surfaces put together would make any thickness whatever.

DEeriNITION 4. That which has position, length, breadth
and thickness is called a solid.

- The boundaries of solids are surfaces.
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DerFiNiTiON 5. Any combimtt&m‘qf points, lines, and
surfaces is called a figure.

DEFINITION 6. A line which lies evenly between points
on 1t 18 called a straight line.

This is Euclid’s definition of a straight line. It cannot be turned
to practical use by itself. We supplement the definition, as Euclid
did, by making some assumptions the nature of which will be seen
hereafter.

PosruraTes. There are a few geometrical propositions
so obvious that we take the truth of them for granted, and
a few geometrical operations so simple that we assume we
may perform them when we please without giving any
explanation of the process. The claim we make to use any
one of these propositions, or to perform any one of these
operations, is called a postulate.

PosTurLATE 1. Two straight lines cannot enélose a space.
This postulate is equivalent to ‘

Two straight lines cannot intersect in more than one point.

PosTULATE 2. Two straight lines cannot have a common
part.

If two straight lines have two points 4, B in common, they must
coincide between 4 and B, since, if they did not, the two straight
lines would enclose & space. Again, they must coincide beyond 4
and B, since, if they did not, the two straight lines would have a
common part. Hence we conclude that

Two straight lines, which have two points in common, are
cotneident throughout their length.

Thus two points on a straight line completely fix the position of the
line. Hence we generally denote a straight line by mentioning two
points on it, and when the straight line is of finite length, we generally
denote it by mentioning the points which are its two extremities.
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For instance, if P and Q be two points on a straight line, the line
is called the straight line PQ or the straight line QP, or sometimes
more shortly PQ or QP: and the straight line which is terminated
by two points P and Q is called in the same way PQ or QP.

It may be remarked that, when merely the actual length of the
straight line is under discussion, we use PQ or QP indifferently:
but that, when we wish to consider the direction of the line, we
maust carefully distinguish between PQ and QP.

Posturate 3. A straight line may be drawn from any
point to any other point. :

PosTuLATE 4. 4 finite straight line may be produced
at either extremity to any length.

The demands made in Postulates 3 and 4 are in practical geometry
equivalent to saying that a ‘straight edge’ may be used for drawing
a straight line from one point to another and for producing a straight
line to any length.

‘We assume, as Euclid did, that it is possible to
shift any geometrical figure from its initial position
unchanged in shape and size into another position.

Test of Equality of Geometrical Figures. The criterion of the
equality of two geometrical figures, which we shall use in most cases,
is the possibility of shifting one of the figures, unchanged in shape
and size, so that it exactly fits the place which the other of the figures
occupies. (See Def. 21.)

This method of testing the equality of geometrical
figures is generally known as the method of superposition.

Test of equality of straight lines. Two straight lines 4B, CD
are said to be equal, when it is possible to shift either of them, say
AB, so that it coincides with the other CD, the end 4 on C and the
end B on D, or the end 4 on D and the end B on C.
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Addition of Lines, Having defined the equality of straight lines,
we proceed to explain what is meant by the addition of straight lines.

A B (4 D

If in a straight line we take points 4, B, C, D in order, we say
that the straight line 4C is the sum of the two straight lines 4B, BC
(or of any two straight lines equal to them),
and that the straight line AB is the difference of the two straight
lines 4C, BC (or of any two straight lines equal to them).

In the same way we say that the straight line AD is the sum of the
three straight lines 4B, BC, CD.

Again, if AB be equal to BC, we say that AC is double of 4B or
of BC. :

DErINITION 7. A surface which lies evenly between
stratght lines on it 8 called a plane.

This is Euclid’s definition of a plane: there is the gsame difficulty
in making use of it that there is in making use of his definition of
a straight line.

Consequently this definition has by many modern editors been
replaced by the following, which perhaps merely expresses Euclid’s
meaning in other words:

A surface such that the straight line joining any two
points in the surface lies wholly in the surface s called
a plane,

. DeFINITION 8. A figure, which lies wholly in one plane,
18 called a plane figure.

All the geometrical propositions in the first six books
of the Elements of Euclid relate to figures in one plane.
This part of Geometry is called Plane Geometry.
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DeriviTION 9. Two straight lines in the same plane,
which do not meet however far they may be produced both
ways, are said to be parallel * to one another.

4 B

c D

DeriniTION 10. A plane angle s the inclination to one
another of two straight lines which meet but are not in the
same stratght line.

The idea of an angle is one which it is very difficult to convey by
the words of a definition. We will content ourselves by explaining
some few things connected with angles.

. If two straight lines 4B, 4C meet

at 4, the amount of their divergence (4] Y
from one another or their inclination
to one another is called the angle 4 B A B

which the lines make with one another
or the angle between the lines, or the angle contained by the lines.

The angle formed by the straight lines 4B, AC is generally de-
nominated BAC, or CAB, the middle letter always denoting the point
where the lines meet, and the letters B and C denoting any two points -
in the straight lines 4B, AC. It must be carefully noted that the
magnitude of the angle is not affected by the length of the straight
lines 4B, AC.

The point 4, where the two straight lines 4B and 4C, which
form the angle BAC, meet, is called the vertex of the angle BAC.

If there be only two straight lines meeting at a point 4, the angle
formed by the lines is sometimes denoted by the single letter A.

* Derived from wapd * by the side of”’ and dAA7\as ‘‘ one another’;
wapd\Aqhot ypapual ““lines gide by side”,
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Test of Equality of Angles. Two angles are said to be equal,
when it is possible to shift the straight lines forming one of the
angles, unchanged in position relative to each other, so as to exactly
coincide in direction with the straight lines forming the other angle,

D
4
F
. E
B c

For instance, the angles ABC, DEF will be equal, if it be pos-
sible to shift AB, BC unchanged in position relative to each other,
80 that B coincides with E, and so that also either BA coincides in
direction with ED and BC with EF, or B4 coincides in direction
with EF and BC with ED,

If a straight line move in a plane, while one point in the line
remains fixed, the line is said to turn or revolve about the fixed point.
If the revolving line move from any one position to any other
position, it generates an angle, and the amount of turning from one
position to the other is the measure of the magnitude of the angle
between the two positions of the line.

For instance each hand of a watch, as long as the watch is going,
is turning uniformly round its fixed extremity, and is generating an
angle uniformly.

This mode of regarding angles enables us to realize that angles
are capable of growing to any size and need not be limited (as in
most of the propositions in Euclid’s Elements they are supposed to
be) to magnitudes less than two right angles. - (See Def. 11.)

Addition of Angles. If three straight
lines 4B, 4C, AD meet at the same point, D
we say that the angle BAD is the sum of C
the two angles BAC, CAD (or of any two
angles equal to them).

In the same way we say that the angle
BAC is the difference of the two angles 4 B
BAD, CAD (or of any two angles equal to them).

Two angles such as B4 C, CAD, which have a common vertex and
one common bounding line, are called adjacent angles.
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DeriviTioN 11. If two adjacent angles made by two
straight lines at the point where 4
they meet be equal, each of these
angles is called a right angle, and
the straight lines are said to be at

right angles to each other. E

Either of two straight lines which (4 D
are at right angles to each other is
said to be perpendicular to the other. B

If a straight line AE be drawn from a point 4 at right angles
to a given straight line CD, the part AE intercepted between the
point and the straight line is commonly called the perpendicular
from the point 4 on the straight line CD.

Euclid uses as a postulate,

PostuLaTE b. All right angles are equal to one another.
It is not necessary to assume this proposition, since it can be proved
by the method of superposition. A proof will be found on a sub-
sequent page. (p. 37)
DEerFINITION 12.  An angle less than a right angle ¢s called
an acute angle.

An angle greater tham a right angle and less than two
right angles is called an obtuse angle.

DerFINITION 13. A line, which s such that it can be
described by a moving point starting from any point of the
line and returning to it again, s called a closed line.

A figuwre composed wholly of stratght lines is called
a rectilineal figure,

The straight lines, which form a closed rectilineal figure,
are called the sides of the figure.

The sum of the lengths of the sides of any figure 1is
called the perimeter of the figure.

The point, where two adjacent sides meet, 18 called a
vertex or an angular point of the figure.

The angle formed by two adjacent sides <s called an angle
of the figure.
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A straight line joining any two vertices of a closed recti-
lineal figure, which are mot extremities of the same side, is

called a diagonal*.

The surface contained within a closed figure is called
the area of the figure.

A closed rectilineal figure, which 8 such that the whole
JSigure lies on one side of each of the sides of the figure, is
called a convex figure,

A closed rectilineal figure is in c
general denoted by naming the letters,
which denote its vertices, in order: B
for instance the five-sided figure in D
the diagram is denoted by the letters
4, B, C, D, E, in order: i.e. it might
be called the figure' ABCDE, or the E
figure CBAED.

A, B, C, D, E are its vertices.

AB, BC, CD, DE, EA are its sides.

ABC, BCD, CDE, DEA, EAB are its angles.
AC, AD are two of its diagonals.

It will be observed that a closed figure has the same number of
angles as it has sides.

If a closed figure have an even number of sides, we speak of
a pair of sides as being opposite, and of a pair of angles as being
opposite.

If a closed figure have an odd number of sides, we speak of an
angle as being opposite to a side and vice versa.

For instance in the quadrilateral ABCD the side 4D is said to be
opposite to the side BC, and the angle BAD opposite to the angle
BCD, but in the five-sided figure 4 BCDE the side CD is said to be
opposite to the angle BAE, and the angle AED opposite to the
side BC.

* Derived from &id *through”, and ywvia * an angle”.
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DeriNITION 14. A4 figure, all the sides of which are equal,
18 called equilateral.

A figure, all the angles of whick are equal, s called
equiangular.

A4 figure, which is both equilateral and equiangular, is
called regular.

DeriNiTioN 15. A closed rectilineal ﬂgure, which has
three sides*®, ts called a triangle.

A closed rectilineal figure, which has fowr sides, is called
a quadrilateral.

A closed rectilineal figure, which has more than jfour
8ides, 18 called a polygon+.

DEFINITION 16. A triangle, which has two sides equal,
18 called isoscelesy.

AN

A triangle, which has a right angle, 18 called right-angled.
The side opposite to the right angle 18 called the hypo-

~ 1\

* A figure, which has three sides, must also have three angles.
It is for this reason called a triangle.

+ Derived from woAds “much’ and ywria “an angle”.

1 Derived from foos “‘equal” and gxéhos “a leg”.

§ Derived from vwé ‘‘under” and relveww ‘‘to stretch”. % vmo-
relvovaa vypaups *the line subtending” or ‘‘stretching across” (the
right angle).
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A triamgle, which has an obtuse angle, is called obtuse-

angled.

A triangle, which has three acute angles, is called acute-
angled.

DeriNiTiON 17. A quadrilateral,
which has four stdes equal, 8 called
a rhombus.

DerFiniTION 18. 4 quadri-

lateral, whosé opposite sides are
parallel, is called & parallelo- D

gram.,

DeriniTION 19. A4 parallelogram,
one of whose angles i3 a right angle,
8 called a rectangle.

It will be proved later that each angle of a rectangle is & right
angle.

DeriniTiON 20. A rectangle, which
has two adjacent sides equal, is called
a square.

It will be proved later that all the sides of a
square are equal.
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DeriNITION 21.  Two figures are said to be equal in all
respects, when it 18 possible to shift one unchanged in shape
and size 80 as to coincide with the other.

C H
B G
D K
yi E T : L
The figures ABCDE, FGHKL are equal in all respects, if it be
possible to shift ABCDE so that the vertices 4, B, C, D, E may
coincide with the vertices F, G, H, K, L respectively: in which case
the sides of the two figures must be equal, 4B, BC, CD, DE, EA to
FG, GH, HK, KL, LF respectively, and the angles must be equal,

4BC, BCD, CDE, DEA, EAB to FGH, GHK, HKL, KLF, LFG
respectively.

DeriniTiON 22. A plane closed line, which is such that
all straight lines drawn to it from a D

Jixed point are equal, 18 called a circle.

This point is called the centre of
the circle.

It will be proved hereafter that a circle
has only one centre. E

A straight line drawn from the centre of the circle to the
circle is called a radius.

A straight line drawn through the centre and terminated
both ways by the circle 18 called a diameter.

It will be proved hereafter that three points on a circle completely
fix the position and magnitude of the circle: hence we generally
denote a circle by mentioning three points on it; for instance the
circle in the diagram might be called the circle BDE, or the circle DBC.

The one assumption which we make with reference to describing a
cirele is contained in the following postulate :
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PosTULATE 6. A4 circle may be described with any point
as centre and with any straight line drawn from that poind
as radius.

PosturATE 7. Any straight line drawn through a point
within a closed figure must, if produced for enough, intersect
the figure in two points at least.

In the diagram we have three specimens of closed figures each
with a point 4 inside the figure.

It is easily seen that any straight line through 4 must intersect
the figure in two points at least: in the case of two of the figures
a straight line cannot intersect the figure in more than two points:
but in the third case, a straight line can be drawn to intersect the
figure in four points.

PosTULATE 8. Any line joining two points one within
and the other without a closed figure must intersect the
Sfigure in one point at least.

It follows that
Any closed line drawn through two points one within and the other
without a closed figure must intersect the figure in two points at least,

In the diagram we have three specimens of closed figures with two
points 4, B, one inside and the other outside the figure.
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It is easily seen that any line joining 4 and B must intersect the
" figure in one point at least, and that any closed line drawn through 4
and B must interseot the figure in two points at least: in two of the
cases in the diagram either of the paths represented by part of the
dotted line joining 4 and B intersects the figure in one point only and
the closed line drawn intersects the figure in two points only: but in
the third case one of the paths from 4 to B represented by part of
the dotted line intersects the figure in one point only, while the path
represented by the other part of the dotted line intersects the figure in
three points, and the closed line drawn through 4 and B intersects
the figure in four points.

Axioms, There are a number of simple propositions
generally admitted to be true universally, i.e. with reference
to magnitudes of all kinds.

Such propositions were called by Euclid xowai &voias,
““common notions”: they are now usually denominated
axioms*, dbidpara, as bemg propositions claimed without
demonstra.txon

The following are examples of such axioms:

Things which are equal to the same thing are equal to one
another.

If equals be added to equals, the wholes are equal.

If equals be taken from equals, the remainders are equal.
Doubles of equals are equal.

Halves of equals are equal.

The whole of a thing is greater than a part.

If one thing be greater than a second and the second
greater than a third, the first is greater than the third.

- Such propositions as the above we shall use freely in
the following pages without further remark.

* Dr Johnson in his English Dictionary defined an axiom as ‘‘a
proposition evident at first sight, that cannot be made plainer by
demonstration.”
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PROPOSITION 1.

On a given finite straight line to construct an equilateral
triangle.
Let 4B be the given finite straight line:
it is required to construct an equilateral triangle on 4B.

CoxNsTRUCTION. With A as centre and AB as radius,

describe the circle BCD. (Post. 6.)
‘With B as centre and B4 as radius, describe the circle ACE.
These circles must intersect : (Post. 8.)

let them intersect in C.
Draw the straight lines C4, CB:  (Post. 3.)
then 4BC is a triangle constructed as required.

C

/

Proor. Because A is the centre of the circle BC'D,
AC is equal to AB. (Def. 22.)
And because B is the centre of the circle- ACE,
BC is equal to BA.
Therefore C4, 4B, BC are all equal.
‘Wherefore, the triangle ABC is equilateral, and it has
been constructed on the given finite strasght line AB.
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It is assumed in this proposition that the two circles intersect. It
is easily seen that they must intersect in two points. We can take
either of these points as the third angular point of an equilateral
triangle on the given straight line; there are thus two triangles which
can be constructed satisfying the requirements of the proposition.
We say therefore that the problem put before us in this proposition
admits of two solutions.

We shall often have occasion to notice that a geometrical problem
admits of more than one solution, and it is a very useful exercise to
consider the number of possible solutions of a particular problem.

For the future we shall generally use the abbreviated expression
“draw AB” instead of ‘“draw the straight line AB” or.“draw a
straight line‘from the point 4 to the point B.”

EXERCISES.

1, Produce a straight line so as to be (a) twice, (b) three times,
(c) five times, its original length.

2. Construct on a given straight line an isosceles triangle, such
that each of its equal sides shall be (a) twice, (b) three times, (c) six
times, the length of the given line.

3. Prove that, if two circles, whose centres are 4, B, and whose
radii are equal, intersect in C, D, the figure ABCD is a rhombus.
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PROPOSITION 2.

From a given point to draw a straight line equal to a given
straight line.

Let 4 be the given point, and BC the given straight line:
it is required to draw from 4 a straight line equal to BC.

ConsTRUCTION. Draw AB, the straight line from 4 to
one of the extremities of BC ; (Post. 3.)

on it construct an equilateral triangle ABD. (Prop. 1.).

With B as centre and B(' as radius, describe the circle CEF),
. (Post. 6.)
meeting DB (produced if necessary) at £, (Post. 7.)

‘With D as centre and DZ as radius, describe the circle £G H,

meeting DA (produced if necessary) at G :
then 4@ is a straight line drawn as required.

Proor. Because B is the centre of the circle CEF,
BC is equal to BE. (Def. 22.)
Again, because D is the centre of the circle EGH,
D@ is equal to DE;
and because 4BD is an equilateral triangle,
DA is equal to DB; (Def. 14.)
therefore 4G is equal to BE.
And it has been proved that BC is equal to BZ;
therefore A@ is equal to BC.
‘Wherefore, from the given point A a straight line AG
has been drawn equal to the given straight line BC.
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It is assumed in this proposition that the straight line DB inter-
sects the circle CEF. It is easily seen that it must intersect it in two
points.

It will be noticed that in the construction of this proposition
there are several steps at which a choice of two alternatives is
afforded: (1) we can draw either 4B or AC as the straight line on
which to construct an equilateral triangle: (2) we can oconstruct an
equilateral triangle on either side of 4.B: (3) if DB cut the circle in E
and I, we can choose either DE or DI as the radius of the circle
which we describe with D as centre.

There are therefore three steps in the construction, at each of
which there is a choice of two alternatives: the total number of
solutions of the problem is therefore 2 x 2 x 2 or eight.

On the opposite page two diagrams are drawn, fo represent two
out of these eight possible solutions. It will be a useful exercise

for the student to draw diagrams corresponding to some of the
remaining six.

EXERCISES.

1. Draw a diagram for the case in which the given point is the
middle point of the given straight line.

2. Draw a diagram for the case in which the given point is in
the given straight line produced.

8. Draw from a given point a straight line (a) twice, (b) three
times the length of a given straight line.

4. Draw from D in any one of the diagrams of Proposition 2
a straight line, so that the part of it intercepted between the two

circles may be equal to the given straight line. Is a solution always
possible?
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PROPOSITION 3.

From the greater of two given straight lines to cut off
a part equal to the less.

Let AB and CD be the two given straight lines, of which
AB is the greater :
it is required to cut off from 4B a part equal to C'D.

ConsTRUCTION. From A draw a straight line AFE

equal to CD ; : (Prop. 2.)
with 4 as centre and 4 E as radius, i
describe the circlo EFG. (Post. 6.)
The circle must intersect 4 B between 4 and B,
for AB is greater than AE.
Let F be the point of intersection :
then AF is the part required.

Proor. Because A4 is the centre of the circle X /'G, .
AE is equal to 4F. (Def. 22.)
But 4 E was made equal to CD; (Construction.)
therefore 4 7 is equal to-CD.
Wherefore, from AB the greater of two given strarght
lines « part AF has been cut off equal to CD the less.
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The demand made in Postulate 6, that ‘‘a circle may be desoribed
with any point a8 centre and with any straight line drawn from that
point as radius,” is equivalent, in practical geometry, to saying that
a pair of compasses may be used in the following manner: the ex-
tremity of one leg of a pair of compasses may be put down on any
point 4, the compasses may then be opened so that the extremity of
the other leg comes to any other point and then a circle may be
swept out by the extremity of the second leg of the compasses, the
extremity of the first leg remaining throughout the motion on the
point 4.

Compasses are also used practically for carrying a given length
from any one position to any other: for instance, they would gene-
rally be used to solve the problem of Proposition 8 by opening the
compasses out till the extremities of the legs came to the points
C, D: they would then be shifted, without any change in the opening
of the legs, until the extremity of one leg was on 4 and the extremity
of the other in the straight line 4B.

Euclid restricted himself much in the same way as a draughtsman
~would, if he allowed himself only the first mentioned use of the com-
passes: the first three propositions shew how Euclid with this self-
imposed restriction solved the problem, which without such a restric-
tion could have been solved more readily.

After the problems in the first three propositions have been solved,
we may assume that we can draw a circle, as a practical draughts-
man would, with any point as centre and with a length equal to any
given straight line as radius.

EXERCISES.

1. On a given straight line describe an isosceles triangle having
each of the equal sides equal to a second given straight line.

2. Construct upon a given straight line an isosceles triangle
having each of the equal sides double of a second given straight line.

3. Construct a rhombus having a given angle for one of its
angles, and having its sides each equal to a given straight line.
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PROPOSITION 4.

If two triangles have two sides of the one equal to two
sides of the other, and also the angles contained by those sides
equal, the two triangles are equal in all respects.

(See Def. 21.)

Let 4BC, DEF be two triangles, in which 4B is equal
to DE, and AC to DF, and the angle BAC is equal to the
angle ZDF: _
it is required to prove that the triangles ABC, DEF are

equal in all respects.

D F C E’

E P
B

Proor. Because the angles BAC, EDF are equal,
it is possible to shift the triangle 4 BC
so that 4 coincides with D,
and 4 B coincides in direction with DE,
and 4C with DF. (Test of Equality, page 8.)
If this be done,
because 4B is equal to DE,
B must coincide with Z ;
and because 4C is equal to DF,
C must coincide with 7.

Again because B coincides with Z and C with F,
BC coincides with EF (Post. 2.)
therefore the triangle 4 BC coincides with the triangle DEF,
and is equal to it in all respects.

‘Wherefore, if two triangles &c.
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The proof of this proposition holds good not only for a pair of
triangles such a8 ABC, DEF in the diagram: it holds good equally
for a pair such as ABC, D’E'F’, one of which must be reversed or
turned over before the triangles can be made to coincide or fit exactly.

In this proposition Euclid assumed Postulate 2, that two straight
lines cannot have a common part. When the triangle ABC is
shifted, so that 4 is on D and 4B is on DE, there would be no
justification for the conclusion that B must coincide with E, because
A B is equal to DE, if it were possible for two straight lines to have a
common part. In fact, two curved lines might be drawn from the
point D starting in the same direction DE but leading to two totally
distinet points E and F although the lines were of the same length.
It is tacitly assumed, that if the lines be straight lines, this is im-

possible.

EXERCISES.

1. If the straight line joining the middle points of two opposite
sides of a quadrilateral be at right angles to each of these sides, the
other two sides are equal.

2. If in a quadrilateral ABCD the sides 4B, CD be equal and
the angles 4BC, BCD be equal, the diagonals 4C, BD are equal.

8. If in a quadrilateral two opposite sides be equal, and the
angles which a third side makes with the equal sides be equal, the
other angles are equal.

4. Prove by the method of superposition that, if in two quadri-
laterals ABCD, A'B’'C'D’, the sides 4B, BC, CD be equal to the sides
A'B’, B'C’, C'I)’ respectively, and the angles 4BC, BCD equal to the
angles A’B’C’, B'C’'D’ respectively, the quadrilaterals are equal in all
respects.
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PROPOSITION 5.

If two sides of a triangle be equal, the angles opposite to
these sides are equal, and the angles made by producing
these sides beyond the third side are equal.

Let ABC be a triangle, in which 4B is equal to 40,
and 4B, AC are produced to D, E:
it is required to prove that the angle ACB is equal to
the angle 4 BC, and the angle BCE to the angle CBD.
ConstructioN. Let the figure ABCDE be turned over
and shifted unchanged in shape and size to the position
abede, A to @, Bto b, Ctoc, D todand £ toe.

4 a

d

Proor. Because the angles DAE, ead are equal, it is
possible to shift the figure abede
so that a coincides with 4,
and ae coincides in direction with 4D,
and ad with AE. (Test of Equality, page 8.)
If this be done,
because ac is equal to 4B,
¢ must coincide with B ;
and because ab is equal to 4C,
b must coincide with C';
hence ¢b coincides with BC. (Post. 2.)
Now because ace coincides in direction with 4 BD,
and c¢b with BC,
the angle acb coincides with the angle 480,
and the angle bce with the angle CBD;

therefore the angle acb is equal to the angle 4 BC,
and the angle bce to the angle CBD.
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But the angle acb is equal to the angle ACB,
and the angle bce to the angle BCE ;
therefore the angle ACB is equal to the angle 4 BC,
and the angle BCE to the angle CBD.

" Wherefore, if two sides &c.
CoroLLARY 1. An equilateral triangle is also equa-
angular.
CoROLLARY 2. If two angles of a triangle be unequal,
the sides opposite to these angles are unequal.

EXERCISES.

1. The opposite angles of a rhombus are equal.

2. If a quadrilateral have two pairs of equal adjacent sides, it
has one pair of opposite angles equal.

8, If in a quadrilateral ABCD, AB be equal to 4D and BC to
DQC, the diagonal 4C bisects each of the angles BAD, BCD.,

4. If in a quadrilateral ABCD, AB be equal to 4D and BO to
DC, the diagonal BD is bisected at right angles by the diagonal 4C.

5. Prove that the triangle, whose vertices are the middle points
of the sides of an equilateral triangle, is equilateral.

6. Prove that the triangle, formed by joining the middle points
of the sides of an isosceles triangle, is isosceles.

7. Prove by the method of superposition that, if in a convex
quadrilateral ABCD, 4B be equal to CD and the angle ABC to the
angle BCD, AD is parallel to BC.
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PROPOSITION 6.

If two angles of a triungle be equal, the sides opposite to
these angles are equal.

Let ABC be a triangle, in which the angle AB(C is
equal to the angle ACB:

it is required to prove that AC is equal to 4B.

CoxnsTrUCTION. Let the triangle ABC be turned over
and shifted unchanged in shape and size to the. position
abe, A to a, Bto b, and C to c.

c b
B8 ¢
Proor. Because the sides BC, cb are equal,
it is possible to shift the triangle ach
80 that ¢b coincides with BC, ¢ with B, and b with C,
(Test of Equality, page 5.)
and so that the triangles acbh, ABC are on the same side
of BC.
If this be done,
because the angles 4BC, acb are equal,
ca must coincide in direction with B4 ;
and because the angles ACB, abc are equal,
ba must coincide in direction with C4.
And because two straight lines cannot intersect in more
than one point, (Post. 1.)
the point a, which is the intersection of ca and ba, must
coincide with the point 4, which is the intersection of
B4 and CA.

Now because @ coincides with 4 and ¢ with B,
ac coincides with 4B and is equal to it.
But ac is equal to AC;
therefore AC is equal to 4B,
‘Wherefore ¢f two angles &e.

CoRoLLARY. An equiangular triangle is also equilateral.
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When in two propositions the hypothesis of each is the
conclusion of the other, each proposition is said to be the
converse of the other.

The theorems in Propositions § and 6 are the converses of each
other.

It must not be assumed that the converse of a proposition is
necessarily true.

EXERCISES.

1. Bhew that, if the angles ABC and ACB at the base of an
isosceles triangle be bisected by the straight lines BD and CD, DBC
will be an isosceles triangle.

2. BAC is a triangle having the angle B double of the angle 4.
If BD bisect the angle B and meet 4C at D, BD is equal to 4D.

8. Prove by the method of superposition that, if in two triangles
ABC, A'B'C' the angles ABC, BCA be.equal to the angles A'B'C’,
B'C’'A’ r tively and the sides BC, B'C’ be equal, the triangles are
equal in all respects.

4. Prove by the method of superposition that, if in two quadri-
laterals ABCD, A’B'C'D’ the angles DAB, ABC, BCD be equal to the
angles D’A’B’, 4'B’C’, B'C'D’ respectively, and the sides AB, BC be
equal to the sides 4’B’, B’C’ respectively, the quadrilaterals are equal
in all respects. :

5. Ifin a quadrilateral ABCD, 4B be equal to 4D and the angle

ABC to the angle 4DC, then BC is equal to DC, and the diagonal
AC bisects the quadrilateral and two of its angles.
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PROPOSITION 7.

If two points on the same side of a straight line be equi-
distant from one point in the line, they cannot be equidistant
Sfrom any other point in the line.

Let AB be a given straight line, and C, .D be two
points on the same side of it equidistant from the point 4:
it is required to prove that (, .D cannot be equidistant
from any other point in the line.

CoxstrucrioN. Take any other point B in the line, and
draw BC, BD.

m £ @ 9 F ® 9
4 . B 4 B 4 B
Proor. Because € and D are two different points, either

(1) the vertex of each of the triangles 4 BC, 4 BD must be
outside the other triangle,

(2) the vertex of one triangle must be inside the other,

or (3) the vertex of one triangle must be on a side of the
other.

(1) hFirst let the vertex of each triangle be without the
other., '

Because 4D is equal to AC,
the angle ACD is equal to the angle ADC. (Prop. 5.)
But the angle ACD is greater than the angle BCD,
and the angle BDC is greater than the angle 4.DC :
therefore the angle BDC is greater than the angle BCD ;
therefore BC, BD are unequal. (Prop. 5, Coroll. 2.)
(2) Next let the vertex D of one triangle ABD be within
the other triangle ABC':
produce AC, AD to K, F. (Post. 4.)
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Then because in the triangle ACD, AC is equal to 4D,
the angles £CD, FDC made by producing the sides AC, AD
are equal. (Prop. 5.)
But the angle ECD is greater than the angle BCD,
and the angle BDC is greater than the angle D(C ;
therefore the angle BDC is greater than the angle BC'D;
therefore BC, BD are unequal. (Prop. 5, Coroll. 2.)
(3) Next let the vertex D of one triangle lie on one of the
sides BC of the other :
then BC, BD are unequal.

‘Wherefore, if two points on the same side &c.
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PROPOSITION 8.

If two triangles have three sides of the one equal to three
sides of the other, the triangles are equal in all respects.

Let ABC, DEF be two triangles, in which 4B is equal
to DE, AC to DF, and BC to EF:
it is required to prove that the triangles ABC, DLF are
equal in all respects,

F C E’
4
: \ D’
E ¢
B F
Proor. Because the sides BC, EF are equal,
it is possible to shift the triangle 4.BC,
so that BC coincides with £F, B with £ and C with F,
(Test of Equality, page 5.)
and so that the triangles ABC, DEF are on the same side
of EF.
If this be done,
A must coincide with D:

for there cannot be two points on the same side of the
straight line ZF equidistant from &

D

and also equidistant from 7. (Prop. 7.)
Now because 4 coincides with D,

and B coincides with Z, (Constr.)

AB coincides with DE. (Post. 2.)

Similarly it can be proved that
AC coincides with DF.
Therefore the triangle A BC coincides with the triangle DEF,
and is equal to it in all respects.
Wherefore, if two triangles &c.
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EXERCISES.

1. Ifa gnadrilatersl have two pairs of equal sides, it must have .
one pair and may have two pairs of equal angles,

2. ABC, DBC are two isosceles triangles on the same base BC,
and on the same side of it: shew that 4D bisects the vertical angles
of the triangles,

8. If the opposite sides of a quadrilateral be equal, the opposite
angles are equal.

4. If in a quadrilateral two opposite sides be equal, and the
diagonals be equal, the quadrilateral has two pairs of equal angles.

6. If in a quadrilateral the sides 4B, CD be equal and the
angles 4 BC, BCD be equal, the angles CDA, DAB are equal.

6. The sides AB, AD of a quadrilateral ABCD are equal, and
the diagonal 4C bisects the angle BAD; shew that the sides CB, CD
are equal, and that the diagonal 4C bisects the angle BCD.

7. ACB, ADB are two triangles on the same side of 4B, such
that AC is equal to BD, and AD is equal to BC, and 4D and BC
intersect at O: shew that the triangle 4OB is isosceles.

8. A diagonal of a rhombus bisects each of the angles through
which if passes,
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PROPOSITION 9.
To bisect a given angle.

Let BAC be the given angle:
it is required to bisect it.

ConstructioN. Take any point D in 4B,
and from AC cut off 4E equal to AD. (Prop. 3.)

Draw DE,
and on DE, on the side away from A, construct the equi-
lateral trmngle DEPF. (Prop. 1.)
Draw AF:

then AF is the required bisector of the anole BAC.

c

p B

Proor. Because in the triangles DAF, EAF,
DA is equal to £4,
AF to AF,
and FD to FE,
the triangles are equal in all respects; (Prop. 8.)
therefore the angle DAF is equal to the angle EAF,

Wherefore, the given angle BAC is bisected by the straight
line AF.
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In the construction for this proposition it is said that the equi-
lateral triangle DEF is to be constructed on the side of DE away
from 4. This restriction is introduced in order to prevent the possi- .
bility of the point F coinciding with the point 4.

In practical geometry it is always desirable to obtain two points,
which determine a straight line, as far apart as possible, as then an
error in the position of one of the points causes less error in the
position of the straight line.

EXERCISES.

1. A straight line, bisecting the angle contained by two equal
sides of a triangle, bisects the third side.

2. The bisectors of the angles ABC, ACB of a triangle 4 BC mect
in D: prove that, if DB, DC be equal, 4 B, AC are equal.

8. Prove that there is only one bisector of a given angle.

4. Prove that the bisectors of the angles of an equilateral triangle
meet in & point.

5. Prove that the bisectors of the angles of an isosceles triangle
meet in & point.

6. BAC is a given angle; cut off 4B, 4C equal to one another:
with centres B, C describe circles having equal radii: if the circles
intersect at D, 4D bisects the angle BAC.

7. Prove by the method of superposition that, if one diagonal
of a quadrilateral bisect each of the angles through which it passes,
the two diagonals are at right angles to each other.
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PROPOSITION 10.

T'o bisect a given finite straight line.

Let 4B be the given finite straight line:
it is required to bisect it.

ConsTrRUCTION. On 4B construct an equilateral triangle

ABC, (Prop. 1.)
and bisect the angle 4CB by the straight line C'D, meeting
AB at D: (Prop. 9.)
then 4B is bisected as required at D.
[
4 v . B
Proor. Because in the triangles ACD, BCD,
AC is equal to BC,
and CD to CD,

and the angle ACD is equal to the angle BCD,
the triangles are equal in all respects; (Prop. 4.)
therefore 4.D is equal to BD.
‘Wherefore, the given finite straight line AB 18 bisected
at the point D.
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EXERCISES.

1. Prove that there is only one point of bisection of a given
finite straight line.

2. If two circles intersect, then the straight line joining their
centres bisects at right angles the straight line joining their points of
intersection.

8. Draw from the vertex of a triangle to the opposite side a
straight line, which shall exceed the smaller of the other sides as
much as it is exceeded by the greater.
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PROPOSITION 10 A.

From the same point in a given straight line and on the
same side of ¢, only one straight line can be drawn at right
angles to the given straight line.

From the point C in the straight line 4B let the
straight line C'D be drawn at right angles to 45
it is required to prove that no other straight line can be
drawn from C at right angles to 4B on the same side of it.

ConstructioN. Draw from C within the angle ACD
any straight line CE.

4 (¢ B

Proor. Because the angles DCB, DCA are equal,
and the angle ECB is greater than the angle DCB,
and the angle DCA is greater than the angle £C4 ;
therefore the angle ECB is greater than the angle £C4 ;
therefore C'Z is not at right angles to 4B8. (Def. 11.)
Similarly it can be proved that no straight line drawn
from C within the angle DCB can be at right angles
to AB.
Therefore no straight line other than C'D drawn from C
can be at right angles to 4.B on the same side of it.

‘Wherefore, from the same point &c.
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PROPOSITION 10B.
All right angles are equal to one another.
Let the straight lines 4B, CD meet at £ and make

the angles CEA, CEB right angles; (Def. 11.)

and let the straight lines F@, HK meet at L and make
the angles HLF, HLG right angles :

it is required to prove that the angle CE4 is equal to the
angle HLF.

Proor. If the figure ABCDE be shifted, so that £
coincides with L, and the line 4 B in direction with F@, and
so that £C, LH are on the same side of /@ :

then EC must coincide with LH, for at the same point L
in F'@ on the same side of it there cannot be two straight
lines at right angles to FG; (Prop. 10 A.)
therefore the angle 4 £C' coincides with the angle FLH,

and is equal to it.
‘Wherefore, all right angles &e.
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PROPOSITION 11.

To draw a straight line at right angles to a given straight
line from a given point in it.

Let AB be the given straight line, and C' the given point
in it :
it is required to draw from C a straight line at right angles

to 4B.
ConstrucTiON. Take any point D in AC,
and from CB cut off CE equal to CD. (Prop. 3. )

On DE construct an equilateral triangle DFE, (Prop. 1.)
and draw CF':
then CF is a straight line drawn as required.

F

4 D (4 E B

Proor. Because in the triangles DCF, ECF,
DC is equal to EC,
CF to CF,
and FD to FE, (Constr.)
the triangles are equal in all respects ; (Prop. 8.)
therefore the angle DCF is equal to the angle ECF,
and they are adjacent angles;
therefore each of these angles is a right angle; and the
straight lines are at right angles to each other. (Def. 11.)
‘Wherefore, CF has been drawn at right angles to the
given stratght line AB, from the given point C in it.
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In the definition of a circle (Def. 22) we meet with the idea of
a point, which moves subject to a given condition, the condition
being that the point is always to be at a given distance from a
given point, i.e. from the centre of the circle. The path of such &
moving point, or the place (locus), at some position on which the
point must always be and at any position on which the point may
be, is called the locus of the point. Hence we say in the case just
mentioned that the locus of & point which is at a given distance from
a given point is a circle.

As a further illustration of this idea, let us consider the locus of a
point, which moves subject to the condition that it is always to be
equidistant from two given points.

Let 4, B be two given points, and let
P be a point equidistant from 4 and B, P
i.e. let P4 be equal to PB,

Draw AB and take C the middle point
of 4B.

Draw PC. 4 I B

Then because in the triangles PC4,

PCB,
P4 is equal to PB, PC to PC, and AC to BC,
the two triangles are equal in all respects: (Prop. 8.)
therefore the angle PC4 is equal to the angle PCB,
and since they are adjacent angles each is a right angle.

It follows that, if P be equidistant from 4 and B, it must lie on
the straight line CP which biseots 4B at right angles. Every point
on CP satisfies this condition.

‘We may state the result of this proposition thus: The locus of a
point equidistant from two given points is the straight line which
bisects at right angles the straight line joining the given points.

EXERCISES. .

1. The diagonals of a rhombus bisect each other at right angles.

2. Find in a given straight line a point equidistant from two
given points. Is a solution always possible?

8. Find a point equidistant from three given points.

4. In the base BC of a triangle ABC any point D is taken.
Draw s straight line such that, if the triangle ABC be folded along
this straight line, the point 4 shall fall upon the point D.
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PROPOSITION 12.

To draw o straight line at right angles o a giwen straight
line from a given point without it.
Let 4B be the given straight line, and C' the given
point without it :
it is required to draw from C a straight line at right angles
to AB,

ConstrucTiON. Take any point D on the side of AB
away from C, draw CD,

and with C as centre and C'D as radius, describe the circle

DEF, (Post. 6.)

meetmg AB (produced if necessary) at & and F.
Draw CE, CF,
and bisect the angle ECF by the stralght line ¢ G meeting
AB at G (Prop. 9.)
then CG@ is a straight line drawn as required.

Cc

E G F B

D
Proor. Because in the triangles £C@, FCG,

EC is equal to FC,

and CG to CG,
and the angle ZCG is equal to the angle FCG,
the triangles are equal in all respects ; (Prop 4.)
therefore the angle CGE is equal to the a.ngle CGF,
and they are adjacent angles.

Therefore the straight lines (G, AB are at right angles
to each other. (Def. 11.)

‘Wherefore, CG has been drawn at right angles to the
given straight line AB from the given point C without .
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In the construction for this proposition it is said that the point D
is to be taken on the side of 4B away from C. This restriction is
introduced as a means of ensuring the intersection of the circle DEF
with the straight line 4 B.

EXERCISES.

1. Through two given points on opposite sides of a given straight
line draw two straight lines, which shall meet in the given line and
include an angle bisected by that line. In what case can there be
more than one solution ?

2. From two given points on the same side of a given straight
line, draw two atraight lines, which shall meet at a point in the given
line and make equal angles with it.

8. Prove by the method of superposition that, if the perpendiculars
on a given straight line from two points on the same side of it be
equal, the straight line joining the points is parallel to the given line.
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PROPOSITION 13

The sum of the angles, which one straight line makes
with another straight line on one side of it, 18 equal to two
right angles.

Let the straight line 48 make with the straight line
CD, on one side of it, the angles ABC, ABD :
it is required to prove that the sum of these angles is equal

to two right angles.
If the angle 4 BC be equal to the angle ABD,
each of them is a right angle,
and their sum is equal to two right angles.

ConstrUcTION. 1f the angles 4 BC, ABD be not equal,

from the point B draw BE at right angles to C.D; (Prop. 11.)
BE cannot coincide with B4 ;
let it lie within the angle ABD.

E

N
c D
Proor. Now the angle CBE is the sum of the angles
CBA, ABE;
to each of these equals add the angle ZBD ;
then the sum of the angles CBE, EBD is equal to the sum
of the angles CBA4, ABE, EBD.
Again, the angle DBA4 is equal to the sum of the angles
DBE, EBA;
to each of these equals add the angle 4.BC;
then the sum of the angles DBA, ABC( is equal to the sum
of the angles DBE, EBA, ABC.

And the sum of the angles CBE, EBD has been proved to
be equal to the sum of the same three angles.
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Therefore the sum of the angles CBE, EBD is equal to
the sum of the angles DB4, ABC.

But CBE, EBD are two right angles; (Constr.)
therefore the sum of the angles DBA, ABC is equal to two
right angles.

‘Wherefore, the sum of the angles &c.

CoroLLARY. The sum of the four angles, which two
intersecting straight lines make with one another, 18 equal to
Sour right angles.

EXERCISES.

1. Prove in the manner of Proposition 13 that, if 4, B, C, D be
four points in order on a straight line, the sum of 4B, BD is equal to
the sum of AC, CD.

2. If one of the four angles, which two intersecting straight
lines make with one another, be a right angle, all the others are
right angles. '

8. Prove by the method of superposition that only one perpen-
dic;;la.r can be drawn to a given straight line from a given point
without it.

4. Prove by the method of superposition that, if two right-
angled triangles have their hypotenuses equal and two other angles
equal, the triangles are equal in all respects.

5. A given angle BAC is bisected; if CA be produced to G and
the angle B4 G bisected, the two bisecting lines are at right angles.
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PROPOSITION 14.

If, at a point in a straight line, two other straight
lines, on opposite sides of it, make the adjacent angles together
equal to two right angles, these two straight lines are in the
same straight line.

At the point B in the straight line 4B, let the two
straight lines BC, BD, on opposite sides of 4B, make the
adjacent angles ABC, ABD together equal to two right
angles:

it is required to prove that BD is in the same straight line
with CB.

ConsTrRUCTION. Produce CB to K.

Proor. Because the straight line 4B makes with the
straight line CBE, on one side of it, the angles 4.BC, ABE,
the sum of these angles is equal to two right angles.

(Prop. 13.)
But the sum of the angles 4ABC, ABD is equal to two right
angles.
Therefore the sum of the angles ABC, ABD is equal to the
sum of the angles 48C, ABE.

From each of these equals take away the angle ABC ;
then the angle ABD is equal to the angle ABE ;
therefore the line BD coincides in direction with BE,
and is in the same straight line with CB.

‘Wherefore, if at a point &e.
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DeriNiTION. Two angles, which are together equal to
two right angles, are called supplementary angles, and each
angle 13 said to be the supplement of the other.

T'wo angles, which are together equal to one right angle,
are called complementary angles, and each angle is said to
be the complement of the other.

EXERCISES.

1. If E be the middle point of the diagonal AC of a quadri-
lateral 4 BCD, whose opposite sides are equal, B, E, D lie on a straight
line.

2. If 04, OB, OC, OD be four straight lines drawn in order
from O, such that the angles BOC, DOA are equal and also the angles
AOB, COD, then the lines 04, OC are in the same straight line and
also the lines 0B, OD.

8. If it be possible within a quadrilateral 4 BCD, whose opposite
sides are equal, to find a point E such that E4, EC are equal, and
EB, ED are equal, then AEC, BED are straight lines.

4. If it be possible within a quadrilateral ABCD, whose opposite
sides are equal, to find a point E, such that E4, EB, EC, ED are
equal, then the quadrilateral is equiangular.
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PROPOSITION 15.

If two straight lines intersect, vertically opposite angles are
equal.

Let the two straight lines 4.8, CD intersect at % :

it is required to prove that the angle 4 EC is equal to the
angle DEB, and the angle CEB to the angle A £D.

Proor. - The sum of the angles CEA4, AED, which AF
makes with CD on one side of it, is equal to two right
angles. (Prop. 13.)

Again, the sum of the angles A£D, DEB, which DI
makes with 4B on one side of it, is equal to two right
angles.

Therefore the sum of the angles CE4, AED is equal to the
sum of the angles AED, DEB.
From each of these equals take away the common angle
AED; ‘
then the angle CEA is equal to the angle DEB.

Similarly it may be proved that the angle CEB is equal
to the angle AED.

‘Wherefore, tf two straight lines &c.
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EXERCISES.

1. If the diagonals of a quadrilateral bisect one another, oppo-
site sides are equal.

2. 1In a given straight line find a point such that the straight
lines, joining it to each of two given points on the same side of the
line, make equal angles with it,

3. 4, B are two given points; CD, DE two given straight
lines: find points P, Q in CD, DE, such that AP, PQ are equally
inclined to CD, and PQ, QB equally inclined to DE.

4. A straight line is drawn terminated by one of the sides of an
isosceles triangle, and by the other side produced, and bisected by the
base: prove that the straight lines thus intercepted between the
vertex of the isosceles triangle, and this straight line, are together
equal to the two equal sides of the triangle.



48 BOOK I.

PROPOSITION 16.

An exterior angle of a triangle 18 greater than either of
the interior opposite angles.

Let ABC be a triangle, and let ACD be the exterior
angle made by producing the side BC to D:

it is required to prove that the angle AC'D is greater than
either of the interior opposite angles CB4, BAC.

ConstrRUCTION.  Bisect AC at E. (Prop. 10.)
Draw BE and produce it to F,
nmaking ZF equal to EB, (Prop. 3.)
and draw FC.
A F
r

B g\ D
[

Proor. Because in the triangles AEB, CEF),
AE is equal to CFE,
and EB to EF,
and the angle AEB is equal to the angle CEF,
the triangles are equal in all respects; (Prop. 4.
therefore the angle BAE (or BAC) is equal to the angle FCE.
Now the angle ECD (or ACD) is greater than the angle
ECF.
Therefore the angle ACD is greater than the angle BAC.
Similarly it can be proved that the angle BC'@, which is
made by producing AC and is equal to the angle ACD, is
greater than the angle 4ABC.

‘Wherefore, an exterior angle &c.
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EXERCISES.

1. Only one perpendicular can be drawn to a given straight line
from a given point without it.

2, Bhew by joining the angular point 4 of a triangle to any point
in the opposite side BC between B and C that the angles ABC, BCA
are together less than two right angles.

8, Not more than two equal straight lines can be drawn from a
given point to a given straight line.

4. Prove by the method of superposition that, if a quadrilateral be
equiangular, its opposite sides are equal.

5. Prove by the method of superposition that two right-angled
triangles, which have their hypotenuses equal and one side equal to
one gide, are equal in all respects.
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PROPOSITION 17.

The sum of any two angles of a triangle is less than two
right angles. ’
Let ABC be a triangle:
it is required to prove that the sum of any two of its angles
i less than two right angles.

ConstrucTION.  Produce any side .BC to .

4

B

Proor. Because ACD is an exterior angle of the
triangle 4 BC,
it is greater than the interior opposite angle 4 BC.
(Prop. 16.)
To each of these unequals add the angle ACB:
then the sum of the angles ACD, ACB is greater than the
sum of the angles ABC, ACB.
But the sum of the angles ACD, ACB is equal to two right
angles. (Prop. 13:)
Therefore the sum of the angles 4BC, ACB is less than two
right angles.
Similarly it can be proved that the sum of the angles
BAC, ACB is less than two right angles;
and also the sum of the angles CAB, ABC.

‘Wherefore, the sum of any two angles &c.
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The theorem established in this proposition may be stated thus:
If from two points B, C in the straight line BC two straight lines be
drawn which meet at any point 4, then the sum of the angles 4BC,
ACB is less than two right angles.

,B/XO B/PQ¥

‘We shall assume as a postulate the converse of this theorem,
which may be stated thus

If from two points B, C in the straight line BC two straight lines
BP, CQ be drawn making the sum of the angles PBC, QCB on the
same side of BC less than two right angles, the two lines BP, CQ will
meet if produced far enough.

It may be observed that the theorem established in Propogition 17
proves that the lines PB, QC cannot meet when produced beyond B
and C: if therefore the postulate just stated be allowed, it follows
that the lines BP, CQ must meet when produced beyond P and Q.

The postulate which we here assume may be stated in general
terms as follows

PosTuLATE 9. If the sum of the two interior angles,
which two straight lines make with a given straight line on
the same side of it, be not equal to two right angles, the two
straight lines are not parallel.

EXERCISES.

1. A triangle must have at least two acute angles.

2. Asguming Postulate 9, prove that any two straight lines
drawn at right angles to two given intersecting straight lines must
intersect.

8. Prove that a straight line drawn at right angles to a given
straight line must intersect all straight lines which are not at right
angles to the given straight line.

4-—2
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PROPOSITION 18.

When two sides of a triangle are unequal, the greater
side has the greater angle opposite to it.

Let ABC be a triangle, of which the side AC is greater
than the side 4B:

it is required to prove that the angle 4 BC is greater than
the angle ACB.

ConsTrUcTION. From AC' the greater of the two sides
cut off 4D equal to 4B the less. (Prop. 3.)
Draw BD.

B

4 D c

Proor. Because ADB is an exterior angle of the
triangle BDC, .

it is greater than the interior opposite angle DCB.

(Prop. 16.)
And because 4.8 is equal to 4D,
the angle A )B is equal to the angle ABD. (Prop. 5.)
Therefore the angle 4 BD is greater than the angle A4CB.

But the angle ABC is greater than the angle ABD;
therefore the angle 4 BC is greater than the angle ACB.

‘Wherefore, when two stdes &c.
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ADDITIONAL PROPOSITION.
The straight lines drawn at right angles to the sides of a triangle
at their middle points meet in a point.

Let ABC be a triangle and D, E, F the middle points of the
sides BC, C4, AB.

Draw EO, FO* at right angles to C4, 4B.

Draw 04, OB, 0C, OD.

B

F

4 E c

Because in the triangles 4EO, CEO,
AE is equal to CE, EO common, and the angle 4LO is equal to the
angle CEO,
the triangles are equal in all respects; (Prop. 4.)
therefore 40 is equal to CO.
Similarly it can be proved that 40 is equal to BO;
therefore BO is equal to CO.
Next because in the triangles BOD, COD,
BO is equal to CO and BD to CD and OD is common,
the triangles are equal in all respects; (Prop 8.)
therefore the angle BDO is equal to the angle CDO,
and OD is at right angles to BC.

Wherefore the straight line drawn at right angles to BC at its
middle point D passes through O, the intersection of the straight lines
drawn at right angles to the other two sides at their middle points.

EXERCISES.

1. ABC is a triangle and the angle 4 is bisected by a straight line
which meets BC at D; shew that B4 is greater than BD, and C4d
greater than CD.

2. Prove that, if D be any point in the base BC between B and
C of an isosceles triangle ABC, AD is less than 4B.

8. Prove that, if 4B, AC, AD be equal straight lines, and AC
fall within the angle BAD, BD is greater than either BC or CD.

4. ABCD is a quadnla.tera.l of which 4D is the longest side and
BC the shortest; shew that the angle 4BC is greater than the angle
ADC, and that the angle BCOD is greater than the angle BAD.

5. If the angle C of a triangle be equal to the sum of the angles 4
and B, the side AB is equal to twice the straight line joining C to the
middle point of 4B.

* We assume that the straight lines drawn at right angles to C4,
AB at E and F meet. (See Exercise 2, page 51.)
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PROPOSITION 19.

When two angles of a triangle are unequal, the greater
angle has the greater side opposite to il.

Let ABC be a triangle, of which the angle 4ABC is

greater than the angle ACB:

it is required to prove that the side AC is greater than the
side 4B.

4 g

Proor. AC must be either less than, equal to, or
greater than 48.

If AC were less than 4 B,
the angle 4 BC would be less than the angle 4CB; (Prop. 18.)
but it is not ;
therefore AC is not less than 4B.
. If AC were equal to AB,
the angle 4.BC would be equal to the angle ACB; (Prop. 5.)
but it is not ;
therefore AC is not equal to 4B.
Therefore AC' must be greater than A4 B.
‘Wherefore, when two angles &e.
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We leave it to the student to prove that, while a point P is
moving along a straight line XY, the distance OP of the point P
from a fixed point O outside the line is decreasing when P is moving
towards H the foot of the perpendicular from O on the line, and that
OP is increasing when P is moving away from H. Assuming the

o

X P ZEE P Y

truth of this proposition, it follows that OH is less than each of
the two straight lines OP,, OP, where P,, P, are two positions of the
point P close to H on either side of it. For this reason we say that
OH is a minimum value of OP,

In the same way, if a geometrical quantity vary continuously, its
magnitude in a position, where it is greater than in the positions
close to it on either side, is called & maximum value.

It will be seen that, if a quantity vary continuously, there must
be between any two equal values of the quantity at least one maximum
or minimum value.

EXERCISES.

1. Prove that the hypotenuse of a right-angled triangle is greater
than either of the other sides.

2. The base of a triangle is divided into two parts by the %erpen-
dicular from the opposite vertex : prove that each part of the base is
less than the adjacent side of the triangle.

8. A straight line drawn from the vertex of an isosceles triangle
tqdany point in the base produced is greater than either of the equal
gides.

4. If D be any point in the side BC of a triangle ABC, then the
greater of the sides 4B, AC is greater than 4D.

5. The perpendioular is the shortest straight line which can be
drawn from a given point to a given straight line ; and, of any two
others, that which makes the smaller angle with the perpendicular
is the shorter. )

6. The bage of a triangle whose sides are unequal is divided into
two parts by the straight line bisecting the vertical angle: prove that
the greater part is adjacent to the greater side.
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PROPOSITION 20.

The sum of any two sides of a triangle is greater than
the third side. .

Let ABC be a triangle:
it is required to prove that the sum of any two sides of it
is greater than the third side;
namely, the sum of C4, 4B greater than BC ;
the sum of 4B, BC greater than C4 ;
the sum of BC, C4 greater than AB.
, ConsTrRUCTION. Produce any side B4 to D,
making 4D equal to AC. (Prop. 3.)
Draw DC.

B

D c

Proor. Because AC is equal to 4D,
the angle ADC is equal to the angle ACD. (Prop. 5.)
But the angle BCD is greater than the angle ACD.
Therefore the angle BCD is greater than the angle BDC.
And because in the triangle BCD,
the angle BCD is greater than the angle BDC ;
BD is greater than BC. (Prop. 19.)
Now because DA is equal to A0,
BD, which is the sum of BA, 4D, is equal to the sum of
C4, AB.
Therefore the sum of C4, 4B is greater than BC.
Similarly it can be proved that the sum of 4B, BC
is greater than C4; and that the sum of BC, C4 is greater
than AB.

. Wherefore, the sum of any two sides &c.
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The result of this proposition enables us to solve a great number
of problems, of which the following is & specimen—To find in a given
straight line XY a point P such that the sum of its distances PA, PB
Jrom two given points 4, B is a minimum.

B
4
H
X WD Y
(o]

If the points 4, B be on opposite sides of XY, the straight line
AB intersects XY in the point required.
If 4, B be on the same side of XY, draw AH perpendicular to
XY; produce AH to C, so that HC is equal to HA4.
Take any point P in XY.
Draw BDC, DA, PA, PB, PC. Then it is easily proved that 4P
is equal to CP, and 4D te CD.
Therefore the sum of AP, PB is equal o the sum of CP, PB,
and this is a minimum when P coincides with D. (Prop. 20.)
Therefore D is the point required.
From the diagram it is seen that the angle BDY is equal to the
angle CDX, which is equal.to the angle 4DX.
It appears therefore that when the sum of P4, PB is a minimum,
the lines P4, PB make equal angles with XY,

EXERCISES.

1. Prove that any three sides of any quadrilateral are greater than
the fourth side.

2. If D be any point within a triangle 4BC, the sum of DA, DB,
DC is greater than half the perimeter of the triangle.

3. The sum of the four sides of any quadrilateral is greater than
the sum of its two diagonals.

4. In a convex quadrilateral the sum of the diagonals is greater
than the sum of either pair of opposite sides.

5. D is the middle point of BC the base of an isosceles triangle
ABC, and E any point in AC. Prove that the difference of BD, DE
is less than the difference of 4B, AE.

6. The two sides of a triangle are together greater than twice the
straight line drawn from the vertex to the middle point of the base.

7. Find in a given straight line a point such that the difference
of its distances from two fixed points is a mazimum.
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PROPOSITION 21.

If from the ends of the side of a triangle there be drawn
two straight lines to a point within the triangle, the sum
of these lines 18 less than the sum of the other two sides of
the triangle, but they contain a greater angle.

Let ABC be a triangle; and from B, C, the ends of the
side BC, let the two straight lines BD, CD be drawn to
a point D within the triangle :
it is required to prove that the sum of BD, D( is less than

the sum of B4, AC, but the angle BDC is greater than
the angle BAC.

CoNnsTrRUCTION. Produce BD to meet AC at .

4
B

B g

Proor. The sum of the two sides B4, AE of the tri-
angle BAE is greater than the third side BE.  (Prop. 20.)
: To each of these unequals add £C;
then the sum of BA, AC is greater than the sum of BE, EC.
Again, the sum of the two sides C#, ED of the triangle
CED is greater than the third side CD.
To each of these unequals add DB;
then the sum of C'E, KB is greater than the sum of CD, DB.
And it has been proved that the sum of B4, AC is greater
than the sum of BE, EC; :
therefore the sum of B4, AC is greater than the sum of
BD, DC.
Again, the exterior angle BD(C of the triangle CDE is
greater than the interior opposite angle CED. (Prop. 16.)
And the exterior angle CEB of the triangle ABE is greater
than the interior opposite angle BAE;
therefore the angle BD( is greater than the angle BAC.
Wherefore, if, from the ends &c.
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EXERCISES.

1. If D be any point within a triangle 4BC, the sum of D4, DB,
DC is less than the perimeter of the triangle and greater than half
the perimeter.

2. Prove that the perimeter of a triangle is less than the peri-
meter of any triangle which is drawn completely surrounding it.

3. If two triangles have a common base and equal vertical angles,
the vertex of each triangle lies outside the other triangle.

4. If from the angles of a triangle 4BC, straight lines 40D,
BOE, COF be drawn through a point O within the triangle to meet
the opposite sides, the perimeter of the triangle ABC is greater than
two-thirds of the sum of AD, BE, CF.

5. ABD, ACD are two triangles on the same side of 4D in which
AC is greater than 4B. Prove that, if the angles ABD, 4CD be both
right angles or be equal obtuse angles, then BD is greater than DC.

et
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PROPOSITION 22.

T'o construct a triangle having its sides equal to three
given straight lines.

Let AB, CD, EF be the three given lines :
it is required to construct a triangle whose sides are equal
to AB, CD, EF.
ConstrUCTION. Produce one of the given lines CD both
ways,
and cut off C@ equal to 4B, (Prop. 3.)
and DH to EF.
‘With C as centre and C@ as radius describe the circle GKZ,
and with D as centre and DH as radius describe the circle
HKM.
Let these circles intersect in X :
Draw CK, DX :
then CKD is a triangle drawn as required.

v
K
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Proor. Because C is the centre of the circle GKL,
CK is equal to CG ;
and C@ is equal to AB. (Constr.)
Therefore CK is equal to AB.
Again, because D is the centre of the circle HKM,
DK is equal to DH ;
and DH is equal to ZF. (Constr.)
Therefore DK is equal to EF.
Therefore the three lines XC, CD, DK are equal to the
three AB, CD, EF respectively.

‘Wherefore, the triangle KCD has been constructed having
it8 sides equal to the three given straight lines AB, CD, EF.
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It may be observed that it is not possible to construct a triangle
which shall have its sides equal to any three given straight lines. In
Proposition 20 it has been proved that any two sides of a triangle are
together greater than the third side. It follows therefore that it is
impossible to construct a triangle having its sides equal to three
given straight lines, except when the given straight lines are such
that any two of them are greater than the third or the greatest
line is less than the sum of the other two.

‘We see therefore that in this proposition we have to solve a pro-
blem, which admits of solution only when the given lines satisfy a
certain condition.

‘We shall meet with many other problems in which the geometrical
quantities given in the problem (for that reason generally called the
data), must satisfy some condition in order that the problem may
admit of solution. It will be a useful exercise for the student to
investigate such conditions when they exist.

EXERCISES.

1. Prove that the two circles drawn in the construction of Pro-
position 22 will always intersect, provided that the sum of any two
of the given straight lines is greater than the third.

2. How many different shaped triangles could be made of 8 dif-
ferent lines whose lengths are respectively 2, 2, 2, 3, 8, 4, 4, 5 inches?

3. Construct a right-angled triangle, having given the hypotenuse
and one side.

4. Construct a quadrilateral equal in all respects to a given
quadrilateral.
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PROPOSITION 23.

From a given point in a given straight line to draw a
straight line making with the given straight line an angle

equal to a given angle.
Let ABC be the given straight line, B the given point
in it, and DEF the given angle:

it is required to draw from B a straight line making with
ABC an angle equal to the angle DEF.

ConstrucTiON. In ED, EF take any points G, H,
and draw GH.

From BC cut off BX equal to £ZH, (Prop. 3.)

and construct the triangle LBK,

having the side BK equal to EH,

BL equal to EG,
and KL equal to HG : (Prop. 22.)
then BL is a straight line drawn as required.

Proor. Because in the triangles BLK, EGH,
KB is equal to HE,
BL to EG,
and LK to GH,
the triangles are equal in all respects ; (Prop. 8.)
therefore the angle KBL (or CBL) is equal to the angle
HEGQG (or FED).

‘Wherefore, from the given point B in the given straight
line ABC a straight line BL has been drawn making with
the straight line ABC an angle KBL equal to the given
angle FED.



PROPOSITION 23. 63

EXERCISES.

1. Construct a triangle, having given the base and euch of the
angles at the base.

2. Make an angle double of a given angle.

8. If one angle of a triangle be equal to the sum of the other
two, the triangle can be divided into two isosceles triangles.

4. Construct a triangle, having given the base, one of the angles
at the base, and the sum of the sides.



-
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PROPOSITION 24.

If two sides of ome triangle be equal to two sides of
another and the angle contained by the two sides of the one
be greater than the angle contained by the two sides of the
other, the third side of the one s greater than the third side
of the other.

Let ABC, DEF be two triangles, in which 4B is equal
to DE and AC to DF, and the angle BAC is greater than
the angle ZDF:
it is required to prove that the third side BC is greater

than the third side EF.

ConsrrucTiON. Of the two sides DE, DF let DF be
one which is not less than the other. From the point D in
the straight line DE, draw D@ making with DE

the angle # DG equal to the angle BAC, (Prop. 23.)
and make D@ equal to DF. (Prop. 3.)
Draw EG meeting DF in H.

B E

4 > D e
Proor. Because DF is not less than DZ,
and D@ is equal to DF,
D@ is not less than DE.
And because in the triangle DEG,
D@ is not less than DE
the angle DEG is not less than the angle DGE.
(Props. 5 and 18.)
Next, because DH@ is the exterior angle of the triangle DEH,
it is greater than the interior opposite angle DEG.
(Prop. 16.)
Therefore the angle DII@ is greater than the angle DG H.
And because in the triangle DHG,
the angle DHG@ is greater than the angle DG H,
D@ is greater than DH. (Prop. 19.)
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But D@ is equal to DF.
Therefore DF is greater than DH,
or the point ¥ lies outside the triangle DEG.
Next because the sum of DH, H@G, two sides of the triangle
DHG@, is greater than the third side D@,
and the sum of FH, HE, two sides of the triangle EHF,
is greater than the third side £F;
the sum of DH, HG, FH, HE is greater than the sum
of DG, EF;
i.e. the sum of DF, EG is greater than the sum of DG, EF.
Take away the equals DF, DG ;
then E@ is greater than EF,
Now the triangles D@, BAC are equal in all respects.
(Prop. 4.)
Therefore BC, which is equal to Z@, is greater than EF.
‘Wherefore, if two sides &c.

EXERCISES.

A point P moves along the circumference of a circle from one
extremity 4 of a diameter AB to the other extremity B; prove that
throughout the motion

(a) AP is increasing and BP is decreasing ;
- (b) if O be any point in 4B nearer 4 than B, OP is increasing ;
(c) if O be any point in B4 produced, OP is increasing.
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PROPOSITION 25.

If two sides of ome triangle be equal to two sides of
another, and the third side of the one be greater than the
third side of the other, the angle opposite to the third side
of the one i greater than the angle opposite to the third side
of the other.

Let ABC, DEF be two triangles, in which 4B is equal
to DE, and AC to DF, and BC is greater than EF :

it is required to prove that the angle BAC is greater than
the angle ZDF,

B B

° D

Proor. The angle BAC must be either
greater than, equal to, or less than the angle EDF.
If the angle BAC were equal to the angle ZDF,
BC would be equal to EF; (Prop. 4.)
but it is not;
therefore the angle BAC is not equal to the angle EDF.
Again, if the angle BAC' were less than the angle ZDF,
BC would be less than EF; (Prop. 24.)
but it is not ;
therefore the angle BAC is not less than the angle EDF.
Therefore the angle BAC is greater than the angle ZDF.

‘Wherefore, if two sides &c,
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EXERCISES.

1. If D be the middle point of the side BC of a triangle 4BC,
in which AC is greater than 4B, the angle 4ADC is an obtuse angle.

2. If in the sides AB, AC of a triangle 4BC, in which AC is
greater than 4B, points D, E be taken such that BD, CE are equal,
CD is greater than BE.

3. If in the sides 4B, AC produced of a triangle 4BC, in which
AQ is greater than 4B, points D, E be taken such that BD, CE
are equal, BE is greater than CD.

4. If in the side 4B #nd the side AC produced of a triangle ABC
points D and E be taken, such that BD, CE are equal, BE is greater
than CD.
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PROPOSITION 26. Parr 1.

If two triangles have two angles of the one equal to two
angles of the other, and the side adjacent to the angles in the
one equal to the side adjacent to the angles in the other, the
triangles are equal in all respects.

Let ABC, DEF be two triangles, in which the angle
ABC is equal to the angle DEF, and the angle BCA is
equal to the angle ZFD, and the side BC adjacent to the
angles ABC, BCA is equal to the side £F adjacent to the
angles DEF, EFD:
it is required to prove that the triangles 4BC, DEF are

equal in all respects.

4
D
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Proor. Because the sides BC, EF are equal, it is
possible to shift the triangle 4BC,
80 that BC coincides with EF, B with ¥ and C with F,
(Test of Equality, page 5.)
and the triangles are on the same side of £7.
If this be done,
because BC coincides with EF,
and the angle 4BC is equal to the angle DEF,
BA must coincide in direction with ZD.
Similarly it may be proved that CA must coincide
in direction with #D.

Therefore the point 4, which is the intersection of B4, C4,
must coincide with D, which is the intersection of EiD, FD.
Next, because 4 coincides with D, and B with Z,

A B must coincide with DE. (Post. 2.)

Similarly 4C must coincide with DF.
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Therefore the triangle 4 BC coincides with the triangle DEF,
and is equal to it in all respects.

‘Wherefore, if two triangles &c.

EXERCISES.

1. If AD be the bisector of the angle BAC, and BDC be drawn
at right angles to 4D, 4B is equal to 4C.

2. AB, AC are any two straight lines meeting at 4: through any
point P draw a straight line meeting them at E and F, such that AE
may be equal to 4F,

8. If upon the same base AB two triangles BAC, ABD be con-
structed, having the angle BAC equal to 4ABD, and ABC equal to
BAD, then the triangles BDC, ACD are equal in all respeots.

4. If the opposite sides of a quadrilateral be equal, the diagonals
bisect each other.

5. If the straight line bisecting the vertical angle of a triangle be
at right angles to the base, the triangle is isosceles.
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PROPOSITION 26. Parr 2.

If two triangles have two angles of the one equal to two
angles of the other, and the sides opposite to a pair of equal
angles equal, the triangles are equal in all respects.

Let ABC, DEF be two triangles, in which the angle
ABC is equal to the angle DEF, and the angle BC4 equal
to the angle EFD, and B4 the side opposite to the angle
BCA is equal to ED the side opposite to the angle EFD :
it is required to prove that the triangles ABC, DEF are

equal in all respects.

H ¥
Proor. Because the sides 4B, DE are equal, it is
possible to shift the triangle DEF,
so that DZ coincides with AB, D with 4 and £ with B,
and the triangles are on the same side of 4B. :
If this be done,
because £D coincides with B4,
and the angle DEF is equal to the angle 4 BC,
EF must coincide in direction with BC.
Now F cannot coincide with any point & in BC,
since the angle 4GB the exterior angle of the triangle 4GC
is greater than the interior and opposite angle ACB,
(Prop. 16.)
which is equal to the angle DFE.
Again F cannot coincide with any point H in BC produced,
since the interior and opposite angle 4 HB of the triangle
ACH is less than the exterior angle ACB,  (Prop. 16.)
which is equal to the angle DFE.
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Therefore F must coincide with C,
: EF with BC, and DF with AC;
therefore the triangle DEF coincides with the triangle 4 BC,
and is equal to it in all respects.
‘Wherefore, ¢f two triangles &c.

ADDITIONAL PROPOSITION.
The straight lines, which bisect the angles of a triangle, meet in a

point,
Let ABC be a triangle.
Bisect the angles ABC, BCA by the straight lines BI, CI*.
Draw IL, IM, IN perpendicular to the sides.

M
N

I
B L c

Because in the triangles IBN, IBL
the angle IBN is equal to the angle IBL,
and the angle INB to the angle ILB,
and BI is common,
the triangles are equal in all respects : (Prop. 26, Part 2.)
therefore IN is equal to IL.
Similarly it can be proved that IM is equal to IL:
therefore IN is equal to IM.
Next because in the right-angled triangles TAN, IAM
the hypotenuse I4 is common,
and IN is equal to IM,
the triangles are equal in all respects: (Exercise 5, page 49.)
therefore the angle IAN is equal to the angle I4AM,
and I4 is the bisector of the angle BAC.
Therefore the bisector of the angle B4 C passes through the intersection
of the bisectors of the angles 4BC, BCA.

EXERCISES.

1. The perpendiculars let fall on two sides of a triangle from
any point in the straight line bisecting the angle between them are
equal to each other.

2. Ina given straight line find a point such that the perpendicu-
lars drawn from it to two given straight lines which intersect are equal.

8. Through a given point draw a straight line such that the per-
pendiculars on it from two given points may be on opposite sides of
it and equal to each other.

* T4 is assumed that these lines intersect,
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PROPOSITION 26 A.

If two triangles have two sides equal to two sides, and
the angles opposite to one pair of equal sides equal, the angles
opposite to the other pair are either equal or supplementary.

Let ABC, DEF be two triangles, in which 4B is equal
to DE, and BC to EF, and the angle BAC is equal to the

angle EDF :
it is required to prove that the angles ACB, DFE are
either equal or supplementary. (Def. page 45.)

Of the two sides AC, DF, let AC be not greater than DF.
5 .

E B
?i Fig, 2. 7
c £ G F‘ P ¢

Proor. Because the sides 4B, DE are equal, it is
possible to shift the triangle 4BC,
so that 4B coincides with DE,
A with D and B with E, (Test of Equality, page 5.)
and so that the two triangles 480, DEF are on the same
side of DE.
If this be done,
because 4 B coincides with DE,
and the angle BAC is equal to the angle ZDF,
AC must coincide in direction with DF.
Because 4C is not greater than DF
C must coincide either (1) with # or (2) with G some point
in DF.
(Fig 1.) If C coincide with F,
then BC coincides with EF, (Post. 2.)
and the triangle 4 BC with the triangle DEF,
and the two triangles are equal in all respects;
therefore the angle 4CB is equal to the angle DFE.
(Fig. 2.) Again, if ¢ coincide with @,
because BC is equal to £@, and EF is equal to BC,
EQ is equal to EF.

A
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And because in the triangle EF@,
EG is equal to EF,

the angle EFG is equal to the angle EGF. (Prop. b.)
Now the angles DGE, EG F are together equal to two right
angles, i.e, are supplementary ; (Prop. 13.)

therefore the angles DG E, EFG are supplementary ;

and the angle DGE is equal to the angle ACB;
therefore the angles ACB, DFE are supplementary.

‘Wherefore, ¢f two triangles &c.

CoroLLARY. When two triangles have two sides equal
to two sides, and the angles opposite to one pair of equal sides
equal to one another, they are equal in all respects, provided
that of the angles opposite to the second pair of equal sides,

(1) each be less than a right angle,
(2) each be greater than a right angle,
or (3) one of them be a right angle.

EXERCISES.

1, If the straight line bisecting the vertical angle of a triangle
also bisect the base, the triangle is isosceles.

2. If two given straight lines intersect, and a point be taken
equally distant from each of them, it lies on one or other of the two
lsitnra.ight lines which bisect the angles between the given straight

es,

8. Prove that two right-angled triangles are equal in all respects,
if the hypotenuse and a side of the one be respectively equal to the
hypotenuse and a side of the other.

4. If two exterior angles of a triangle be bisected, and from the
point of intersection of the bisecting lines a straight line be drawn
to the third angle, it bisects that angle,

5. If two triangles have two sides equal to two sides, and the
angles opposite to the greater mides equal, the triangles are equal
in all respects.

6. Construct a triangle having given two sides and the angle
opposite to one of them. Is this always possible?
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ON EquaL TRIANGLES.

It is in many cases convenient to denominate the sides
BC, CA, AB of a triangle ABC by the small letters a, b, ¢
respectively. Here a, b, ¢ stand for the sides of the triangle
opposite to the angles 4, B, C respectively.
Using this notation we may sum up the results of
Propositions 4, 8, 26 Part 1, 26 Part 2, and 26 A as follows:
Two triangles 4 BC, A'B'C" are equal in all respects,
(I) if a=d, b=1¥, and C=C", (Prop. 4.)
(I1) if a=da/, b=V, and ¢=¢, (Prop. 8.
(ITII) if A=4', B=F, and ¢ = ¢, (Prop. 26, Part 1.)
(IV)if A=4', B=PF, and a=a/, (Prop. 26, Part 2.)
(V) if a=d/, b=V, and 4=4', and if in addition
(1) B and B’ be each less than a right angle,

or (2) B and B’ be each greater than a right angle,

or (3) either B or B’ be a right angle. (Prop. 26 A.)

The six quantities, the angles 4, B, C, and the sides
(ZBbC" ¢, are often denominated the parts of the triangle

It will be observed that the equality of three pairs of
parts is always required to ensure the equality in all respects
of two triangles, but that the equality of three pairs of
parts is not always sufficient.

By the theorem of Proposition 32 it can be shewn that,
if any two of the equations 4 =4, B= B, C = (', be true,
the third is also true: from this we conclude that the set
of equations 4 =4', B=F, C =", is insufficient to deter-
mine the equality of the triangles, and that the two cases
IIL. and IV. are virtually the same.
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ON THE ANGLES MADE BY ONE STRAIGHT LINE WITH TWO
OTHERS.

When a straight line ABCD intersects two other
straight lines £BF, GCH,

the angles ABE, ABF, DCG, DCH outside the two lines
EF, GH are called exterior angles ;

the angles CBE, CBF, BCG, BCH inside the two lines
EF, GH are called interior angles ;

a pair of interior angles on opposite sides of ABCD are
called alternate angles.

There are two pairs of alternate angles in the diagram, EBC, BCH;
CBF, BCG.

A pair of angles, one at B and the other at C, one exterior
and the other interior, on the same side of ABCD are
sometimes called corresponding angles.

There are four pmrs of corresponding angles, 4 BF, BCH; ABE, BCG;

DCH, CBF; and DCG, CBE, the first angle in each pair bemg
an exterior a.ngle, and the second the interior,
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PROPOSITION 27.

If a straight line, meeting two other straight lines in the
same plane, make two alternate angles equal, the two straight
lines are parallel.

Let the straight line EF, meeting the two straight
lines 4B, OD in the same plane, make the alternate angles
AEF, EFD equal to one another:

it is required to prove that 4B, CD are parallel.

Proor. AB, CD cannot meet when produced beyond
Band D; for if they did, the exterior angle AEF of the
triangle formed by them and ZF would be greater than
the interior opposite angle Z#¥D (Prop. 16.);

but it is not.

Similarly it can be proved that 4B, CD cannot meet
when produced beyond 4 and C.

But those straight lines in the same plane which do not
meet however far they may be produced both ways, are
parallel, (Def. 9.)

Therefore 4B, CD are parallel.

‘Wherefore, if a straight line &c.
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EXERCISES.

1. No two stiaight lines drawn from two angles of a triangle
and terminated by the opposite sides can bisect one another.

2. Two straight lines at right angles to the same straight line
are parallel.

8. Prove Proposition 27 by the method of superposition,
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PROPOSITION .28.

If a straight line intersecting two other straight lines,
. make an extertor angle equal to the interior and opposite
angle on the same side of the line ; or if it make two interior
angles on the same side together equal to two right angles,
the two straight lines are parallel.
Let the straight line £F, intersecting the two straight
lines AB, CD,
(1) make the exterior angle £G@B equal to the interior
and opposite angle on the same side GHD,
or (2) make the interior angles on the same side BGH,
GHD together equal to two right angles:
it is required to prove that 4B, CD are parallel.

Proor. (1) Because the angle EGB is equal to the
angle GHD,
and the angle £GB is equal to the angle AGH, (Prop. 15.)
the angle AGH is equal to the angle GHD ;
and they are alternate angles ;
therefore AB, CD are parallel.  (Prop. 27.)

(2) Because the angles BGH, GHD are together equal
to two right angles, '
and the angles AGH, BGH are together equal to two right
angles, (Prop. 13.)
the angles AGH, BGH are together equal to the angles
BGH, GHD.
Take away the common angle BGH ; :
then the angle AGH is equal to the angle GHD ;
and they are alternate angles ;
therefore 4B, CD are parallel.  (Prop. 27.)

‘Wherefore, if a straight line &c.
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EXERCISES.

1. If a straight line intersecting two other straight lines make
two external angles on the same side of the line together equal to
two right angles, the two straight lines are parallel.

2. If a straight line intersecting two other straight lines make two
external angles on opposite sides of the line equal, the two straight
lines are parallel.

3. If a straight line intersecting two other straight lines make
two corresponding angles equal, the two straight lines are parallel.
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PROPOSITION 29.

If a straight line intersect two parallel straight lines, it
makes alternate angles equal, it makes each exterior angle
equal to the interior and opposite angle on the same side of
the line, and it also makes interior angles on the same side
together equul to two right angles.

Let the straight line EF intersect the two parallel
straight lines 4B, CD:
it is required to prove that

1) the alternate angles AGH, GHD are equal,
é2) the exterior angle EGB is equal to the interior
and opposite angle GHD on the same side of EF,
and (3) the two interior angles BGH, GHD on the same
side of EF are together equal to two right angles.

Proor. (1) Because AGH, BGH are the angles which
EF makes with 4B on one side of it,
the sum of the angles AGH, BGH is equal to two right
angles. (Prop. 13.)
Therefore, if the angles AGH, GHD were unequal,
the sum of the angles BGH, GHD would not be equal to
two right angles;
and since these are the interior angles which the straight
lines A B, CD make with EF on one side of it,
4B, CD would not be parallel. (Post. 9, page 51,)
But 4B, CD are parallel ;
therefore the angle AGH is equal to the angle GHD.
(2) But the angle AGH is equal to the angle £GB;
(Prop. 15.)
therefore the angle EGB is equal to the angle GHD,
(8) Add to each of the equal angles £GB, GHD the
angle BGH ; '
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then the angles £GB, BGH are together equal to the
angles BGH, GHD.

But the angles £G'B, BGH are together equal to two right
angles. .
Therefore the angles BGH, GHD are together equal to two

right angles.
‘Wherefore, ¢f a straight line &c.

CoroLLARrY. Al the angles of a rectangle are right
angles. (See Def. 19.)

. EXERCISES.

1. Any straight line parallel to the base of an isosceles triangle
makes equal angles with the sides,

2. If through any point equidistant from two parallel straight
lines, two straight lines be drawn cutting the parallel straight lines,
they will intercept equal portions of these parallel straight lines.

8. If the straight line bisecting an exterior angle of a triangle
be parallel to a side, the triangle is isosceles,

4. If DE, DF drawn from D any point in the base BC of an
isosceles triangle 4BC, to meet 4B, AC in E, F be parallel to AC,
AB, the perimeter of the parallelogram AEDF is constant.



82 . : BOOK I

PROPOSITION 30.

Straight lines parallel to the same straight line are
parallel to each other.
Let each of the straight lines 4B, CD be parallel to £F:
it is required to prove that AB, CD are parallel to one
another.

CoNsTRUCTION. Draw a straight line G HK intersecting
AB,CD, EFin G, H, K respectivgly.

Proor. Because GHK intersects the parallels 4B, EF,
the angle GKF is equal to the angle AGH. (Prop. 29.)
Again, because GK intersects the parallels CD, EF,
the angle GHD is equal to the angle GKF. (Prop. 29.)
Therefore the angle AGH is equal to the angle GHD ;
and they are alternate angles ;
therefore 4B is parallel to CD. (Prop. 27.)
‘Wherefore, straight lines &c.
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EXERCISES.

1. Two intersecting straight lines cannot both be parallel to
the same straight line.

2. Only one straight line can be drawn through a given point
parallel to a given straight line,

8. I two straight lines, each of which is parallel to a third
fmt.i‘&ht line, meet, the two lines are coincident throughout their
ength.

4. If a straight line intersect one of two parallel straight lines,
it must intersect the other.
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PROPOSITION 31.

To draw through a given point a straight line parallel
to a given straight line.

Let A be the given point, and BC the given straight
line:
it is required to draw through A4 a straight line parallel

to BC.

ConsTRUcTION. In BC take any point D, and draw
AD; from the point 4 in the straight line 4D on the side
of AD remote from (' draw AE making the angle DAE
equal to the angle 4DC'; (Prop. 23.)

and produce the straight line £4 to F:
then EF is the straight line required.

Proor. Because the straight line 4D meets the two
straight lines BC, EF,
and makes the alternate angles £AD, ADC equal,
EF is parallel to BC. (Prop. 27.)
‘Wherefore, the straight line EAF has been drawn through
the given point A, parallel to the given straight line BC.
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EXERCISES.

1.- Find a point B in a given straight line CD, such that, if 4B
be drawn to B from a given point 4, the angle 4BC will be equal
to a given angle.

2. Draw through a given point between two intersecting straight
lines a straight line so that it is bisected at the point.

8. ABCD is a quadrilateral having BC parallel to 4D ; shew that
its area is the same as that of the parallelogram which can be formed
lg dr;wing through the middle point of DC a straight line parallel

AB.

4. AC, BC are two given straight lines: it is required to draw a
straight line from a given point P to 4C, so that it is bisected by BC.

5. Construct a triangle having given two angles, and the length
of the perpendicular from the third angle on the opposite side.

6. OConstruct a right-angled triangle, having given one side and
the angle opposite,
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PROPOSITION 32.

An exterior angle of a triangle is equal to the sum of
the two interior opposite angles; and the sum of the three
interior angles of a triangle is equal to two right angles.

Let ABC be a triangle :
it is required to prove that (1) the exterior angle ACD
made by producing the side BC is equal to the sum of
the two interior opposite angles CAB, ABC,
and (2) the sum of the three interior angles 4BC, BCA,
CAB is equal to two right angles.

OonstrucTioN. Through the point C draw CE parallel
to BA. (Prop. 31.)

B

Proor. (1) Because AC meets the parallels B4, CE,
the alternate angles BAC, ACE are equal. (Prop. 29.)
Again, because BD meets the parallels B4, CE,

the exterior angle ECD is equal to the interior opposite
angle ABC. (Prop. 29.)

And the angle ACE was proved to be equal to the angle
BAC;

therefore the whole angle ACD is equal to the sum of the
two angles CAB, ABC.

(2) To each of these equals add the angle BCA ;

then the sum of the angles ACD, ACB is equal to the sum
of the three angles 4 BC, BCA4, CAB.

But the sum of the angles ACD, ACB is equal to two right
angles; (Prop. 13.)

therefore also the sum of the angles ABC, BC4, CABis
equal to two right angles.

Wherefore, An exterior angle &c.
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CoROLLARY. The sum of the interior angles of any con-
vex rectilineal figure of n sides is less by four right angles
than 2n right angles.

This may be proved in either of the following ways :

In fig. (1), where straight lines are drawn from any point O within
the figure to the vertices, the angles of the n triangles so formed
are equal to the angles of the figure together with the angles at O,
which are equal to four right angles.

In fig. (2), where all the diagonals from one vertex E are drawn, the
angles of the n—2 triangles so formed are together equal to the
angles of the figure.

B B

4 4
.D D
E

E

EXERCISES.

1. Btraight lines 4D, BE, CF are drawn within the triangle
ABC making the angles DAB, EBC, FCA all equal to one another.
If AD, BE, CF do not meet in a point, the angles of the triangle
formed by them are equal to those of the triangle ABC.

2. Triseot a right angle.

3. Trisect a quarter of a right angle.

4. If 4 be the vertex of an isosceles triangle ABC, and B4 be
produced to D, so that AD is equal to B4, and DC be drawn: then
BCD is a right angle.

5. A straight line drawn at right angles to BC the base of an
isosceles triangle ABC ocuts AB in D and C4 produced in E: prove
that AED is an isosceles triangle.

6. Construct a right-angled triangle having given the hypotenuse
and the sum of the sides.

7. The line joining the right angle of a right-angled triangle to
the middle point of the hypotenuse is equal to half the hypotenuse.

8. The locus of the vertices of all right-angled triangles which
have a common hypotenuse is a circle.
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PROPOSITION 33.

If two sides of a convex quadrilateral be equal and
parallel, the other sides are equal and parallel.

Let ABDC be a quadrilateral, in which the sides 4.5,
CD are equal and parallel :

it is required to prove that the sides AC, BD are equal and
parallel.

CoxsrrucTioN. Draw one of the diagonals BC.

B

c

Proor. Because AB is parallel to CD,
and BC meets them,
the alternate angles A BC, BCD are equal. (Prop. 29.)
’ Because in the triangles 4 BC, DCB,
AB is equal to DC,
and BC to CB,
and the angle 4 BC to the angle DCB,
the triangles are equal in all respects; (Prop. 4.)
- therefore the angle ACB is equal to the angle DBC,
and C4 to BD. :

And because the straight line BC' meets the two straight
lines AC, BD, and makes the alternate angles ACB, CBD
equal to one another,

AC is parallel to BD. (Prop. 27.)
And it was proved to be equal to it.
Wherefore, if two sides &c.
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EXERCISES.

1. Draw a straight line so that the part intercepted between two
givea1 straight lines is equal to one given straight line and parallel to
another.

2. If a quadrilateral have two of its opposite sides parallel, and
the two others equal but not parallel, any two of its opposite angles
are together equal to two right angles. .

8. If a straight line which joins the extremities of two equal
straight lines, not parallel, make the angles on the same side of it
equal to each other, the straight line which joins the other extremities
will be parallel to the first.

4. If from D any point in the base BC of an isosceles triangle
ABC, DE, DF be drawn perpendicular to the sides, then the sum of
DE, DF is constant.
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PROPOSITION 34.

Opposite sides of a parallelogram are equal, and opposite
angles are equal ; and a diagonal of a parallelogram bisects
s area.

Let ACDB be a parallelogram, of which BC is a
diagonal :
it is required to prove that (1) opposite sides are equal, 4.8

to CD, and AC to BD;
(2) opposite angles are equal, BAC to BDC and ABD to ACD;
and (3) the diagonal BC bisects the area of the parallelogram.

B

4

(4]

ProoF. Because 4B is parallel to C'D, and B(' meets
them,
the alternate angles ABC, BCD are equal. (Prop. 29.)

And because AC is parallel to BD, and BC meets them,
the alternate angles ACB, CBD are equal. (Prop. 29.)

Now because in the two triangles 4 BC, DCB,
the angle 4 BC is equal to the angle DCB,
and the angle BC'4 to the angle CBD,
and the side BC adjacent to the equal angles in each is
common to both,

the triangles are equal in all respects. (Prop. 26, Part 1.)

Therefore 4B is equal to DC, AC equal to DB,

and the angle BAC equal to the angle CDB.

And because the angle AB( is equal to the angle DCB,
and the angle CBD to the angle BCA,
the whole angle 4BD is equal to the whole angle DCA.
And the angle BAC has been proved to be equal to the
angle CDB.
Therefore in the parallelogram AD (1) opposite sides are
equal and (2) opposite angles are equal.
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Again, it has been proved
that the triangles 4 BC, DCB are equal in all respects:

therefore (3) the diagonal BC bisects the area of the paral-
lelogram 4D.

‘Wherefore, opposite sides dc.

CorOLLARY 1. AU the sides of a square are equal.

CoroLLARY 2. The angles made by a pair of straight
lines are equal to the angles made by any pair of straight
lines parallel to them.

A parallelogram 4 BCD is often spoken of as the parallelogram 4C,
or the parallelogram BD, or more simply a8 4C or BD, when there is
no danger of confusion with the diagonal AC or with the diagonal BD.

EXERCISES.

1. Prove that, if the diagonals of a quadrilateral bisect one
another, the quadrilateral is a parallelogram. Prove also the converse.

2. If two sides of a quadrilateral be parallel and the other two
equal but not parallel, the diagonals are equal.

8. If in a quadrilateral the diagonals be equal and two sides
be parallel, the other sides are equal.

4. Find in a side of a triangle the ]};omt from which straight lines

drawn parallel to the other sides of the triangle and terminated by
them are equal.

5. Prove that every straight line which bisects the area of a
parallelogram must pass through the intersection of its diagonals.

6. Construct a triangle whose angles shall be equal to those of a
given triangle, and whose area shall be four times the area of the
given triangle.

7. ABCD is a parallelogram having the side 4D double of AB:
the side 4B is J)roduced both ways to E and F till each produced part
equals 4B, and straight lines are drawn from C and D to E and F so
a8 to cross within the figure: shew that they will meet at right
angles.

8. If O be any point within a parallelogram 4BCD, the sum of
the triangles 04 B, OCD is half the parallelogram.

9. Divide a given straight line into » equal parts, where n is
& whole number.
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PROPOSITION 35.

Two parallelograms, which have one side common and
the sides opposite to the common side in a straight line, are
equal in area.

Let ABCD, EBCF be two parallelograms, which have
a common side BC, and the sides AD, EF in a straight
line :
it is required to prove that 4 BC D, EBCF are equal in area.

4 E D F 4

AMVVAWY

Proor. Because ABCD is a parallelogram,
AB is equal to DC, (Prop. 34.)
and because ZBCF is a parallelogram,
BE is equal to CF ;
and because 4B is parallel to DC,
and BE to CF,
the angle A BE is equal to the angle DCF.
(Prop. 34, Coroll. 2.)
And because in the triangles’' 4 BE, DCI"
4B is equal to DC,
and BE to CF,
and the angle ABE to the angle DCF,
the triangles are equal in all respects. (Prop. 4.)
. Take from the area 4 BCF, the equal areas FDC, EAB ;
then the remainders are equal,
that is, the parallelograms 4BCD, EBCF are equal in area.

‘Wherefore, two parallelograms &c.
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The propositions in the remaining part of the First
Book of Euclid and those in the Second Book relate chiefly
to cases of equality of the areas of two figures.

The test of equality to which we have hitherto always appealed
has been that of the possibility of shifting one figure so that it
exactly coincides with the other. In this case the figures are equal
in all respects, but we say that two figures are equal in area also,
when it is possible to shift all the parts of the area of one figure,
so that they together exactly fit the area of the second figure.

It will be observed that this is the test made use of in Pro-
position 35,

For the future we shall often, when there is no danger
of ambiguity, speak of the equality of two figures when we
mean only equality of area, and we shall often speak of
a figure when we mean only the area of the figure.

EXERCISES.

1. Construct a rectangle equal to a given parallelogram.
2. Construct a rhombus equal to a given parallelogram.

8. Construct a parallelogram to be equal to a given parallelogram
in area and to have its sides equal to two given straight lines. Is
this always possible ?



94 BOOK I

PROPOSITION 36,

Two parallelograms, which have two sides equal and tn
a straight line and also have the sides opposite to the equal
stdes in a straight line, are equal.

Let ABCD, EFGH be two parallelograms, which have
their sides BC, FG@ equal and in a straight line, and also
their sides 4D, £H in a straight line:

it is required to prove that ABCD, EFGH are equal.
ConsTRUCTION. Draw BE, CH.

A4 D E H

B CF G

Proor. Because BC is equal to FG,
and F@ to EH, (Prop. 34.)
BC is equal to EH ;
and they are parallel.
Because the two sides BC, ZH of the convex quadrilateral
EBCH are equal and parallel,
the other sides BE, C'H are equal and parallel ;
(Prop. 33.)
therefore ZBCH is a parallelogram,
Now because EBCH and ABCD have the side BC
common, and the sides 40, ZH in a straight line,
EBCH is equal to 4ABCD. (Prop. 35.)
Similarly it can be proved that ZBCH is equal to ZFGH,
Therefore the parallelograms 4BCD, EFGH are equal.
‘Wherefore, two parallelograms &c.
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ADDITIONAL PROPOSITION.
The straight lines, drawn from the vertices of a triangle per-
pendicular to the opposite sides, meet in a point*.
Let ABC be a triangle, and AL, BM, CN be drawn perpendicular
to BC, CA, AB respectively.
Draw the straight lines FAE, DBF, ECD parallel to BC, Cd, AB
respectively.

F E
N, PM
B (o]
D
Because BE is a parallelogram,
AE is equal to BC; (Prop. 84.)
and because CF is a parallelogram,
FA is equal to BC;

therefore FA is equal to AE.
Again, because 4L meets the parallels FAE, BLC,
the angle FAL is equal to the angle ALC. (Prop. 29.)
But the angle ALC is a right angle;
therefore the angle FAL is a right angle,
Therefore AL is the straight line drawn at right angles to FE at its
middle point.
Similarly it can be proved that BM, CN are the straight lines
drawn at right angles to FD, DE at their middle points,
Now AL, BM, CN the straight lines drawn at right angles to the
gides of the triangle DEF at their middle points meet in a point.
(Add. Prop., page 53.)
Therefore AL, BM, CN the straight lines drawn from the vertices
of the triangle 4BC perpendicular to the opposite sides meet in a
point.

EXERCISES.

1. Construct a parallelogram to be equal to a given parallelogram
and to have one of its sides in a given straight line.

2. Construct a parallelogram to be equal to a given parallelogram
and to have two of its sides in two given straight lines.

* This point is often called the orthooentre of the triangle.
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PROPOSITION 37.

Two triangles; which have one side common and the
angular points opposite to the common side on a straight
line parallel to it, are equal.

Let ABC, DBC be two triangles, which have a common
side BC, and their angular points 4, D on a straight line
AD parallel to BC :
it is required to prove that the triangles 4 BC, DBC are

equal.

ConstructioN. Through B draw BE parallel to C4,

and through C draw CF parallel to BD, (Prop. 31.)
meeting 4D (produced if necessary) in £ and F.

Proor. Because the parallelograms EBCA, DBCF
have a common side BC and the sides £4, DF in a
straight line,

EBCA is equal to DBCF. (Prop. 35.)

And because the diagonal 4B bisects the parallelogram
EBCA

" the triangle 4BC is half of EBCA; (Prop. 34.)

and because the diagonal DC bisects the parallelogram

DBCF,

the triangle DBC is half of DBCF.

Now the halves of equals are equal.
Therefore the triangles 4 BC, DB( are equal.
‘Wherefore, two triangles &e.
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EXERCISES.

. 1. It P be a point within a parallelogram 4BCD, the difference
of the triangles PAB, PAD is equal to the triangle PAC.

2. If P be a point outside a parallelogram ABCD, the sum of
the triangles PAB, PAD is equal to the triangle PAC.

8. AB and ECD are two parallel straight lines: BF, DF are
drawn parallel to 4D, AE respectively: prove that the triangles ABC,
DEF are equal to one another.

4, ABC is a given triangle: construct a triangle of equal area,
having 4B for bage and its vertex in a given straight line.

5. Points 4, B, C are taken, one on each of three parallel
straight lines: BC, CA, AB meet the lines through 4, B, C respec-
tively in a, b, ¢: prove that each of the triangles 4BC, Abe, Bcea,
Cab, is equal to half the triangle abe.
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PROPOSITION 38.

Two triangles, which have two sides equal and in a
straight line and also have the angular points opposite to
the equal sides on a straight line parallel to it, are equal.

Let ABC, DEF be two triangles, which have their
sides BC, EF equal and in a straight line, and their
angular points 4, D, on a straight line 4.D parallel to BF":

it is required to prove that the triangles 4BC, DEF are

equal,
ConstrUCTION. Through B draw B@ parallel to C4,
and through F draw FH parallel to £D,
meeting 4D (produced if necessary) in G and H.

G A D H

B [ B r

Proor. Because the parallelograms GBCA, DEFH
have their sides BC, EF equal and in a straight line,
and also their sides G4, DH in a straight line,
they are equal to one another.  (Prop. 36.)
Because the diagonal 4B bisects the parallelogram GBCA,
the triangle ABC is half of GBCA; (Prop. 34.)
and because the diagonal DF bisects the parallelogram
DEFH, .
the triangle DEF is half of DEFH.
Now the halves of equals are equal ;
therefore the triangles A BC, DEF are equal.

Wherefox:e, two triangles &c.
OoRroLLARY. Two triangles, which have two sides equal

and in a straight line and also have the angular poinis
opposite to the equal sides coincident, are equal.
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EXERCISES.

1. ABCD is a parallelogram; from any point P in the diagonal
BD the straight lines P4, PC are drawn. Shew that the triangles
PAB and PCB are equal in area.

2. The three sides of a triangle are bisected, and the points
of bisection are joined; prove that the triangle is divided into four
triangles, which are all equal to one another.

3. If the sides BC, C4, 4B of a triangle ABC be produced to
A’, B', ¢’ respectively, so that CA’=BC, AB'=CA, AB=BC(’, prove
that the area of the triangle 4'B’C’ is seven times that of the triangle
ABC.

4. Make a triangle such as to be equal to a given parallelogram,
and to have one of its angles equal to a given angle.

5. If the sides 4B, BC, CA of & triangle ABC be respectively
bisected in ¢, a, b, and 4a, Cc intersect in P: then BPb is a straight
line.

6. The sides 4B, AC of a triangle are bisected in D, E: CD,
BE intersect in F. Prove that the triangle BFC is equa.l to the
quadrilateral ADFE,

7. If 4B, PQRS, CD be three parallel straight lines and
P, Q, R, S be situate on 4C, AD, BC, BD respectively, then PQ
is equal to RS, and PR to QS.

8. 4, B’, C’ are the middle points of the sides of the triangle
A4BC, and through A4, B, C are drawn three parallel straight lines
meetmg B'C’, C'4/, A'B' 'in a, b, ¢ respectively; prove that the tri-
angle abe is half the triangle ABC and that be passes through 4, ca
through B, ab through C.

7—2
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PROPOSITION 39.

Iftwoequalhﬂiwngleakameacomhwnside and lie on
the same side of it, the angular points opposite to the common
side lie on a straight line parallel to it.

Let ABC, DBC be two equal triangles, which have a
common side BC, and lie on the same side of BC :
it is required to prove that the angular points 4, D oppo-
site to the side BC lie on a straight line parallel to BC.
CoNsTRUCTION. Draw 4D, and in BD or BD produced
take any point Z other than D, and draw 4E, EC.

A D

B (¢

Proor. Because the triangle DBC is not equal to the -
triangle £BC, 4
and the triangle ABC is equal to the triangle DBC,
the triangle 4 BC is not equal to the triangle ZBC.
) If AE were parallel to BC,
the triangle 4 BC' would be equal to the triangle ZBC ;
. (Prop. 37.)
but they are not equal ;
therefore A E is not parallel to BC.
But it is possible to draw a straight line through A4 parallel
to BC; (Prop. 31.)
therefore 4D is parallel to BC.
Wherefore, if two equal triangles &c.
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ADDITIONAL PROPOSITION.

Each side of a triangle is double of the straight line joining the
middle points of the other sides and is parallel to it.

Let ABC be a triangle, D, E, F the middle points of the sides
BC, CA, AB.

Draw BE, CF, EF, FD, DE.

4

F, E

B - D (o}

Because the two triangles BFC, AFC have their sides BN, AF

equal and in a straight line, and the point C common,
the triangles are equal; (Prop. 88, Coroll.) -
therefore the triangle BFC is half of the triangle 4ABC.

Similarly it can be proved that the triangle BEC is half of the
triangle 4BC.

Therefore the triangle BFC is equal to the triangle BEC.

Next because the triangles BFC, BEC are equal and have a
common gide BC, the straight line FE joining their vertices is
parallel to BC. (Prop. 39.)

Similarly it can be proved that DF is parallel to CA and ED
to 4B.

Again because BFED ig a parallelogram,
BD is equal to FE. (Prop. 84.)
And because DFEC is a parallelogram,
DC is equal to FE:
therefore BC is double of FE.

EXERCISES.

1. The middle points of the sides of any quadrilateral are the
angular points of a parallelogram.

2. Of equal triangles on the same base, the 1sosoe1es triangle has
the least perimeter.

8. Two triangles of equal area stand on the same base and on
opposite sides: shew that the straight line joining their vertices is
bisected by the base or the base produced.

4. The triangle ABC is double of the triangle EBC: shew that,
if AE, BC produced if necessary meet in D, then 4E is equal to ED.

5. If the straight lines joining the middle points of two of the
sides of a triangle to the opposite vertices be equal, the triangle is
isosceles.
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PROPOSITION 40.

If two equal triangles hawe two sides equal and in a
straight line, and if the triangles lie on the same side of
this line, the angular points opposite to the equal sides lie
on a straight line parallel to the first straight line.

Let ABC, DEF be two equal triangles, which have
equal sides BC, EF in a straight line and lie on the same
side of BF:
it is required to prove that the angular points 4, D oppo-

site to BC, EF lie on a straight line parallel to BF.

CoNsTRUCTION. Draw 4D, and in ED or ED produced
take any point @ other than D, and draw 4G, G F.

A4 D
S ; iG : i
B [ E F
Proor. Because the triangle DEF is not equal to the
triangle GEF,
and the triangle 4 BC is equal to the triangle DEF,
the triangle 4 BC is not equal to the triangle GEF.

If A@ were parallel to BF,
the triangle 4BC would be equal to the triangle GEF;

(Prop. 38.)
but they are not equal ;
therefore 4@ is not parallel to BF.
But it is possible to draw a straight line through 4 parallel
to BF; (Prop. 31.)
therefore A.D is parallel to BF.
‘Wherefore, of two equal triangles &c.
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ADDITIONAL PROPOSITION.

The straight -lines joining the vertices of a triangle to the middle
points of the opposite sides meet in a point* which is for each line the
point of trisection further from the vertez.

Let 4BC be a triangle, and D, E, F be the middle points of the
sides BC, C4, AB.
Draw BE, CF and let them interseot in @.
Bigect B@, CG in M, N, and draw FM, MN, NE.

In the triangle 4BC,
BC is double of FE and is parallel to it. (Add. Prop., page 101.)
In the triangle GBC,
BC is double of MN and is parallel to it.
Therefore FE is equal and parallel to MN. (Prop. 80.)
Therefore FMNE is a parallelogram. Prop. 33.)
Now the diagonals of a parallelogram bisect each other.
' (Exercise 1, page 91.)
Therefore GE is equal to @M, which is equal to MB.
Therefore BG is double of GE.
Similarly C@ is double of GF.
Similarly it can be proved that 4D passes through @, and that
AQ is double of GD.

EXERCISES.

1. A point P is taken within a quadrilateral ABCD: prove that,
if the sum of the areas of the triangles PAB, PCD be independent
of the position of P, ABCD is a parallelogram.

2. The locus of a point P such that the sum of the areas of the
two triangles PAB, PBC is constant, is a straight line parallel to 4C.

3. 4B, CD are two given straight lines: the locus of a point P
such that the sum of the two triangles PAB, PCD is constant, is a
straight line,

4. Trisect a given straight line. ]

* This point is often called the centre of gravity or the centroid
of the triangle.
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.PROPOSITION 41.

If a parallelogram and a triangle have a common side,
and the angular point of the triangle opposite to the common
side lie on the same straight line as the opposite side of the
parallelogram, the parallelogram is double of the triangle.

Let ABCD be a parallelogram and EBC be a triangle
which have a common side B(, and let the angular point £

of the triangle lie in the same straight line as the side 4.D
of the parallelogram :

it is required to prove that the parallelogram ABCD is
double of the triangle ZBC.

CONSTRUCTION. Draw AC.

Proor. Because the triangles ABC, EBC, have a
common side BC, and A is parallel to BC,
the triangles 4 BC, EBC are equal. (Prop. 37.)
Axi;iBlC)’eBause the diagonal AC bisects the parallelogram
the para,,llelogram ABCD is double of the triangle 4BC.
(Prop. 34.)
Th;r;fc?re the parallelogram 4 BCD is double of the triangle

Wherefore, if a parallelogram &c.
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EXERCISES.,

1. ABCD is a parallelogram; from D draw any straight line DFG
meeting BC at F and 4B produced at G; draw AF and CG: shew
that the triangles A BF, CF@ are equal.

2. If P be a point in the side 4B, and Q a point in the side DC
of a parallelogram 4BCD, then the triangles PCD, QAB are equal in
ares.

8. The area of any convex quadrilateral is double that of the
parallelogram whose vertices are the middle points of the sides of
the quadrilateral.

4. The sides BC, C4, AB of a triangle ABC are trisected in the
points D, d; E, e; F, f respectively: prove that the area of the
hexagon DdEeFf is two-thirds that of the triangle 4ABC.
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PROPOSITION 41 A.

- To construct a triangle equal to a given rectilineal
Sigure.
Let ABCDEFG be the given rectilineal figure :
it is required to construct a triangle equal to ABCDEFG.
ConsTrRUCTION. Draw one of the diagonals AC such
that with two adjacent sides of the figure 4B, BC it forms
a triangle 4.8C.

Through the vertex B draw BP parallel to C4, to meet
G4 produced in P. Draw PC.

Proor. Because the triangles PAC, BAC have a
common side 4AC, and their angular points P, B on a
straight line parallel to 4C':

the two triangles PAC, BAC are equal. (Prop. 37.)
Add to each the figure ACDEFG ;
then the figure PCDEF@ is equal to the figure ABCDEFG.

Now the sides of the figure PCDEFG are fewer by one
than the sides of the figure ABCDEFG ; therefore by con-
tinued application of this process we can construct a series
of figures all equal to the given figure, the sides of each
figure being fewer by one than the sides of the figure last
preceding.

‘We shall thus ultimately obtain a triangle equal to the
given rectilineal figure.
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It will be seen that by the method adopted in Proposition 41 A
a triangle can be constructed equal to a given rectilineal figure of
4 sides by using the process once, to a figure of 5 sides by using it
twice, and to a figure of n sides by using it n—3 times.

EXERCISES.

1. On one side of a given triangle construct an isosceles triangle
equal to the given triangle.

. 2. On one side of a given quadrilateral construct a rectangle
equal to the quadrilateral.

3. Construct a triangle equal in area to a given convex five-sided
figure ABCDE: AB is to be one side of the triangle and AE the
direction of one of the other sides.

4. Bisect a given (1) parallelogram, (2) triangle, (8) quadri-
ateral by a straight line drawn through a given point in one side of
e figure,

5. ABCD is a given quadrilateral: construct a quadrilateral of
equal area, having 4B for one side, and another side on & given
straight line parallel to 4AB.

6. ABCD is a given quadrilateral : construct a triangle, whose
base shall be in the same straight line as 4B, its vertex at a given
point P in CD, and its area equal to that of the given quadrilateral.
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PROPOSITION 42.

To construct a parallelogram equal to a given triangle,
and having an angle equal to a given angle. 7
Let ABC be the given triangle, and D the given angle:
it is required to construct a parallelogram equal to 4BC,
and having an angle equal to D.
ConsrructioN.  Bisect BC at &:
draw AE,
and from the point Z, in the straight line EC, draw EF
making the angle CEF equal to the angle D; (Prop. 23.)
through 4 draw AF@ parallel to EC meeting £F in F,
and through C draw CG parallel to £F meeting 4F@G in G:
then FECG is a parallelogram constructed as required.

F . @

4

B E ]

Proor. Because the opposite sides of the quadrilateral
FECG are parallel, ‘
FECG is a parallelogram.
Because the triangles A BE, A EC have the sides BE, EC equal
and in a straight line, and the angular point 4 common,
the triangle 4 BE is equal to the triangle 4 EC;
(Prop. 38, Coroll.)
therefore the triangle ABC is double of the triangle 4 EC.
Because the parallelogram FECG and the triangle 4 EC
have a common side £C and the point 4 lies on the
same straight line as the side #@, (Prop. 41.)
the parallelogram FECG is double of the triangle 4EC.
Therefore the parallelogram FEC@ is equal to the triangle
A BC, and it has an angle C EF equal to the given angle D.
‘Wherefore a parallelogram FECG has been constructed
equal to the given triangle ABC, and having an angle CEF
equal to the given angle D.
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EXERCISES.
1. On one side of a given triangle construct a rectangle equal to
the triangle.

2. On one side of a given triangle construct & rhombus equal to
the triangle. Is this always possible?

8. On oneside of a given triangle as diagonal construct a rhom-
bus equal to the triangle.
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PROPOSITION 43.

Complements of parallelograms about a diagonal of a
parallelogram, are equal.

Let ABCD be a parallelogram, of which AC is a dia-
gonal ; and EH, GF are parallelograms about 4C; and
KB, KD the complements : (See note on page 111.)

it is required to prove that KB is equal to KD.

c

Proor. Because BD is a parallelogram, and AC a
diagonal,
the triangle ABC is equal to the triangle ADC. (Prop. 34.)

Now the triangle ABC is equal to the two triangles AEK,
KG( and the parallelogram K38 ;

and the triangle ADC is equal to the two triangles AHK,
KFC and the parallelogram KD.

Therefore the two triangles AZK, KGC and the parallelo-
gram KB are together equal to the two tna,ngles AHK,
KFC and the parallelogram KD.

Again, because £H is a parallelogram and AK a diagonal,

the triangle AEK is equal to the triangle AHK ;
(Prop 34.)
and because GF is a parallelogram, and KC a diagonal,

the triangle KGC is equal to the triangle KFC. (Prop. 34.)

Therefore taking away equals from equals, the remainder,
the complement KB, is equal to the remainder, the com-
plement KD.

‘Wherefore, complements of parallelograms &c.

-
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If through a point X on a diagonal AC of a parallelogram ABCD,
straight lines HKG, EKF be drawn parallel to the sides 4B, BC
respeotively to meet the sides 4D, BC, 4B, DC in H, G, E, F respec-
tively; then EH, GF are called parallelograms about the diagonal
AC, and the parallelograms EG, FH are called complements of these
parallelograms,

EXERCISES.

1. Prove that in the diagram of Proposition 43, the following
are pairs of equal triangles: ABK and ADK; AEC and AHC; AKG
and AKF.

2. The diagonals of paralielograms about a diagonal of a paral-
lelogram are parallel.

3. Parallelograms about a diagonal of & square are squares.

4. If ABCD, AEFG be two squares so placed that the angles
at 4 coincide, then 4, F, C lie on a straight line.

5. If through E a point within a parallelogram 4ABCD straight
lines be drawn parallel to 4B, BC, and the parallelograms AE, EC
be equal, the point F lies in the diagonal BD.



112 BOOK I

PROPOSITION 44.

To construct a parallelogram equal to a given parallelo-
gram, having an angle equal to an angle of the given paral-
lelogram, and having a side equal to a given strasght line,

Let ABCD be the given parallelogram, and EF the
given straight line :

it is required to construct a parallelogram equal to 4 BCD,
having an angle equal to the angle BAD, and having a
side equal to £F.

ConstrUCTION. Produce DA to @, and make 4G equal

to EF. (Prop. 3.)
Through @ draw HGK parallel to 4B meeting CB pro-
duced in X. (Prop. 31.)

Draw KA and produce it to meet C.D produced‘in Z,
and through L draw LMH parallel to DAG to meet BA
produced in M and HGK in H :

then MAGH is a parallelogram constructed as required.

Ei —
JANL )
i

Proor. Because LCKH is a parallelogram, KL a dia-
gonal, and #@, BD complements of parallelograms about
the diagonal KL,

M@ is equal to BD. (Prop. 43.)

Again, because the straight lines BAM, DAG intersect at 4,
the angle MA@ is equal to the vertically opposite angle
BAD. (Prop. 15.)
And 4@ is equal to EF. (Constr.)

‘Wherefore, a parallelogram MAGH has been constructed
equal to the given parallelogram ABCD, having an angle
MAG equal to the angle BAD and having a side AG equal
to the gwen straight line EF.
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EXERCISES.

1. On a given straight line construct a rectangle equal to a given
rectangle.

2. On a given straight line construct a rhombus equal to a given
triangle. Is this always possible ?

8. Construct a rectangle equal to the sum of two given rect-
angles.

4. Construct a rectangle equal to the difference of two given
rectangles. :

T. B 8
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PROPOSITION 45.

To construct a parallelogram equal to a given rectilineal
Sigure, having a side equal to a gwen stratght line, and
having an angle equal to a given angle.

Let 4 be the given rectilineal figure, B the given angle,
and C the given straight line:
it is required to construct a parallelogram equal to the

tigure 4, having an angle equal to the angle B, and
having a side equal to C.

ConstructioN. Construct the triangle DEF equal to
the figure 4. - (Prop. 41 A.)
Construct the parallelogram GHKL equal to the triangle

DEF, having the angle GHK equal to the angle B.
(Prop. 42.)
Construct the parallelogram M/ NPQ equal to the parallelo-
gram GHKL, having an angle MNP equal to the angle
GHK, and having the side M N equal to C.  (Prop. 43.)

INE =%/ 7

E F H -K N P
Proor. Because the triangle DEF is equal to the
figure 4, ’ (Constr.)
and the parallelogram GX is equal to the triangle DEF,
(Constr.
- and the parallelogram MP is equal to the parallelogram GX,
(Constr.)

the parallelogram MP is equal to the figure 4.
Because the angle GHXK is equal to the angle B, (Constr.
and the angle MNP is equal to the angle GHK, (Constr.

the angle MNP is equal to the angle B. :
And MN is equal to C. (Constr.)
‘Wherefore a parallelogram MNPQ has been constructed
equal to the given rectilineal figure A, having the side MN
equal to the given straight line C, and having the angle
MNP equal to the given angle B.
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EXERCISES.

1. On a given straight line as diagonal, construct a rhombus
equal to a given triangle.

2. Construct a right-angled triangle, having given the hypotenuse
and the perpendicular from the right angle on it. (See Exercise 8,
page 87.)

8. Construct a rectangle equal to a given rectangle, and having
a diagonal equal to & given straight line.

4. Construct a rectangle equal to the sum of two given triangles.



116 BOOK I

PROPOSITION 46.
On a given straight line to construct a square.
Let AB be the given straight line:

it is required to construct a square on 4B
ConstrUCTION. From the point 4 draw AC at right

angles to 48 (Prop. 11.
and make AC equal to 4B; Prop. 3.
through B draw BD parallel to AC, (Prop. 31.

and through C draw CD parallel to 4B meeting BD in D:
then 4 BDC is a square constructed as required.

B D

4 C

Proor. Because CD is parallel to 4.5,
and BD to 4AC,
the figure AB.DC is a parallelogram. (Def. 18.)
Again the angle 4B is a right angle;

therefore the parallelogram ABDC is a rectangle. (Def. 19.)
Again, the adjacent sides AC, AB are equal ; (Constr.)
therefore the rectangle 4ABDC is a square. (Def. 20.)
‘Wherefore, ABDC 18 a square constructed on the given
straight line AB.
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EXERCISES.

1. If two squares be equal in area, their sides are equal.

2. The squares on -two equal straight lines are equal in all
respects.
3. If in the sides 4B, BC, CD, DA of a square points E, F, G,

H be taken so that AE, BF, CG, DH are equal: then EFGH is a
square.

4. If the diagonals of a quadrilateral be equal and bisect each
other at right angles, the quadrilateral is a square.

5. On the sides A4C, BC of a triangle ABC, squares ACDE,
BCFIG are constructed : shew that the straight lines AF and BD are
equal.

6. Construct a square 8o that one side shall be in a given straight
line and two other sides shall pass through two given points.

7. Construct a square so that two opposite sides shall pass
through two given points, and its diagonals intersect at a third given

point,

8. Prove that the straight line, bisecting the right angle of a
right-angled triangle, passes through the intersection of the diagonals
of the square constructed on the outer side of the hypotenuse.

.
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PROPOSITION 47.

In a right-angled triangle, the square on the hypotenuse
18 equal to the sum of the squares on the other sides.

Let ABC be a right-angled triangle, having the right
angle BAC :
it is required to prove that the square on BC is equal to
the sum of the squares on B4, 4AC.

ConstrucTioN. On B(C on the side away from 4 con-
struct the square BDEC, (Prop. 46.)
and similarly on B4, AC construct the squares BAGYF,
ACKH ;

through 4 draw AL parallel to BD meeting DE in L;
(Prop. 31.)

and draw 4D, FC.

Proor. Because each of the angles BAC, BAG is a
right angle, the two straight lines AC, 4G, on opposite
sides of 4B, make with it at 4 the adjacent angles
together equal to two right angles;

therefore C4 is in the same straight line with AG.

(Prop. 14.)
The angle DBC is equal to the angle #B4,
for each of them is a right angle. (Prop. 10 A.)
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Add to each of these equals the angle 4BC ;
then the angle DBA is equal to the angle #BC.

And because in the triangles 4 BD, FBC,
AB is equal to FB and BD to BC;
and the angle 4BD is equal to the angle #B(';

the triangles 4 BD, FB( are equal in all respects. (Prop. 4.)
Because the parallelogram BL and the triangle ABD have

a common side BD and 4 is in the same straight line

as the side of BL opposite to BD, (Prop. 41.)

the parallelogram BL is double of the triangle A BD.

And because the square @B and the triangle FBC have a
common side FB, and C is in the same straight line as
the side of GB opposite to FB, (Prop. 41.)

the square G'B is double of the triangle FBC.
Now the doubles of equals are equal.
Therefore the parallelogram BL is equal to the square GB.

Similarly it can be proved that the parallelogram CL is
equal to the square HC.

Therefore the whole square BDEC, which is the sum of the
rectangles BL, C'L, is equal to the sum of the two squares
@B, HC. :

And the square BDEC( is constructed on BC, and the squares
GB, HC on BA, AC.

Therefore the square on the side BC is equal to the sum of
the squares on the sides B4, AC.

‘Wherefore, in a right-angled triangle &c.

EXERCISES.

1. Construct a square equal to the difference of two given squares.

2. The diagonals of a quadrilateral intersect at right angles.
Prove that the sum of the squares on one pair of opposite sides is
equal to the sum of the squares on the other pair.

8. If O be the point of intersection of the perpendiculars drawn
from the angles of a triangle upon the opposite sides, the squares on
04 and BC are together equal to the squares on OB and C4, and
also to the squares on OC and 4B.

4. Divide a given straight line into two parts so that the sum
of the squares on the parts may be equal to a given square.

5. Divide a given straight line so that the difference of the
squares on the parts is equal to a given square. ’
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The proof of the theorem ‘the square on the hypotenuse
of a right-angled triangle is equal to the sum of the squares
on the other sides,” which we have given in the text of the
47Tth proposition, is attributed to Euclid.

Tradition however says that the first person to dis-
cover a proof of the truth of the theorem was Pythagoras,
a Greek philosopher who lived between 570 and 500 B.c.
The theorem is in consequence often quoted as the Theorem
of Pythagoras. What was the nature of Pythagoras’ proof
is not known.

The theorem is one of great importance and a large
number of proofs of its truth have been discovered. It
is advisable that the student should be made acquainted
with some proofs besides the one given in the text.

‘We have made a selection of five proofs of the theorem :
in each case not attempting to give the complete proof,
but merely giving hints of the line of argument to be
used, and leaving the student to develope it more fully.

Proor 1. Take a right-angled triangle 4BC, and on the side
AB away from C construct the square ABDE, and on the hypotenuse
AC on the same side as B construct the square ACFG. From F
draw FH perpendicular to BD, and FK perpendicular to ED pro-
duced.

4

It may be proved that
(1) CBD is a straight line,
(2) G liesin DE, .
(8) the triangles ABC, AEG, CHF, GKF are all equal,
(4) HK is a square and equal to the square on BC.
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Proor II. Take a right-angled triangle ABC and on the sides
AB, BC, CA away from C, 4, B construct the squares BADE, CBFG@G,
ACHK.

Through L the intersection of the diagonals AE, BD of the square
on the larger side 4B, draw MLN perpendicular to C4A and OLP
parallel to CA.

Take Q, R, S, T the middle points of the sides AC, CH, HK, K4
of the square on the hypotenuse.

Through @, S draw QUV, SWX parallel to BC, and through R, T
draw RVW, TXU parallel to 4B,

It may be proved that
(1) all the quadrilaterals LMEO, LOBN, LNAP, LPDM,
AQUT, CRVQ, HSWR, KTXS are equal o one another,
(2) the quadrilateral UVWX is a square,
(8) the squares CF, UW are equal.
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Proor III, Take two equal squares ABCD, EFGH.

Take any point I in 4D, and measure off BK, CL, DM, EN, EO
each equal to AI.

Draw IK, KL, LM, MI; through N draw NQP parallel to EF,
and through O draw OQR parallel fo EH. Draw QF, QH.

4 I D E N H

M O _Q

R
K

B L ¢ F P a

It may be proved that

(1) the square ABCD is divided into one square IKLM and
four equal right-angled triangles,

(2) the square EFGH is divided into two squares EOQN,
QPGR and four equal triangles,

(8) all the triangles are equal to each other,

(4) the square IL is equal to the sum of the squares ON, PR,

(5) the three squares IL, ON, PR are squares on the hypotenuse
and on the sides of one or other of the equal triangles.

Proor IV. Take a right-angled triangle 4BC and on the hypo-
tenuse BC on the same side as A construct the square BCED, and
on the sides C4, AB away from B, C construct the squares CAHK,
ABFG@G.

Through 4 draw MLAN perpendicular to BC, and produce F@G,
KH to meet MLAN.

M

e/ L D

LIS
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It may be proved that
(1) D lies in FG,
(2) E lies in KH produced,
(3) the rectangle BL, and the square AF are each equal
“to the parallelogram 4D,

(4) the rectangle CL and the square AK are each equal
to the parallelogram AE.

Proor V. Take a right-angled triangle ABC: on the sides 4B,
BC, CA away from C, A, B construct the squares BADE, CBFG,
ACHK.

On HK construct a triangle HLK equal in all respects to the
triangle ABC having HL parallel to 4B, and KL to CB.
Draw FE, GB, BD, BIL.

It may be proved that
(1) GBD is a straight line.
(2) the triangles FBE, CBA are equal,

(3) all the quadrilaterals GFED, GCAD, BCHL, LKAB are
equal to one another.
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PROPOSITION 48.

If the square on one side of a triangle be equal to the
sum of the squares on the other sides, the angle contained
by these two sides 18 a right angle.

Let the square on BC, one of the sides of the triangle
ABC, be equal to the sum of the squares on the other sides
B4, AC:
it is required to prove that the angle BAC is a right angle.

ConsTrUCTION. From the point 4 draw 4D at right.

angles to AC; (Prop. 11.)
and make 4D equal to B4 ; (Prop. 3.)
and draw DC.
c
B
4
D

Proor. Because DA is equal to B4,
the square on DA is equal to the square on BA.
To each of these equals add the square on AC;
then the sum of the squares on D4, AC is equal to the
sum of the squares on BA, AC.
Now because the angle DAC is a right angle,
the square on DC is equal to the sum of the squares on

D4, AC. (Prop. 47.)
And the square on BC is equal to the sum of the squares
on B4, AC. _ (Hypothesis.)

Therefore the square on D( is equal to the square on BC,
and DC is equal to BC.

And because in the triangles DAC, BAC,
DA is equal to B4,
AC to AC,
and CD to CB,
the triangles are equal in all respects ; (Prop. 8.)

S —— e _a
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In Arithmetic or in Algebra, if we wish o represent a given
length, we take a definite length, for instance an inch, as a unit of
length and we express the given length by the number of units of
length contained in it.

In the same way, if we wish to represent a given area, we take
a definite area, for instance a square inch, as a unit of area, and
we express the given area by the number of units of area contained
in it.

It is easily seen that, if a rectangle have 2 inches in one side
and 8 inches in an adjacent side, its area consists of 2 x 8 or 6 squares,
each square having one inch as its side, and similarly that, if a
rectangle have m units of length in one side and n units of length
in an adjacent side, its area consists of mn squares, each square having
& unit of length as its side.

Thus in Arithmetio or in Algebra the area of a rectangle is repre-
sented by the product of the numbers, which represent the lengths
of two adjacent sides.

If the rectangle be a square, its area is represented by the square
of the number, which represents the length of a side.

In consequence of this connection between Algebra and Geometry,
there is a certain correspondence between the theorems and problems
of the Second Book of Euclid, and theorems and problems in Algebra.

A short statement of a corresponding proposition in Algebra is
given as a note to each Proposition, in which statement each straight
line is represented by a corresponding letter, and each area by a
corresponding .product.
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PROPOSITION 1.

If there be two straight lines, one of which is divided
tnto any two parts, the rectangle contained by the two straight
lines is equal to the sum of the rectangles contained by the
undivided line, and each of the parts of the divided line*.

" Let AB and CD be two straight lines; and let CD be
divided into any two parts at the point & :
it is required to prove that the rectangle contained by
AB, CD is equal to the sum of the rectangles contained
-~ 'by AB,CE, and by 4B, ED.
" ConsrructioN. From the point C' draw CF at right
angles to CD; (L Prop. 11.)
‘ and make CG equal to 4B; (I. Prop. 3.)
through @ draw GHK parallel to CD; (1. Prop. 31.)
and through D, B draw DK, EH pamllel to CG meeting
GHK in K, H

IE.
H K
B (¢
4 ¢ E D
Proor. Each of the figures CX, CH, EK is a parallel-
ogram, (Constr.)

and each of the figures has one angle a right angle ;
(L. Prop. 29, Coroll. )
therefore each of the figures is a recta.ngle.
Now the rectangle CK is equal to the sum of the rect-
angles CH, EK,

* The algebraical equivalent of this theorem is the equation
a(b+c)=ab+ac.
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But CK is contained by 4B, CD,
for it is contained by C@, CD, and C@ is equal to 4B.
And CH is contained by 4 B, CE,
for it is contained by C@, CZ, and CG is equal to 4B.
And EX is contained by 4B, ED,
for it is contained by EH, ED, and EH is equal to CG,
which is equal to 4.B.

Therefore the rectangle contained by 4B, CD is equal to
the sum of the rectangles contained by 4B, CE, and by
AB, ED. )

‘Wherefore, if there be two straight lines d&c.

CoRrOLLARY 1. If there be two straight lines, one of
which 8 divided into any number qf parts, the rectangle
contained by the two straight lines is equal to the sum of
the rectamgles contained by the undivided line and each of
the parts of the divided line.

If CD be divided into three parts at the points E, F:

the rectungle AB, CD is equal to the sum of the recta.ngles
AB, CE, and AB, ED: (Prop. 1.)

and the rectangle 4B, ED is equal to the sum of the rect-
angles AB, EF and AB, FD:

therefore the rectangle 4B, CD is equal to the sum of the
rectangles AB, CE ; AB, EF and AB, FD.

And so on for any number of points of division.

CoOROLLARY 2. If there be two straight lines, one of which
18 divided into any two parts, the rectangle contained by the
undivided line and one of the parts of the divided line is
equal to the difference of the rectangles contained by the un-
divided line and the whole of the divided line and by the
undivided line and the remaining part of the divided line.

EXERCISES.

L If 4, B, C, D be four points in order in a straight line, then
the sum of the rectanglea AB, CD, and AD, BC is equal to the rect-
angle AC, BD,

2, If there be two straight lines, each of which is divided into
any number of parts, the rectangle contained by the two straight
lines is equal to the sum of the rectangles contained by each of the
parts of the first line and each of the parts of the second line.
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PROPOSITION 2.

If a straight line be divided into any two parts, the
square on the whole line is equal to the sum of the rectangles
contained by the whole and each of the parts*.

Let the straight line 4B be divided into any two parts
at the point C':

it is required to prove that the square on AB is equal to
the sum of the rectangles contained by 4B, AC and by
AB, CB.

ConstrucTioN. Take DE a straight line equal to 4B.

4 ¢ B
D E
Proor. The rectangle DE, AB is equal to the sum
of the rectangles DE, AC and DE, CB. (Prop. 1.)
Because DE is equal to 4B,

the rectangle DE, AB is equal to the square on 4B,
the rectangle DE, AC to the rectangle 4B, AC,
and the rectangle DE, CB to the rectangle AB, CB:
therefore the square on 4B is equal to the sum of the rect-
angles 4B, AC, and 4B, CB.

Wherefore, if a straight line &c.

* The algebraical equivalent of this theorem is the equation
(a+b)?=(a+d)a+(a+Dd)d.
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Outline of Alternative Proof.

On A B construct the square AEDB,
and draw CF parallel to 4% to meet KD in F.

y. | C B

E D

It may be proved that
(1) AF is the rectangle 4B, AC,
and (2) CD is the rectangle 4B, CB,

and hence that the square on 4B is equal to the sum of
the rectangles 4B, AC and 4B, CB.

EXERCISES.

1. D isa point in the hypotenuse BC of a right-angled triangle
ABC': prove that, if the rectangle BD, BC be equal to the square on
AC, then the rectangle BC, DC is equal to the square on 4B.

2. A point D is taken in the side BC of a triangle ABC': prove
that, if the rectangles BD, BC and BC, DC be equal to the squares
on 4B, AC respectively, the angle BAC is a right angle,

“
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PROPOSITION 3.

If a straight line be divided into any two parts, the rect-
angle contained by the whole line and one of the parts is
equal to the sum of the square on that part and the rect-
amgle contained by the two parts*.

Let the straight line 4B be divided into any two parts

at the point C':
it is required to prove that the rectangle 4B, AC is equal to
the sum of the square on AC and the rectangle AC, CB.

ConstrucTION. Take DE a straight line equal to 4C.

4 c B
D &
Proor. The rectangle DE, AB is equal to the sum of
the rectangles DE, AC, and DE, CB. (Prop. 1.)
Because DZ is equal to AC,

the rectangle DE, AB is equal to the rectangle AC, 4B,
the rectangle DE, AC to the square on AC,
and the rectangle DE, CB to the rectangle AC, CB;
therefore the rectangle 4B, AC is equal to the sum of the
square on 4C and the rectangle 4C, CB.

‘Wherefore, if a straight line &c.

* The algebraical equivalent of this theorem is the equation
(a+b) a=a?+abd.
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Outline of Alternative Proof.

On AC con;tmct the square ADEC,
and draw BF parallel to 4D to meet DE produced in F,

4 [ ;]

D F

It may be proved that
(1) AF is the rectangle 4B, AC,
and (2; C'F is the rectangle AC, CB,
and hence that the rectangle 4B, AC is equal to the sum
of the square on AC and the rectangle AC, CB.

EXERCISES.

1. AD is drawn perpendicular to the hypotenuse BC of a right-
angled triangle 4BC: prove that the rectangle BD, DC is equal to
the square on 4D,

2. In the triangle 4BC, 4D is the perpendicular from 4 on BC:
prove that, if the rectangle BD, DC be equal to the square on 4D,
the angle 4 is a right angle.

8. In the triangle ABC, 4D is the perpendicular from 4 on BC:
prove that, if the rectangle BD, BC be equal to the square on 4B,
the angle 4 is a right angle.
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PROPOSITION 4.

If a straight line be divided into any two parts, the
-square on the whole line is equal to the sum of the squares
on the parts and twice the rectangle contained by the parts*.

Let the straight line 4B be divided into any two parts
at the point C':

it is required to prove that the square on 4B is equal to
the sum of the squares on AC and C'B, and twice the
rectangle contained by AC, CB.

4 C B

Proor. Because 4B is divided into two parts at C,
the square on 4B is equal to the sum of the

rectangles AB, AC and 4B, CB, (Prop. 2.)

and the rectangle 4.8, AC is equal to the sum of the square

on AC and the rectangle AC, CB, (Prop. 3.)
and the rectangle 4B, CB is equal to the sum of the square
on C'B and the rectangle 4C, CB. (Prop. 3.)

Therefore the square on AB is equal to the sum of the
squares on AC and CB, and twice the rectangle AC, CB.

‘Wherefore, if a straight line &c.

* The algebraical equivalent of this theorem is the equation
(a+b)2=a?+ b2+ 2abd.
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 Outline of Alternative Proof.

On A B construct the square ADEB:

draw CGF parallel to AD: make DH equal to AC,
and draw HGK parallel to 4B.

D F E
H ¢ K
4 c B
It may be proved that .

(1) DG is equal to the square on AC,
(2) @B is the square on (B,
and (3) HC, FK are each equal to the rectangle AC, C'B,

and hence that the square on 4B is equal to the sum of
the squares on AC, CB and twice the rectangle AC, CB.

EXERCISES.

1. The square on a straight line is four times the square on half
of the line,

2. If the sides BC, C4, AB of a right-angled triangle 4BC be
bisected in the points D, E, F respectively, twice the squares on 4D,
BE and CF are together equal to three times the square on the
hypotenuse.

8. If, in an acute-angled triangle 4ABC, 4D be drawn n-
dicular to BC, then the sum of the squares on 4B, AC and twice
the rectangle BD, D( is equal to the sum of the square on BC and
twice the square on 4D.

4. If BAC be an obtuse angle and BD, CE be drawn at right
angles to C4, BA respectively, then the rectangle B4, AE is equal
to the rectangle C4, AD.

5. ABCD is a square and E, F, G, H are points on the sides
AB, BC, CD, DA respectively: prove that, if EFGH be a rectangle,
it is either double of the rectangle AE, EB, or equal to the sum of
the squares on AE, EB.
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PROPOSITION b.

If a straight line be divided into two equal parts and also
into two unequal parts, the sum of the rectangle contained
by the unequal parts and the square on the line between the
points of section 18 equal to the square on half the line*.

Let the straight line 4B be divided into two equal parts
at the point C, and into two unequal parts at the point D:
it is required to prove that the sum of the rectangle 4D, DB

and the square on DC, is equal to the square on AC.

4 D C B

Proor. Because DB is divided into two parts at C,
the rectangle 4D, DB is equal to the sum of the
rectangles 4D, DC and 4D, CB, (Prop. 1.)
that is to the sum of the rectangles AD, DC, and AD, AC,
since AC is equal to CB.  (Hypothesis.)
And because AC is divided into two parts at D,
the rectangle 4D, AC is equal to the sum of the square on
AD and the rectangle 4D, DC. (Prop. 3.)
Therefore the rectangle 4D, DB is equal to the sum of the
square on AD and twice the rectangle 4D, DC.
Add to each of these equals the square on DC'; :
then the sum of the square on DC and the rectangle 4.D, DB
is equal to the sum of the squares on 4.D, DC and twice
the rectangle 4.0, DC, which sum is equal to the square
" on AC. (Prop. 4.)
Therefore the rectangle 4.D, DB, together with the square
- on DC, is equal to the square on AC,
‘Wherefore, if a straight line &c.

* The algebraical equivalent of this theorem is the equation
(a—Db) (a+d)+b2=al.
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The theorems of Propositions 5 and 6 may both be
included in one enunciation, thus, The difference of the
squares on two given straight lines 18 equal to the rectangle
contained by the sum and the difference of the lines.

The straight lines in both propositions are 4D, BD: the only
difference being that in' Prop. 5. BD is the greater and in Prop. 6.
AD is the greater.

For an outline of an alternative proof of Propositions 5 and 6,
see page 147.

EXERCISES.

1. A straight line is divided into two parts; shew that, if twice
the rectangle of the parts be equal to the sum of the squares on the
parts, the straight line is bisected.

2. Divide a given straight line into two parts such that the
rectangle contained by them shall be the greatest possible,

8. Divide a given straight line into two parts such that the sum
of the squares on the two parts may be the least possible.

4. Divide a given straight line into three parts so that the sum
of the squares on them may be the least possible.

5. ABC is an equilateral triangle and D is any point in the side
BC. Prove that the square on BC is equal to the rectangle contained
by BD, DC, together with the square on 4D.

6. A point D is taken on the hypotenuse BC of a right-angled
triangle 4BC; prove that, if the rectangle BD, DC be equal to the
square on 4D, D is either the middle point of BC or the foot of the
perpendicular from 4 on BC.
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PROPOSITION 6.

If a straight line be bisected, and produced to any point,
the sum of the rectamgle contained by the whole line thus
produced and the part of it produced, and the square on
half the line bisected, is equal to the square on the straight
line which t8 made up of the half and the part produced *.

Let the straight line 4B be bisected at the point C,
and produced to the point D :-
it is required to prove that the sum of the rect-
angle AD, BD, and the square on CB is equal to the
square on CD,

A C B D

Proor. Because 4D is divided into two parts at B,
the rectangle 4D, BD is equal to the sum of the
rectangle AB, BD and the square on BD. (Prop. 3.)
Because 4B is bisected in C,
the rectangle 4B, BD is double of the rectangle CB, BD ;
rop. 1.
therefore the rectangle A.D, BD is equal to the sum of thg
square on BD and twice the rectangle CB, BD.
Add to each of these equals the square on CB;
then the sum of the square on C'B and the rectangle AD, BD
is equal to the sum of the squares on CB, BD and twice
the rectangle C'B, BD.
And the sum of the squares on CB, BD and twice the
rectangle CB, BD is equal to the square on CD;
_ (Prop. 4.)
therefore the sum of the rectangle 4D, BD and the square
on CB is equal to the square on CD.

‘Wherefore, if a straight line &c.

* The algebraical equivalent of this theorem is the equation
(a+D) (b-a) +a2=0?,
or (2a+b) b+a?=(a+d)
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Outline of Alternative Proof of Propositions 5 and 6.

Let 4, B, C be any three points in a straight line.
Draw AFE, BGK, CHD at right angles to 4BC.

E E D
F
= H
' 4 B 0

Take AF equal to 4B and FE to BC, and draw EKD, FGH
parallel to 4BC.
It may be proved that
* (1) FB is the square on 4B,
(2) KH is equal to the square on BC,
(3) ZB is the rectangle 4B, AC,
and (4) ZH is the rectangle AC, BC,
and hence that the difference of the squares on 4B, BC,
which is equal to the difference of the rectangles £B, EH,

is equal to the rectangle contained by the sum and the
difference of 4B and BC.

EXERCISES.

1. A straight line is divided into two equal and also into two
unequal parts; prove that the difference of the squares on_the two
unequal parts is equal to twice the rectangle contained by the whole
line and the part between the points of section.

2. The straight line 4B is bisected in C and produced to D, CE
is drawn perpendicular to 4B and equal to BD, and a point F is taken
in BD go that EF is equal to CD; prove that the rectangle DF, DA
together with the rectangle DF, FB is equal to the square on BD.

10—2
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PROPOSITION 7.

If a straight line be divided into any two parts, the
sum of the squares on the whole line and on one of the parts
is equal to the sum of twice the rectangle contained by the
whole line and that part and the square on the other part*.

Let the straight line 4B be divided into any two parts
at the point C':
it is required to prove that the sum of the squares on 4B,

CB is equal to the sum of twice the rectangle 4B, CB,
and the square on AC. e

4 4 B

Proor. Because 4B is divided into two points at C,
the square on 4B is equal to the sum of the squares on
AC, OB, and twice the rectangle 4C, CB. (Prop. 4.)
Add to each of these equals the square on C'B;
then the sum of the squares on 4B, CB is equal to the
sum of the square on AC, twice the square on CB, and
twice the rectangle AC, CB.
But the sum of the square on C'B and the rectangle AC, CB
is equal to the rectangle 4B, C'B. (Prop. 3.)
Therefore the sum of the squares on 4B, CB, is equal to
the sum of twice the rectangle 4B, CB, and the square
on AC.

‘Wherefore, if o straight line &c.

CoroLLARY. If a straight line be divided into any two
parts, the square on one of the parts is less than the sum of
the squares on the whole line and the other part by twice the
rectangls contained by the whole line and the second part.

* The algebraical equivalent of this theorem is the equation
(a+0)3+0'=2 (a+b) b+a’
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Outline of Alternative Proof.

" On AB construct the square ADEB
and draw CGF parallel to 4D.
Take BK equal to BC,
and draw KGH parallel to BCA.

A C B
H 4 K
D F R

It may be proved that
(1) AK, CK are each equal to the rectangle 4B, CB,
(2) HF is equal to the square on AC,
and (3) CK is the square on CB,
and hence that the sum of the squares on 4B, CB is equal

to the sum of twice the rectangle 4B, C'B and the square
on AC.

EXERCISES.

1. ACDB is a straight line, and D bisects CB: prove that the
square on AC is less than the sum of the squares on 4D, DB by twice
the rectangle 4D, DB.

2. If BAC be an acute angle and BD, CE be drawn perpendicular
to CA4, AB respectively, then the rectangle B4, AE is equal to the
rectangle C4, AD.

8. Shew how to divide a given straight line into two parts such
that the difference of the squares described on them may be equal
to a given rectangle. Is a solution always possible?
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PROPOSITION 8.

If a straight line be divided into any two parts, the sum
of the square on one part and four times the rectangle con-
tained by the whole line and the other part, is equal to the
square on the straight line which is made up of the whole
and the second part*.

Let the straight line 4.8 be divided into any two parts
at the point C':
it is required to prove that the sum of four times the rect-

angle AB, OB, and the square on AC is equal to the
square on the straight line made up of 48 and CB
together.

CoxnstrUCTION. Produce 4B to D,

and make BD equal to CB.  (I. Prop. 3.)

4 o4 B D

Proor. Because AD is divided into two parts at B,
the sum of the squares on 4B, BD and twice the rect-
angle AB, BD, is equal to the square on AD: (Prop. 4.)
and because 4B is divided into two parts at C, -
the sum of the square on AC and twice the rect-
angle 4B, CB,
is equal to the sum of the squares on 4B, CB. (Prop. 7.)
Add these equals together ;
then the sum of the squares on AB, BD, AC and four times
the rectangle 4B, (B,
is equal to the sum of the squares on 4B, CB, AD.
Take away from these equals, the equals the sum of the
squares on 4B, 5D and the sum of the squares on
AB, CB;
then the sum of the square on AC and four times the
rectangle 4B, CB is equal to the square on 4D.
‘Wherefore, if a straight line &c.
* The algebraical equivalent of this theorem is the equation
(a—b)*+4ab= (a+b)?,
or a3+4 (a+bd) b=(a+2b)%
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Outline of Alternative Progf.

Produce 4B to D and make BD equal to AC.
On AD construct the square 4 EFD.

E H F
N P K
o—M 11,
.
A C B D

Take AG@, EH, FK each equal to AC,

and draw BLP, MNH parallel to AE and GML, NPK

parallel to 4D. .

It may be proved that
(1) AL, BK, FN, EM are each equal to the rect-

angle 4B, AC’
and (2) MP is equal to the square on CB,
and hence that the sum of the square on 4C and four times
the rectangle 4B, CB is equal to the square on 4.D.

EXERCISES.

1. Prove that the square on a straight line is nine times the
square on one third of the line.

2. If a straight line be bisected and produced to any point, the
square on the whole line thus produced is equal to the square on the
part produced together with twice the rectangle contained by the line
and the line made up of the half and the part produced.
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PROPOSITION 9.

If a straight linie be divided into two equal, and also into
two unequal parts, the sum of the squares on the two unequal
parts 18 double of the sum of the squares on half the line and
on the line between the points of section®.

Let the straight line 4B be divided into two equal
parts at the point C, and into two unequal parts at the
point D:
it is required to prove that the sum of the squares on 4D,

DB is double of the sum of the squares on AC, CD.

4 c D B

Proo¥. Because 4.D is divided at C,
the square on 4D is equal to the sum of the squares on
AC, CD and twice the rectangle AC, CD. (Prop. 4.)
And because CB is divided at D,
the sum of the square on .D.B and twice the rectangle CB, C.D
is equal to the sum of the squares on B, CD.
(Prop. 7.)
Add these pairs of equals;
then the sum of the squares on 4D, DB and twice the
rectangle CB, CD is equal to the sum of the squares on
AC, CD, CB, CD and twice the rectangle 4C, CD.
Take away from these equals twice the rectangle C'B, CD,
and twice the rectangle 4C, CD, which are equal ;
then the sum of the squares on 4D, DB is equal to the
sum of the squares on 4C, CD, CB, CD,
that is, is equal to twice the sum of the squares on AC, CD.

‘Wherefore, if a straight line &c.

* The algebraical equivalent of this theorem is the equation
(a+b)3+ (a - b)2=2(ad+ ).
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The theorems of Propositions 9 and 10 may both be
included in one enunciation : thus, The sum of the squares
on the sum and on the difference of two given straight lines
18 equal to twice the sum of the squares on the lines.

The straight lines in both propositions are 4C, CD: the only
difference being that in Prop. 9. 4C is the greater, and in Prop. 10.
CD is the greater,

For an outline of an alternative proof of Propositions 9 and 10,
see page 155.

EXEROCISES.

1. A straight line is divided into two parts, such that the
diagonal of the square on one of these parts is equal to the whole
line. If a square be constructed whose side is the difference between
the aforesaid part and half the given line, its diagonal is equal to the
other of the two parts into which the line is divided.

2. Deduce a proof of 11. 9 from the result of 11. 5.

8. If a straight line be divided into two equal and also into two
unequal parts, the squares on the two unequal parts are equal to
twice the rectangle contained by the two unequal parts together with
four times the square on the line between the points of section.
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PROPOSITION 10.

If a straight line be bisected and produced to any point,
the sum of the squares on the whole line thus produced and
on the part produced i8 double of the sum of the squares on
half the line and on the line made up of the half and the
part produced®.

Let the straight line 4.B be bisected at C, and produced
to D:

it is required to prove that the sum of the squares on 4D,
BD is double of the sum of the squares on 4C, CD.

4 C B D
f f
Proor. Because 4D is divided at C,

the square on AD is equal to the sum of the squares on
AC, CD and twice the rectangle AC, CD; (Prop. 4.)

and because C'D is divided at B,
the sum of the square on BD and twice the rectangle CB, CD

is equal to the sum of the squares on CB, CD.
’ (Prop. 7).

Add these equals ;

then the sum of the squares on 4D, BD and twice the
rectangle CB, CD is equal to the sum of the squares on
AC, CD, CB, CD and twice the rectangle AC, CD.

Take away from these equals twice the rectangle CB, C'D,
and twice the rectangle AC, CD, which are equal ;

then the sum of the squares on AD, BD is equal to the
sum of the squares on AC, CD, CB, CD,

that is, is equal to twice the sum of the squares on AC, CD.

‘Wherefore, if a straight line &c.

* The algebraical equivalent of this theorem is the equation
) (a+b)2+ (b - a)?=2 (a?+b?%).
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Outline of Alternative Proof of Propositions 9 and 10.
In a straight line 4 BCD, take 4B equal to CD.
Through 4, B, C, D draw AE, BF, C@, DH at right angles

to ABCD. -
Take AK equal to AB, XL to BC and LE to AB.
Draw EFGH, LQRS, KMNP parallel to ABCD.

EF G H
L 8
Q R
K M Nl Ip
4 B CcD

It may be proved that
(1) EQ, ND are each equal to the square on A5,
(2) LC, FP are each equal to the square on 4C,
(3) QX is equal to the square on BC,
(4) ED is the square on 4D,
and (5) the sum of £D and QXN is equal to the sum of
EQ, ND, LC, and FP,
and hence that the sum of the squares on 4D, BC' (which
are the sum and the difference of AC and 4B) is equal
to twice the sum of the squares on 4C, 4B.

EXERCISES.

1. In 4B the diameter of a circle take two points C and D
equally distant from the centre, and from any point E in the circum-
ference draw EC, ED: shew that the squares on EC and ED are
together equal to the squares on AC and 4D.

2. Ifin BC the base of a triangle a point D be taken such that
the squares on 4B and BD are together equal to the squares on AC
and (éD, then the middle point of 4D will be equally distant from
B and C.

8. A square BDEC is described on the hypotenuse BC of a right-
angled triangle ABC: shew that the squares on D4 and AC are
together equal to the squares on E4 and 4B.

4. AB is divided into any two parts in C, and AC, BC are
bisected in D, E: prove that the square on AE and three times the
square on BE are equal to the square on BD and three times the
square on 4D.
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PROPOSITION 11. .

To divide a given straight line into two parts, so that the
rectangle contained by the whole and one part may be equal
to the square on the other part*.

Let AB be the given straight line :
it is required to divide it into two parts in a point H, so

that the rectangle contained by the whole line 48 and a
part B may be equal to the square on the other part 4 H.

ConstrUCTION. On AB construct the square 4BDC ;
(1. Prop. 46.)
bisect AC at E; (I. Prop- 10.)
draw BE ; produce CA to F,
and make EF equal to ZB; (I. Prop. 3.)
and on AF construct the square AFGH: (1. Prop. 46.)
then AB is divided at H so that the rectangle 4B, HB is
equal to the square on AH.

Produce G@H to meet CD at K.
B D
(¢}
H \ K
L
F E ¢

Proor. Because AC is bisected at E, and produced to 7,

the sum of the rectangle FC, FA, and the square on AE is

equal to the square on FE. (Prop. 6.)

But FE is equal to £B. (Constr.)

Therefore the sum of the rectangle FC, FA, and the square
on AE is equal to the square on EB.

But, because the angle £AB is a right angle,
the square on ZB is equal to the sum of the squares on
AE, AB. (1. Prop. 47.)

* The algebraical equivalent of this problem is to find the smaller
root of the quadratic equation az=(a — z)*, or the positive root of the
quadratic equation a (a - z)=22,




PROPOSITION 11. 157

Therefore the sum of the rectangle FC, FA, and the square
on AE, is equal to the sum of the squares on 4E, 4B.
Take away from each of these equals the square on 4% ;
then the rectangle #C, FA is equal to the square on 4B.
But the figure FK is the rectangle contained by ¥C, FA,
for F@ is equal to F'4; (Constr.)
and 4D is the square on 4B;
therefore FK is equal to 4.D.
Take away from these equals the common part AK;

. then FH is equal to HD,
But HD is the rectangle contained by 4B, HB,
for AB is equal to BD; * (Constr.)

and FH is the square on 44 ;
therefore the rectangle 4B, HB is equal to the square on
AH, -

‘Wherefore the straight line AB is divided at H, so that
the rectangle AB, HB s equal to the square on A H.

EXERCISES.

1. Bhew that in a straight line divided as <in II, 11 the rectangle
contained by the sum and the difference of the parts is equal to the
rectangle contained by the parts.

2. If the greater segment of the line divided in this proposition
be divided in the same manner, the greater segment of the greater
segment is equal to the smaller segment of the original line.

3. Prove that when a straight line is divided as in this pro-
position the square on the line made up of the given line and the
smaller part is equal to five times the square on the larger part,

4. Prove that in the figure of this proposition the squares on
AB, HB are together equal to three times the square on 4H, and
that the difference of the squares on 4B, AH is equal to the rect-
angle AH, AB.

5. Produce a given straight line, o that the rectangle contained
by the whole line thus produced and the given line may be equal
to the square on the part produced.
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PROPOSITION 12.

In an obtuse-angled triangle, if a perpendicular be drawn
Jrom either of the acute angles to the opposite side produced,
the square on the side opposite the obtuse angle is gréeater than
the sum of the squares on the other sides, by twice the rect-
angle contained by the side on which, when produced, the per-
pendicular falls, and the part of the produced side snter-
cepted between the perpendicular and the obtuse angle.

Let ABC be an obtuse-angled triangle, and let the angle
ACB be the obtuse angle; from the point 4 let AD be
drawn perpendicular to BC produced :
it is required to prove that the square on AB is greater

than the sum of the squares on 4C, CB, by twice the
rectangle BC, CD.

V.|

B (] D

Proor. Because BD is divided into two parts at C,
the square on BD is equal to the sum of the squares on
B(C, OD, and twice the rectangle BC, CD. (Prop. 4.)

To each of these equals add the square on D4;
then the sum of the squares on BD, DA is equal to
the sum of the squares on BC, CD, DA, and twice the
rectangle BC, CD,
But, because the angle at D is a right angle,
the square on BA is equal to the sum of the squares on
BD, DA,
and the square on C4 is equal to the sum of the squares on
CD, DA. (I. Prop. 47.)
Therefore the square on B4 is equal to the sum of the
squares on BC, C4, and twice the rectangle BC, CD;
that is, the square on B4 is greater than the sum of ’the
squares on BC, C4 by twice the rectangle BC, CD.

Wherefore in an obtuse-angled triangle &c.
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Outline of Alternative Proof.

On the sides BC, CA, AB of an obtuse-angled triangle
ABC, in which the angle BAC is obtuse, construct the
squares BDEC, CFGA, AHKB.

Draw AL, BM, CN perpendicular to BC, CA, AB and
produce them to meet the opposite sides (produced if neces-

sary) of the squares in P, ¢, R.
Draw 4D, CK.

Qq

N F

DP E

It may be proved that
(1) the triangle ABD is equal to the triangle KBC
in all respects,
and (2) the rectangle BP is equal to the rectangle BR,
and similarly that CQ is equal to CP, and AR to 49,
and hence that the square on BC is greater than the
sum of the squares on CA4, AB by twice the rectangle
AR or AQ.

EXERCISES.

1. The sides of a triangle are 10, 12, 15 inches: prove that it is
acute-angled,

2. On the side BC of any triangle ABC, and on the side of BC
remote from 4, a square BDEC is constructed. Prove that the
difference of the squares on 4B and A4C is equal to the difference of
the squares on 4D and AE.

8. Cis the obtuse angle of a triangle ABC, and D, E the feet of
the perpendiculars drawn from 4, B respectively to the opposite sides
produced: prove that the square on AB is equal to the sum of the
rectangles contained by BC, BD and 4C, 4E.

4. ABC is a triangle having the sides 4B and AC equal; 4B is
produced beyond the base to D so that BD is equal to 4B; shew that
the square on CD is equal to the square on 4B, together with twice
the square on BC.
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PROPOSITION -13.

In any triangle, the square on a side subtending an
acute amgle, is less than the sum of the squares on the other
sides, by twice the rectangle contained by either of these sides,
and the part of the side intercepted between the perpendicular
let fall on it from the opposite angle, and the acute angle.

Let ABC be a triangle, and let the angle ABC be an
acute angle; let 4D be drawn perpendicular to BC and
meet it (produced if necessary) in D) :
it is required to prove that the square on AC is less

than the sum of the squares on 4B, BC by twice the
rectangle BC, BD.
Either (1) D lies in BC, or (2) D coincides with C, or (3) D
lies in BC produced.
@) @ (

A A

B D B c

Proor. Because fig. (1) BC is divided in D, fig. (2) D
is the same point as C, or fig. (3) BD divided in C,
the sum of the squares on BC, BD is equal to the sum of
the square on C'D, and twice the rectangle BC, BD.
(I. Prop. 47 and II. Prop. 7.)
To each of these equals add the square on D4 ;
then the sum of the squares on BC, BD, D4 is equal to
the sum of the squares on CD, DA and twice the
rectangle BC, BD.
But because the angle BDA is a right angle,
the square on 4B is equal to the sum of the squares on
BD, DA,
and the square on AC is equal to the sum of the squares
on OD, DA. (1. Prop. 47.)
Therefore the sum of the squares on BC, AB is equal to the
sum of the square on 4C and twice the rectangle BC, BD:
that is, the square on AC is less than the sum of the
squares on 4B, BC by twice the rectangle BC, BD.
‘Wherefore, in any triangle &c.
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Outline of Alternative Proof.
On the sides’ BC, C4, AB of an acute-angled triangle
ABC construct the squares BDEC, CFGA, AHKB.

Draw AL, BM, CN perpendicular to BC, C4, AB, and
‘produce them to meet the opposite sides of the squares
in P, @, R. .

Draw AD, CK.
H
G
" 4 Q
K N o b
B 7 ¢
D P E
It may be proved that

(1) the triangle ABD is equal to the triangle XBC

in all respects,
and (2) the rectangle BP is equal to the rectangle BR,
and similarly that CQ is equal to CP, and AR to 4,

and hence that the square on BC is less than the sum of
the squares on C4, 4B by twice the rectangle 4Q or AR,

EXERCISES.

1. In any triangle the sum of the squares on the sides is equal to
twice the square on half the base together with twice the square on the
straight line drawn from the vertex to the middle point of the base.

2. The base of a triangle is given: find the locus of the vertex,
when the sum of the squares on the two sides is given.

8. The sum of the squares on the sides of a parallelogram is
equal to the sum of the squares on the diagonals.

4. In any quadrilateral the squares on the diagonals are together
equal to twice the sum of the squares on the straight lines joining
the middle points of opposite sides.

5. The squares on the sides of a quadrilateral are together
greater than the squares on its diagonals by four times the square
on the straight line joining the middle points of its diagonals.

T, E. 11
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PROPOSITION 14.
To find the side of a square equal to a given rectangle.*

Let ABCD be the given rectangle :
it is required to find the side of a square equal to ABCD.
ConsrrucTioN. If two adjacent sides B4, AD be equal,
the rectangle is a square, and B4 or AD is the line required.
But if they be not equal,
produce one of them B4 to Z,
. and make 4K equal to 4D; (I. Prop. 3.)

bisect BE at I (I. Prop. 10.)
and with F as centre and #'B as radius,
describe the circle BGE,

and produce DA to meet the cirgle in @ ;
then AG is the line required.
Draw FG.

o4 D
Proor. Because BE is divided into two equal parts
at F, and into two unequal parts at 4,
the sum of the rectangle B4, AE and the square on F4 is
equal to the square on FE. (Prop. b.)
But FE is equal to F@.

Therefore the sum of the rectangle B4, AE and the square
on FA is equal to the square on FG.

* The algebraical equivalent of this problem is to find the positive
root of the quadratic equation a%=ab.
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DEFINITIONS.

DeriNITION 1. Any part of a circle 18 called an are.

The line which has been defined (1. Def. 22) as a cirele
is often spoken of as the circumference of the circle.

The reason of this is that a circle is defined in many books as the
part of the plane contained by the line, which is then called the
circumference.

Half of a circle is called a semicircle.

It will be proved hereafier that a diameter bisects a circle, i.e.
divides it into two equal arcs. (See page 175.)

DermniTioN 2. A straight line joining two points on a
circle is called a chord of the circle.

The straight line joining the extremities of an arc s
called the chord of the arc.

The figure formed of an arc and the chord of the arc is
called a segment of the circle.

In the diagram the straight lines 4B, 4
BC, CA are chords of the circle 4BC; E
AFB, BDC, CEA are arcs.

The straight line AB is the chord of F c
the arc AFB, and it is also the chord of
the arc ACB.

The figure formed of the are BFEC
and the chord BC is called the segment B D
BFEC or BFAC, or more often BFC or
BEC or BAC; and the figure formed of the arec BDC and the chord
BC is called the segment BDC.
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DEFINITION 3. The angle contained by two chords joining
a point in an arc of a circle to the extremities of the arc is
called an angle in the arc, and the arc is said to contain the
angle.

An angle in an arc is often spoken of as an angle in the
segment formed by the arc and the chord of the arc, and
the segment is said to contain the angle.

The angle BAC is said to be an angle 4 &
in the arc (or in the segment) BFC and
the angle ACB an angle in the arc (or in
the segment) ADB; and the arc (or the seg-
ment) BFC is said to contain the angle
BAC, and the arc (or the segment) ADB

to contain the angle 4CB. B %

An angle in an arc is said to stand on the arc whick
Jorms the remainder of the circle.

The angle BAC is said to stand on the arc BDC, and the angle
ABC on the arc AEC.

DEFINITION 4. Arcs, which contain equal amgles, are
said to be similar; and likewise segments, which contain
equal angles, are said to be similar,

E
A c D F

In the diagram the arcs ABC, DEF are said to be similar, when
the contained angles 4BC, DEF are equal; and also the segments
ABC, DEF are said to be similar when the contained angles ABC,
DEF are equal.
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DEFINITION 5. A point, whose distance from the centre of
a circle 18 less than the radius of the circle, is said to be
within the circle; and a point, whose distance from the
centre of a circle s greater than the radius of the circle, is
said to be without the circle.

In the diagram the point P is within the circle, its distance CP
from the centre C being less than the radius C4, and the point Q is
without the circle, its distance CQ from the centre C being greater
than the radius CB.

It is clear that any line drawn from a point P within a circle to a

point Q without the circle must intersect the circle once at least
(I. Postulate 7, page 14).

In the diagram the straight line PQ
meets the circle in the points R and S,
and the straight line and the circle inter-
sect at each of those points.

DerINITION 6. A straight line and a circle, which pass
through a point but do not intersect there, are said %o touch

one another at the point. The straight line is called a tan-
gent to the circle,

In the diagram the circle 4BC and
the straight line DCE pass through
the point C, but do not intersect there:
they touch at the point C, and DE
is a tangent to the circle at the point
C. (o)
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In the diagram the circles PRS,
QRS meet at the points R and S, and
the circles intersect at each of those
points: for instance, points on the
circle PRS near R on one side of R
lie within the circle QRS and on the
other gide of R without it.

DerINITION 7. Two circles, which pass through a point
but do mot intersect there, are said to touch one another
at the point.

@)
M -2
4
A
‘ E

In each of the figures in the diagram the circles ABC, BDE pass
through the point B, but do not intersect there: all points on the
circle ABC near B lie without the circle BDE: and all points on
the circle BDE near B in figure (1) lie without the circle ABC, and
in figure (2) lie within the circle ABC.

(See remarks on the contact of circles on pages 199 and 201 )

DeriNtTiON 8. Circles which have the same point for
a centre are said to be concentric,
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DeriNiTION 9. The perpendicular drawn to a straight
line from a point is called the distance of the straight line
from the point.

If the distances of two straight lines from a point be equal,
the straight lines are said to be equidistant from the point.

In the diagram, if the straight lines OM, ON be drawn from the
point O perpendicular to the two straight lines 4B, CD, then
OM, ON are called the distances of the two straight lines 4B, CD
from the point O.

If OM, ON be equal, the straight lines 4B, CD are said to be
equidistant from the point O.

If the distances of two stratght lines from a point be
unequal, the line the distance of which ts the longer 18 said to
be farther from the point, and the line the distance of which
8 the shorter is said to be nearer to the point.

In the diagram, if the straight lines OM, ON be drawn from the
point O perpendicular to the two straight lines 4B, CD, and if OM be
less than ON, then CD is said to be farther from the point O than
AB, and AB is said to be nearer to the point O than CD.

12—2
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DeriniTioN 10.  If all the angular points of a rectilineal
wre lie on a circle, the figure i3 said to be inscribed in the
circle, and the circle is said to be described about the fiyure.

B E

a

In the diagram, if the angular points of the triangle ABC lie
on the circle ABC, the triangle ABC is said to be inscribed in the
circle A BC, and the circle ABC is said to be described about the tri-
angle ABC. Similarly, if the angular points D, E, F, G of the
quadrilateral DEF@ lie on the circle DEFQ, the quadrilateral DEFG
is said to be inscribed in the circle DEF@G, and the circle DEFG is
said to be described about the quadrilateral DEFG.

If all the sides of a rectilineal figure touch a circle, the
JSigure 18 said to be described about the circle, and the circle
48 said to be inscribed in the figure.

B
F

c

In the diagram, if the sides BC, C4, 4B of the triangle 4BC touch
the circle DEF at the points D, E, F respectively, the triangle ABC is
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said to be described about the circle DEF, and the circle DEF is said
to be inscribed in the triangle ABC. Similarly, if the sides LG, GH,
HK, KL of the quadrilateral GHKL touch the circle MNPQ at the
points M, N, P, Q respectively, the quadrilateral GHKL is said to be
described about the circle MNPQ, and the circle MNPQ is said to be
inscribed in the quadrilateral GHKL.
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PROPOSITION 1.

A circle cannot have more than one centre.

Let 4 be a centre of the given circle BCD:
it is required to prove that no other point can be a centre
of the circle BCD.

ConstrucTiON. Take any point £ within the circle and
draw AE,
and produce 4 £ both ways to meet the circle, beyond 4
in C, and beyond £ in D,

B

Proor. Because 4 is a centre of the circle,
AC is equal to 4D. (1. Def. 22.)
Now EC is greater than AC, which is only a part of it,
and D, which is only a part of 4D, is less than 4D;
therefore £C is greater than ED.
But a centre of a circle is a point from which all straight
lines drawn to the circle are equal ; (I. Def. 22.)
therefore £ cannot be a centre of the circle.
Similarly it can be proved that no point other than 4 can
be a centre,

‘Wherefore, a circle cannot have &e.

The definition of a circle implies that the figure has a
centre (I. Def. 22): it is here proved that it cannot have
more than one centre: we shall therefore for the future
speak of the centre of a circle.
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PROPOSITION 1A.

A diameter bisects a circle.

Let ABCD be a circle, O the B
centre and AOC a diameter:
it is required to prove that the arcs
ABC, ADC are equal. 4 c

CoNsTRUCTION. Draw any two
radii OP, 0Q making equal angles
POC, QOC with 0C. (1. Prop. 23.) D Q

Proor. It is possible to shift the figure 40CQD by
turning it over so that 40C is not shifted,
and so that the arcs 4 DC, 4ABC lie on the same side of AC.
If this be done,
because the angle QOC is equal to the angle POC,
0@ must coincide in direction with OP:
and because 0@ is equal to OP,
@ must coincide with P.
Similarly it can be proved that every point on the arc AD(C
must coincide with some point-on the arc 4 BC,
and every point on the arc ABC with sbme point on the
arc 4D€C.
Therefore the arc ADC coincides with the arc. ABC,
and is equal to it.

‘Wherefore, a diameter bisects &c.

EXERCISES.

1. Prove by superposition that circles, which have equal radii,
are equal.

2. Prove by superposition that equal circles have equal radii.

8. Two circles, which have a common centre, but whose radii are
not equal, cannot meet.

4. Prove by superposition that two diameters at right angles
divide a circle into four equal arcs.
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'PROPOSITION 2.

If a strazght line bisect a chord of a circle at right angles,
the line passes through the centre.

Let AB be a chord of the cu'cle ABC, and let CDE be
the straight line which bisects 4B at rlght. angles:

it is required to prove that C.DE passes through the centre
of the circle ABC.

ConstrucTION. Take any point G not in CE and on
the same side of C'E as B.
Draw AG cutting CE in H, and draw GB, HB.

B

Proor. Because in the triangles ADH, BDH,
AD is equal to BD,
and DH to DH,
and the angle ADH is equal to the angle BDI/,
the triangles are equal in all respects; (I. Prop. 4.)
therefore HA is equal to HB.
Therefore G'4, which is the sum of GH, HA,
is equal to the sum of GH, HB.
And the sum of GH, HB is greater than GB; (L. Prop. 20.)
therefore GA is greater than GB.
But all straight lines drawn from the centre to a circle are
equal. (I. Def. 22.)
Hence the point @ cannot be the centre of the circle.
Similarly it can be proved that no point on the same side
of CE as 4 can be the centre;
therefore the centre must be in CE.

‘Wherefore, if a straight line &c.

b2
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COROLLARY 1.

Only one chord drawn through a point within a circle
which 18 not the centre can be bisected at the point.

COROLLARY 2.

If two chords of a circle bisect each other, thetr point of
wntersection 18 the centre.

EXERCISES.

1. The straight line, which joins the middle points of two parallel
chords of a circle, passes through the centre.

2. The locus of the middle points of parallel chords in a circle is a
straight line.

3. Two equal parallel chords of a circle are equidistant from the
centre,

4. Every parallelogram inseribed in a circle is a rectangle.

5. The diagonals of a rectangle inscribed in a circle are diameters
of the circle,

6. If PQ, RS be two parallel chords of a circle and if PR, QS in-
tthth in U and if PS, QR intersect in V, then UV passes through
e centre.
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PROPOSITION 3.

If a straight line be drawn from the centre of a circle to
the middle point of a chord, which 18 not a diameter, it is at
right angles to the chord.

Let ABC be a circle and E its centre, and let D be
the middle point of 4B a chord, which is not a diameter :
it is required to prove that E£D is at right angles to 4.B.

ConsTrRUCTION. Draw EAd, EB.

B

e

d
¢

Proor. Because in the triangles ADE, BDE,
AD is equal to BD,
DE to DE,
and FA to EB,
the triangles are equal in all respects; (I. Prop. 8.)
therefore the angle ADE is equal to the angle BDE,
and they are adjacent angles.
Therefore the straight lines £D, 4B are at right angles to
each other. (I. Def. 11.)

‘Wherefore, if a straight line &c.
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EXERCISES.

1. Why are the words ‘‘which is not a diameter” inserted in
enunciation of Proposition 3?

2, The straight line, which joins the middle points of two parallel
chords of a circle, is at right angles to the chords.

8. Circles are described on the sides of a quadrilateral as diame-
ters: shew that the common chord of the circles described on two
adjacent sides is parallel to the common chord of the other two circles.

4. A straight line is drawn intersecting two concentric circles :
prove that the portions of the straight line which are intercepted
between the circles are equal.

5. A straight line outs two concentric circles in P, R, and Q, S:
prove that the rectangle PQ, QR and the rectangle PQ, PS are con-
stant for all positions of the line.
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PROPOSITION 4.

If a strarght li/ne>be drawn from the centre of a circle at
right angles to a chord, it bisects the chord.

Let A BC be a circle, and D its centre, and let the straight
line DE be drawn at right angles to 4B a chord, which
is not a diameter®:
it is required to prove that DE bisects 4B, that is, that

AE is equal to BE.

ConsTrRUCTION. Draw DA, DB.

c

L7

Proor. Because DB is equal to DA,
each being a radius of the circle,
the angle DA B is equal to the angle DBA. (1. Prop. 5.)
And the angle DE4 is equal to the angle DEB,
each being a right angle.
Then because in the triangles £4D, EBD,
the angle £4D is equal to the angle ZBD,
and the angle DEA to the angle DEB,
and £D, a side opposite to a pair of equal angles, is common,
the triangles are equal in all respects;
(1. Prop. 26, Part 2.)
therefore AZ is equal to BE.
Wherefore, of a straight line &c.

* The case when the chord is a diameter requires no proof.
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In Propositions 2, 3, 4 we have to deal with three
properties of a straight line:

(«) the passing through the centre of a circle,
(b) the being at right angles to a given chord,
(c) the bisecting the given chord.

It is proved in these propositions that, if a straight line
have any two of these three properties, it necessarily has the
third property.

Proposition 2 deduces (a) from (b) and (c);
Proposition 3 deduces (b) from (c) and (a);
Proposition 4 deduces (¢) from (a) and (b).

EXERCISES.

1. Two chords are drawn through a point on a circle equally
in%lillled to the radius drawn to the point: prove that the chords are
eq

2. If ABPQ, ABRS be two circles and PR, QS be any two
parallel straight lines drawn through the points of section, then
PR, QS are equal.

8. If 4 and B be two fixed points and P move so that the per-
pendicular from 4 on BP bisects BP, the locus of P is a circle.

4, Drawthrough a point of intersection of two circles a straight
line to make equal chords in the two circles.

5. The locus of the middle points of all chords drawn through a
fixed point on a circle is a circle.

6. If two circles PAB, QAB intersect each other at 4, the locus
of the middle point of a straight line PQ drawn through 4 is a cu'ole
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PROPOSITION 5.

To find the centre of a given circle.

Let ABC be a given circle:
it is required to find its centre.

CoNsTRUCTION. Draw any two chords which are not
parallel and which cut the circle in 4, B, and in C, D.

Bisect AB and CD at E and F; (I. Prop. 10.)
and draw EG, FQ at right angles to 4B, CD respectively
meeting® at G : (I Prop. 11.)

then @ is the centre of the circle ABC.

B

/K

T

ProoF. Because the straight line £@ bisects the chord
AB at right angles,
LG passes through the centre; (Prop. 2.)
and because the straight line #'G bisects the chord CD at
right angles,
F@ passes through the centre. (Prop. 2.)
Therefore the point G, where the two lines £G, FG meet, is
the centre.

Wherefore, the centre @ of the given circle ABC has been
Jound.

* The lines must meet. See Ex. 2, p. 51.
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Outline of Alternative Construction.

Draw any chord 4B, of the circle A BC.
Bisect AB in D, and draw EDF at right angles to 4B,
meeting the circle in % and F.

Bisect £F in G.

4

4

F

It may be proved that
(1) the centre of the circle ABC is in EF;
(2) no other point but @& can be the centre.

EXERCISES.

1. Draw all the lines, which are wanted to find the centre of a
given circle,
(a) in the method given in the text;
(b) when the two chords in this method meet on the circle;
(¢) in the alternative method above.

‘Which method requires the fewest lines ?

2. Draw through a given point within a circle a chord such
that it is biseoted at the point.

8. Describe a circle with a given ocentre to cut a given circle at
the extremities of a diameter.
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PROPOSITION 6.
Every chord of a circle lies within the circle.

Let AB be the chord joining any two points 4, B on the
circle ABC':
it is required to prove that any point on the chord 4B

between 4 and B is within the circle.

ConstrucrioN. Find the centre D of the circle; (Prop. 5.)
take any point £ on AB between A and B and draw
DA, DE, DB. ‘ -

Proor. Because in the triangle c
DAB, DB is equal to D4,

the angle DAB is equal to the angle
DB4; (1. Prop. 5.)
but the exterior angle DEB of the tri-
angle DAE is greater than the inte- B
rior opposite angle DA E; (I. Prop. 16.)
therefore the angle DEB is greater
than the angle DBE.
And because in the triangle DEB, the angle DEB is greater
than the angle DBE,
. the side DB is greater than the side DE ; (I. Prop. 19.)
that is, DE is less than DB which is a radius of the
circle.

Therefore the point £ is within the circle. Def. 5.)
But Z is any point on the chord 4B between 4 and B, and

AB is the chord joining any two points on the circle.

‘Wherefore, every chord of a circle &c.

EXERCISES.

1. If a chord of a circle be produced, the produced parts lie
without the circle.

2. Describe a circle which shall pass through two given points, and
which shall have its radius equal to a given straight line greater in
length than half the distance between the points,

How many such circles are posgible? .

8. Draw a straight line to cut two equal circles in P, Q and R, S
so that the straight lines PQ, QR, RS may be equal.

‘What condition is necessary that such a straight line can be
drawn ?
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PROPOSITION 7.

If two circles have a common point, they cannot have
the same cenire.

Let the two circles ABC, ADE meet one another at the
point 4:
it is required to prove that they cannot have the same

centre.

CoxstrucrioN. Find F the centre of one of the circles
ABC. (Prop. b.)

Draw any straight line #CE meeting the circles at two
distinct points C and Z, and draw FA4.

4
E
B

Proor. Because F is the centre of the circle 4BC,
FC is equal to FA. (L. Def. 22.)

But FE is not equal to FC;

therefore FE is not equal to FA

that is, two straight lines FE, FA drawn to the circle ADE

from the point 'F are not equal. -
Therefore F is not the centre of the circle ADE. (I. Def. 22 )

‘Wherefore, tf two circles &e.

COROLLARY.

T'wo concentric circles cannot have a common poind.

T. E. 13
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DErFINITION. A point 18 said to rotate about another
point, when the first point moves along a circle, of which the
second point 1s the centre.

A finite straight line is said to rotate about a point,
when each of its extremities moves along a circle, of whick
the point i8 the centre, while the line remains of constant
length. ‘

A plane figure is said to rotate about a point, when each
of two points fixed in the figure moves along a circls, of which
the patnt 18 the centre, while the figure remains unchanged in
shape and size.

ADDITIONAL PROPOSITION.

Any finite straight line may be shifted from any one position in a
plane to any other by rotation about some point in the plane.

Let AB, A'B’ be any two positions of a finite straight line in a
plane:
it is required to prove that the line can be shifted from the position

AB to the position 4'B’ by rotation about some point in the plane.

Draw A4’, BB’ and bisect them in M, N, and draw MO, NO at

right angles to 44’, BB’ meeting in O.
" Draw 04, OB, 04, OB'.

Because in the triangles
AOM, A’OM, AM is equal to
A'M, and OM to OM,
and the angle OMA to the angle

7\

OMA', %
the triangles are equal in all A
respects; (L. Prop. 4.)
therefore 04 is equal to 04’ B

Similarly it can be proved that OB is equal to OB’
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Again, because in the triangles 04B, 04'B’,
O is equal to 04’, OB to OB’, and 4B to 4'B’,
the triangles are equal in all respects; (I. Prop. 8.)
therefore the angle 4OB is equal to the angle 4'0OB’:
add to each the angle BOA’;
then the angle 404’ is equal to the angle BOB’.

It appears therefore that the triangle O4B can be shifted into the
position O4’B’ by being turned in its own plane round the point O
through an angle 404’ or BOB’;

therefore 4B can be shifted to 4’B’ by rotation round the point O.

EXERCISES,

1. About what point must 4B one side of a parallelogram ABCD
rotate in order to take (1) the position CD, (2) the position DC?

2. Prove that, when a straight line rotates about a point, every
point in the line rotates about the point through the same angle.

3. Any triangle can be shifted from any one position to any
other position, which it can occupy in the same plane without being
turned over, by rotation about some point in the plane,

4. Prove that, when a plane figure rotates about a point, every
point in the figure rotates about the point through the same angle.

5. Describe an equilateral triangle of which one angular point is
given and the others lie on two given straight lines.

How many solutions are there ?

6. Construct an equilateral triangle, one of whose angular points
is given and the other two lie one on each of two given circles.

Find the limits of the position of the given point which admit of a
possible solution.

7. Construct a square to have one vertex at a fixed point and two
opposite vertices on two given straight lines.

13—2
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PROPOSITION 8. Parr 1.

Of all straight lines drawn to a circle from a point on the
circle, the line which i8 a diameter 18 the greatest; and of amy
two others, the one which subtends the greater angle at the
centre 18 the greater.

Let CDE be a given circle, 4 its centre, and B any
point on the circle; let BAE be a diameter, and let BC, BD
be any other two straight lines drawn from B to the circle,
and of the angles BAC, BAD subtended by BC, BD at 4
let the angle BAD be the greater:
it is required to prove that BZ is greater than BD, and BD

greater than BC.

B’;

Proor. Because 4% is equal to 4D,
therefore BE, which is the sum of B4, AF,
is equal to the sum of B4, 4D:
but the sum of B4, AD is greater than BD; (I. Prop. 20.)
therefore BE is greater than :BD.
Next, because in the triangles BAD, BAC,
AD is equal to AC,
and B4 to BA,
and the angle BAD is greater than the angle BAC,
therefore BD is greater than BC. (I. Prop. 24.)

‘Wherefore, of «ll straight lines &c.

CoROLLARY.
A diameter is the greatest chord of a circle.
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EXERCISES.
1. If twochords of a circle subtend equal angles at the centre,
they are equal,

2. If two chords of a circle be equal, they subtend equal angles
at the centre.

8. Of any two chords in a circle the one which subtends the
greater angle at the centre is the greater.
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PROPOSITION 8. Parr 2.

Of all straight lines drawn to a circle from an internal
point not the centre, the one which passes through the centre
28 the greatest, and the one which when produced passes
through the centre is the least ; and of any two others, the one
which subtends the greater angle at the centre 18 the greater.

Let CDE be a given circle, 4 its centre and B any other
internal point; let BA produced beyond A cut the circle
in E, and produced beyond B in F, and let BC, BD be any
other two straight lines drawn from B to the circle, and
of the angles BAC, BAD subtended by BC, BD at A4 let the
angle BAD be the greater:
it is required to prove that BE is greater than BD,

BD greater than BC, and BC greater than BF.

Proor. Because AE is equal to 4D,
therefore BE, which is the sum of B4, AE, is equal to
the sum of BA, 4D;
but the sum of B4, 4D is greater than BD; (I. Prop. 20.)
therefore BE is greater than BD.
Next, because in the triangles BAD, BAC,
AD is equal to AC,
BA to BA,
and the angle BA D is greater than the angle BAC,
therefore BD is greater than BC. (L. Prop. 24.)
Again, because the sum of BC, BA is greater than AC,

(L Prop. 20.)
and AC is equal to AF, which is the sum of BF, BA,
therefore the sum of BC, B4 is greater than the sum of
BF, BA.

Therefore BC is greater than BF,

‘Wherefore, of all straight lines &c,
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EXERCISES.

1. If two straight lines drawn to a circle from an internal point
not the centre be equal, they subtend equal angles at the centre.

2. If two straight lines drawn to a circle from an internal point
not the centre subtend equal angles at the centre, they are equal.

8. If each of two equal straight lines have one extremity on one
of two concentric circles and the other extremity on the other, the
lines subtend equal angles at the common ocentre.
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PROPOSITION 8. ParT 3.

Of all straight lines drawn to a circle from an external
point, the one which passes through the centre 18 the greatest,
and the one which when produced passes through the centre
18 the least ; and of any two others, the one which subtends
the greater angle at the centre i8 the greater.

Let CDE be a given circle, A its cenfre and B a
given external point; let B4 cut the circle in ¥ and let
BA produced cut the circle in E, and let BD, BC be any
other two straight lines drawn from B to the circle, and
of the angles BAC, BAD subtended by BC, BD at A let the
angle BAD be the greater :
it is required to prove that BE is greater than BD,

BD greater than BC, and BC greater than BF.

c

Proor. Because AZ is equal to 4D,
therefore BE, which is the sum of B4, AE,
is equal to the sum of B4, 4D:
but the sum of BA, 4D is greater than BD ; (I. Prop. 20.)
therefore B is greater than BD.
Next, because in the triangles BAD, BAC,
AD is equal to AC,
and BA to BA,
and the angle BAD is greater than the angle BAC,
therefore BD is greater than BC. (I. Prop. 24.)
Again, because the sum of BC, C4 is greater than BA,
(L. Prop. 20.)
which is the sum of BF, FA,
and because C4 is equal to F4,
therefore BC is greater than BF.

‘Wherefore, of all straight lines &c.
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We conclude from the results of the several Parts of Proposition 8

that, if O be a fixed point on the diameter AC of a circle ABCD nearer
_to 4 than to C and P be a point which

is capable of motion along the circum- B P
ference in the direction represented by /

the arrow, while P is moving along the

arc ABC from 4 to C the distance OP

increases continuously from 04 to 0C, 4\ 0O [
and while P is moving along the arc

CD4 from C to 4, the distance OP

decreases continuously from OC to OA. b

‘We say therefore that OC is a mazimum value of OP, and 04 is a
minimum value. (See remarks on page 55.)

It may be observed here that, if P travel round the circle any
number of times, it passes C and A4 alternately. It appears therefore
that here mazimum and minimum values occur alternately.

The occurrence of mazimum and minimum values alternately is
true generally in the case of quantities which vary continuously,
i.e. quantities whose magnitude changes without suffering any abrupt
changes.

EXERCISES.

1. Find the shortest distance between two points one on each
of two circles which do not meet.

2. 4 and B are two fixed points; it is required to find & poiné

P on a given circle, so that the sum of the squares on 4P and BP .

may be the least possible.
Under what conditions is the solution indeterminate ?
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PROPOSITION 9.

From a point not the centre not more than two equal
straight lines can be drawn to a circle, one on each side of
the straight line drawn from that point to the centre.

Let A be a given point, and BCD a given circle,
and let 4B, AD be two equal straight lines drawn from 4
to the circle:
it is required to prove that no other straight line equal to
AB or AD can be drawn from A4 to the circle.

ConstructiON. Find £ the centre of the circle;
(Prop. 5.)
draw KA, EB, ED.

§ ,,

Proor. Take C any point of the circle on the same side
of AE as AB.
Because B and C are equidistant from Z,
they cannot be equidistant from 4. (I. Prop. 7.)
Therefore there cannot be another straight line equal to
AB drawn from 4 to the circle on the same side of AZ
as AB.
Similarly it can be proved that there cannot be another
straight line equal to 4D drawn from A4 to the circle on
the same side of AX as 4D.

‘Wherefore, from a point &c.
) CoroLLARY 1.
If from a point three equal straight lines can be drawn
to a circle, that point is the centre.
CoroLLARY 2.

Two circles cannot meet in more than two points.
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If the straight line 4B drawn to the circle from a point 4 not
the centre be in the same straight line as the centre of the circle, no
other straight line can be drawn to the circle from the point A4 equal
to AB. The line AB is in this case either a mazimum or a minimum
among the straight lines drawn from the point 4 to the circle; it is a
mazimum, if B be at the further extremity of the diameter through 4,
and a minimum, if B be at the nearer extremity.

EXERCISES.

1. If from any point within a circle two straight lines be drawn
to the circumference making equal angles with the straight line joining
the point and the centre, the lines are equal in length.

2. Construct an equilateral triangle, having two of its vertices on
a given circle and the third at a given point within the circle.

8. Construct a square having one vertex at a given point and two
opposite vertices on a given circle,
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PROPOSITION 10.

If two circles meet at a point not in the same straight line
as their centres, the circles intersect at that poins.

Let ABC, ADE be two circles meeting at a point A4,
which is not in the same straight line as their centres:
it is required to prove that the circles intersect at A.

ConsTrRUCTION. Find F, @ the centres of the circles
ABC, ADE ; (Prop. 5.)
draw AF, FG@, G4; and through @ draw, on the same-

side of G as G4, two straight lines GH, GK to meet
the circle ADE in H, K, such that the angle FGH is
greater than the angle FG'4, and the angle FGK less
than the angle FGA.

Draw FH, FK.

il
}

Proor. Because, from the point #' not the centre of
the circle ADE the straight lines FH, FA, FK are drawn
to the circle,
such that the angle FG H subtended by FH at G the centre

is greater than the angle FGA subtended by 74,
and such that the angle FG'A is greater than the angle
FGK subtended by FK,
FH is greater than FA,
and FA4 greater than FK. (Prop. 8, Parts 2 and 3.)
But #4 is a radius of the circle 4BC :

E
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therefore the distance of the point H from the centre of the
circle ABC is greater than the radius, and A therefore is
without the circle 4BC ;

and the distance of the point A from the centre of the circle
ABC is less than the radius, and K therefore is within
the circle 4BC.

Therefore the circles intersect at the point 4. (Def, 5.)
‘Wherefore, if two circles &c.

COROLLARY.

If two circles touch, the point of contact is in the same
stratght line as their centres. .

EXERCISES.

1. If two circles meet at & point not in the same straight line as
their cent.res, the circles meet at one other point.

2. The straight line joining the two points at which two circles

meet is bisected at right angles by the straight line joining the
centres.
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PROPOSITION 11.

If two circles meet at a point, which lies in the same
straight line as their centres and i8 between the centres, the
circles touch at that point, and each circle lies without the
other.

Let ABC, ADE be two circles meeting at a point 4,
which is in the same straight line as their centres, and is
between the centres :
it is required to prove that the circles touch at 4, and that

each circle lies without the other.

CoxnstruUcTION. Find the centres ¥, G of the circles
ABC, ADE; (Prop. 5.)
draw FG, which by the hypothesis passes through 4.
Take any point H on the circle 4BC,
and draw FH, HG. .

Proor. -Because the sum of FH, HG is greater than
FG, (I. Prop. 20.)
that is, greater than the sum of F4, 4G,
and FH is equal to 74,
therefore H@ is greater than AG.

But 4@ is a radius of the circle ADE;
therefore the distance of the point A from the centre of
the circle ADE is greater than the radius, and H there-
fore is without the circle ADE. (Def. 5.)
Therefore every point on the circle 4 BC except 4 lies
without the circle ADE.
Therefore the circles touch at 4. (Def. 7.)
Similarly it can be proved that every point on the circle
ADE except A lies without the circle 4BC.

‘Wherefore, if two circles &c.
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‘When one circle touches another circle which lies
without it, the first circle is said to have external contact
with the second circle.

In the diagram each of the
circles ABC, BDE has external con-
tact with the other at the point B.

EXERCISES.

1. If the distance between the centres of two circles be greater
than the sum of their radii, each circle lies without the other.

2. Prove that in all cases the greatest distance between two points
one on each of two given circles is greater than the distance between
the centres by the sum of the radii.

3. Of two equal circles of given radius, which touch externally at
P, one touches OX and the other touches OY, where OX, OY are two
given straight lines at right angles to each other: prove that the locus
of P is an equal circle.

Shew that there are four such loci.

4. If two equal circles touch, every straight line drawn through
the point of contact will make equal chords in the two circles.

5. Given two concentrie circles, draw a chord of the outer which
shall be trisected by the inner circle.

6. Three circles touch one another externally at the polnts
A, B, C; the straight lines 4B, AC are produced to cut the circle
BCatD and E: shew that DE is a diameter of BC, and is parallel to
the straight line joining the centres of the other circles.
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PROPOSITION 12.

If two circles meet at a point, which lies in the same
strarght line as their centres and is not between the centres,
the circles touch at that poind, and one of the circles lies
within the other.

Let ABC, ADE be two circles meeting at a point 4,
which is in the same straight line as their centres and is
not between the centres :
it is required to prove that the circles touch at 4, and that

one of the circles lies within the other.

ConsTRUCTION. Find the centres F, G of the circles
ABC,ADE ; , (Prop. 5.)
draw FG, and produce F@ which by the hypothesis passes

through 4. Let ADZ be the circle whose centre G is the
nearer to 4.
Take H any point on the circle A DE, and draw FH, HG.

Proor. Because G4 is equal to GH,

FA, which is the sum of FG, G4, is equal to the sum of
Fq, GH;

but the sum of FG, GH is greater than FH ; (I Prop. 20.)

' therefore 4 is greater than FH.

But F4 is a radius of the circle 4BC ;

therefore the distance of the point H from the centre of
the circle ABC is less than the radius, and H therefore
is within the circle 4 BC;

therefore every point on the circle ADE except 4 lies
within the circle 4BC.

~ Therefore the circles touch at 4. (Def. 7.)

‘Wherefore, ¢f two circles &e.
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‘When one circle touches another circle, which lies
within it, the first circle is said to have internal contact
with the second circle.

Two circles can have external contact with each other,
but two circles cannot have internal contact with each
other. If one circle have tnternal contact with another

circle, the second circle has exfernal contact with the first
circle.

B

In the diagram the circle 4BC has
internal contact with the circle BDE, but
the circle BDE has external contact with
the circle ABC at the point B.

EXERCISES.

1. Describe a circle passing through a given point and touching a
given circle at a given point.

- 2. If in any two given oircles which touch oxe another, there be
drawn two parallel djameters, the point of contact and an extremity of
each diameter, lie in the same straight line.

8. Describe a circle which shall touch a given circle, have its
centre in a given straight lme, and pass through a given point in the
given straight line.

4. Desaribe a circle of given radius to pass through s given point -
and to touch a given circle.

‘What conditions are necessary that a solution may be possible ?
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PROPOSITION 13.

If two circles have a point of contact, they do not meet at
any other point,

Let ABC, ADE be two circles which touch at the
point 4:
it is required to prove that the circles do not meet at any
other point.

CoxsTrUCTION. Find F, G the centres of the circles
ABC, ADE. (Prop. b5.)

Proor. Because the circles ABC, ADE touch,
the point of contact 4 must lie in the straight line @ or in
FG produced. (Prop. 10, Coroll.)
First (fig. 1) let the point 4 lie in F@:
then because the circles ABC, ADE meet at a point 4 in
the same straight line F@ as their centres and between
the centres,
each circle lies without the other. (Prop. 11.)
Secondly (fig. 2) let the point 4 lie in F@ produced :
then because the circles ABC, ADE meet at a point 4 in
the same straight line #'G as their centres and not between
the centres,
one circle lies within the other. (Prop. 12.)
Therefore in neither case can the circles meet at any point
other than 4.

‘Wherefore, if two circles &e.
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We infer as a result of Propositions 9—13 that two
circles must be such that they either

(@) intersect in two distinct points,

or (b) touch at one point, which is in the straight
line joining the centres,

or (¢) do not meet.

EXERCISES.

1. What is the greatest number of contacts which may exist among
(1) three, (2) four circles?
2. Describe three circles to have their centres at three given
points, and to touch each other in pairs.

8. Into how many 8 will three circles divide a plane? Dis-
tinguish between the different cases which may ocour, when the
circles intersect or touch.

14—2
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PROPOSITION 14. Parr 1.
Chords of a circle, which are equal, are equidistant from
the centre.
Let AB, CD be two equal chords of the circle ABCD :
it is required to prove that 4B, CD are equidistant from

the centre.
ConstrucTION. Find Z the centre of the circle ABCD;

(Prop. 5.)
and from £ draw EF, EG at right angles to 4B, CD.
(1. Prop. 12.)

Draw EA, EC.

Proor. Because the straight line £F is drawn through
the centre of the circle at right angles to the chord 4B, it
bisects it ; (Prop. 4.)

that is, 4B is double of A 7.
Similarly it can be proved that C'D is double of CG.
But 4B is equal to CD ;
therefore AF is equal to CG.
Next, because the angles AFE, CGE are right angles,
the square on 4Z is equal to the sum of the squares on
AF, FE,
and the square on CZ is equal to the sum of the squares on
(@G, GE. (1. Prop. 47.)
And because 4Z is equal to CE, :
the square on A is equal to the square on CE.
Therefore the sum of the squares on AF, FZ is equal to the
sum of the squares on C@, GE.
Because A7 is equal to CG,
the square on 4F is equal to the square on CG;
therefore the square on FZ is equal to the square on GE.
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Therefore FE is equal to GE,
that is, AB, CD are distant from the centre.
(Def. 9.)
‘Wherefore, chords of a circle &c.

EXERCISES.
1. Chords of a circle, which are equsl, subtend equal angles at
the centre.

2. Chords of a circle, which subtend equal angles at the centre,
are equidistant from the centre.
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PROPOSITION 14. Parr 2.

Chords of a circle, which are equidistant from the centre,
are equal.
Let AB, CD be two chords of the circle ABCD equi-
distant from the centre :
it is required to prove that AB is equal to CD,
ConsTtruUcTION. - Find Z the centre of the circle ABCD;

Prop. 5.)
and from £ draw EF, EQ at right angles to 4B, CD.
(L. Prop. 12.)
Draw EA, EC.
D

Proor. Because the straight line ZF is drawn through
the centre of the circle at right angles to the chord 4B, it
bisects it ; (Prop. 4.)

that is, 4B is double of A F.

Similarly it may be proved that C'D is double of CG.

Next, because the angles AFE, CGE are right angles,
the square on AF is equal to the sum of the squares on

AF, FE,
and the square on CZ is equal to the sum of the squares on
Caq, GF. (L. Prop. 47.)
And because 4 is equal to CE,
the square on AZ is equal to the square on CZ.
Therefore the sum of the squares on A F, FE is equal to the
sum of the squares on (@, GE.
Because ZF is equal to £G,
the square on ZF is equal to the square on ZG';
therefore the square on AF is equal to the square on CG ;
therefore 4 F is equal to CQ.
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And it has been proved that 4B is double of 47, and CD

of CG.
Therefore 4B is equal to CD.
Wherefore, chords of a circle &c.

Parts 1 and 2 of Proposition 14 are the converses of
each other. :

EXERCISES.

1. In a circle chords, which are equidistant from the centre,
subtend equal angles at the centre.

2. In a circle chords, which subtend equal angles at the centre,
are equal. :
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PROPOSITION 15. Parr 1.

Of any two chords of a circle the one which is the greater
18 the nearer to the centre.

Let AB, CD be two chords of the circle ABC D, of which
AB is greater than CD :
it is required to prove that AB is nearer to the centre than
CD.

ConsTRUCTION. Find Z the centre of the circle ABCD;

LSProp. 5.)
and from £ draw EF, EG at right angles to 458, CD.
(L. Prop. 12.)

Draw EA, EC.

Proor. Because the straight line ZF is drawn through
the centre at right angles to the chord 4.5,
AF is equal to FB, (Prop. 4.)
and 4B is double of A7
Similarly it can be proved that CD is double of C@.
But 4B is greater thanCD;
therefore AF is greater than CG.
Next, because the angles AFE, CGE are right angles,
the square on AZ is equal to the sum of the squares on
AF, FE,
and the square on CZ is equal to the sum of the squares on
CG, GE. (L Prop. 47.)
And because 4F is equal to CE,
the square on A Z is equal to the square on CE.
Therefore the sum of the squares on AF, FE is equal to
the sum of the squares on CG, GE;
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Because AF is greater than CG,
the square on AF is greater than the square on CG;
therefore the square on FZ is less than the square on GE.
Therefore FE is less than GE,
that is, 4B is nearer to the centre than CD.

‘Wherefore, of any two chords &c.

EXERCISES.

1. Prove that every straight line, which makes equal chords in
two equal circles, is parallel to the straight line j joining the centres or
passes through the mddle point of that line.

2. Find the shortest chord which can be drawn through a given
point within a circle,
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PROPOSITION 15. Parr 2.
Of any two chords of a circle the one whioh i3 the nearer
to the centre 18 the greater.

Let AB, CD be two chords.of the eircle ABCD, of which
A B is nearer to the centre than CD :
it is required to prove that 4 B is greater than C'D.

CoxstrucTiON. Find E the centre of the circle ABCD;

(Prop. 5.)
and from £ draw EF, EG at right angles to 4B, CD.
. (I. Prop. 12.)
* Draw E4, EC.
4 ‘ D

Proor. Because the straight line ¥ is drawn through
the centre at right angles to the chord 4B,
AF is equal to FB, (Prop. 4.)
and 4B is double of 4 7.
Similarly it can be proved that C'D is double of CG.
Next, because the angles AFE, CGE are right angles,
the square on AF is equal to the sum of the squares on
AF, FE,
and the square on CZ is equal to the sum of the squares on
CG, GE. (L. Prop. 47.)
And because 4 is equal to CZ,
the square on A X is equal to the square on C'E.
Therefore the sum of the squares on 47, FE is equal to
the sum of the squares on C@, GE.
Because LF is less than £G,
the square on EF is less than the square on £G ;
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therefore the square on AF is greater than the square
on C@;
therefore A F is greater than CG.
Therefore AB is greater than CD.

‘Wherefore, of any two chords &e.

Parts 1 and 2 of Proposition 15 are the converses of
each other.

EXERCISES.

1, Of any two chords of a circle the nearer to the centre subtends
the greater angle at the centre.

2. Draw through a given point a straight line to make equal
chords in two given equal circles.

Discuss the number of possible solutions in the different cases
which may ocecur.
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PROPOSITION 16.

The stratght line drawn through a point on a circle at
right angles to the radius touches the circle, and every other
straight line drawn through the point cuts the circle.

Let ABC be a circle, of which D is the centre, and let
AE be a straight line drawn through 4 at right angles to
the radius 4D ; and let AF be any other straight line
drawn through 4: )
it is required to prove that AE touches the circle, and that

AF cuts the circle.

ConsTrUCTION. Take any point £ on AE, and draw
DE, and from D draw D@ at right angles to 4 7.
(I. Prop. 12.)

Proor. Because in the triangle DAE,
the angle DAE is a right angle,
the angle DEA is less than a right angle; (I. Prop. 17.)
therefore the angle DA is greater than the angle DEA ;
therefore DE is greater than DA. (I. Prop. 19.)
Therefore the distance of the point Z from the centre
is greater than the radius, and Z therefore is without the
circle. (Def. 5.)
Siniilarly it can be proved that every point on AF
except A is without the circle.

Therefore 4 F touches the circle ABC at 4.  (Def. 6.)

Next because in the triangle DG4,
the angle DG4 is a nght angle,
the angle DAG is less than a right angle; (L. Prop. 17. )
therefore the angle DAG@ is less than the angle DG4 ;
therefore D@ is less than DA. (I. Prop. 19. )
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Therefore the distance of the point @ from the centre
is less than the radius, and therefore @ is within the
circle. (Def. 5.)

Therefore the straight line 4F cuts the circle 4 BC *,

‘Wherefore, the straight line &c.

We infer as a result of Proposition 16 that a straight
line and a circle must be such that they either

(@) intersect in two distinct points,
or (b) touch at one point,
or (¢) do not meet.

EXERCISES.

1. A point B is taken on & circle whose centre is C'; PA a tangent
at any point P meets CB produced at 4, and PD is drawn perpendi-
cular to CB: prove that PB bisects the angle APD.

2. Describe a circle to have its centre on a given straight line, to
pass through a given point on that line and to touch another given
straight line,

8. Describe a circle to pass through a given point and to touch a
given straight line at a given point.

4. If AC be a diameter of a circle 4 BC, and 4P be drawn per-
pendicular to the tangent at B, 4B biseots the angle CAP.

. 5. Prove that although no straight line can be drawn to pass
between a circle and its tangent, yet any number of circles can be
described to do so.

h6. Circles, which have a common tangent at & point, touch each
other.

7. Prove that the angle between a tangent to a circle and & chord -
drawn from the point of contact is half of the angle subtended at the
centre by the chord.

* A straight line which cuts a circle is often called a secant.
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PROPOSITION 17.
Through a given point to draw a tangent to a given
circle.

Let ABC be a given circle, and D a given point :
it is required through D to draw a tangent to the circle 4 BC.

First, let the point D be on the circle.
CoxnstrUcTION. Find the centre X ;

(Prop. 5.)
draw ED, and draw DF at right
angles to DE; I. Prop. 11.)

then DF is a tangent drawn as re-
quired.

ProoF. Because the straight line
DF is drawn through the point D on
the circle 4BC at right angles to
DE the radius, DF touches the circle. (Prop. 16.)

Secondly, let the point D be outside the circle.

CoxstrucrioN. Find the centre Z ; D
Prop. 5. '
draw ED, cutting the cir(cle AB(/)' } Z
between £ and D in B, and draw BF P “
at right angles to £B, (I. Prop. 11.)
and with £ as centre and £D as
radius describe a circle cutting BF in
F. Draw EF, cutting the circle ABC
between F and F in @, and draw D@ :
then D@ is a tangent drawn as required.

Proor. Because in the triangles DEG, FEB,
DE is equal to FE, EG to EB, and the angle DEG equal
to the angle FEB,
the triangles are equal in all respects; (I. Prop. 4.)
therefore the angle DG E is equal to the angle #BE.
But the angle FBE is a right angle;
therefore the angle DGE is a right angle;

AN
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and because the straight line @D is drawn through the
point @ on the circle ABC at right angles to GE the
radius, @D touches the circle. (Prop. 16.)

‘Wherefore, through a given point D a tangent has been
drawn to the circle ABC.

Outline of Alternative Construction.

Find E the centre. (Prop. 5.)
Draw ED, and bisect it in 0.  (I. Prop. 10.)
‘With O as centre and OD as radius describe
& circle, cutting the cirsle 4BC in G.
Draw D@, 0G, EG.
It may be proved that
(1) the angle OGD is equal to the angle GDO,
(2) the angle OGE is equal to the angle GED,
and (3) the angle EGD is a right angle,
and hence that GD is a tangent to the circle 4BC at G.
Both the construction in the Proposition and the alternative con-
struction point out that two and only two tangents can be drawn

to a circle through an external point, one through a point on the
cirole, and none through an internal point.

When there is no danger of ambiguity the length of the straight
line drawn from an external point to touch a circle which is inter-
cepted between that point and the point of contact is often spoken of
as the tangent from the point to the circle.

EXERCISES.

1. The two tangents drawn to a circle from an external point
are equal.

2. Draw a tangent to a given circle fo be parallel to a given
straight line. -

8. Find in a given straight line a point such that the tangent
drawn from it to a given circle may be equal to a given straight line,

4. The greater the distance of an external Point is from the

centre of a circle, the smaller is the inclination of the two tangents
which can be drawn from it. :
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PROPOSITION 18.

If a straight line touch a circle, the radius drawn to the
point of contact is at right angles to the line.

Let the straight line DE touch the circle ABC at the

point C':
it is required to prove that the radius drawn to the point C

is at right angles to DCE.

Consrruction. Find 7 the centre of the circle; (Prop. 5. )
and draw FC.

Proor. 1f DCE were not at right angles to C'F,
DCE would cut the circle (Prop. 16);
but it does not :
therefore DCE is at right angles to C'F.

‘Wherefore, if a straight line &c.



PROPOSITION 18. 217

~

THE TANGENT AS THE LIMIT OF THE SECANT.

Let AF be a straight line cutting & given circle at a given point 4,
and again at a second point F.

Let D be the centre of the cirele, and
AE the tangent at 4. Draw D4, DF. E

The angle FAE is equal to half of the angle
ADF. (See Ex. 7, p. 213.)

Hence the smaller the angle ADF is, 4
or the smaller the chord AF, (Prop.8, Part1.) D

the smaller is the angle FAE.

Now because we can take the point F as
close to A as we like, we can make the angle
ADF, and therefore also the angle FAE, as small as we like.
Hence we can make the straight line AF deviate as little as we please
from coincidence with 4E.

‘We express this fact by saying that,
the tangent AE is the limit of the secant AF, when F moves up
close to A.

This definition of a tangent to a curve as the limit of the secant
through the point is one which admits of application to curves of all
kinds.

EXERCISES.

1. Through a given point draw a straight line so that the chord
which is intercepted on it by a given circle is equal to a given straight
line.

2. Two circles are concentric: prove that all chords of the outer
circle which toueh the inner are equal.

8. If two tangents be drawn to a cirele from an external point,
the chord joining the points of contact is bisected at right angles by
the straight line joining the centre and the external point.

T. E. V 15
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PROPOSITION 19.

If a straight line touch a circle, the straight line drawn
at right angles to the line through its point of contact
passes through the centre.

Let the straight line DE touch the circle ABC at C,
and from C let CA be drawn at right angles to DE:

" it is required to prove that the centre of the circle is
- in CA.

CoxnsrrucrioN. Take any point F, not in C4,

and draw FC.
L
B F
D (44 E

Proor. Because CA4 is at right angles to DE,
CF cannot be at right angles to DE. (I. Prop. 10 A.)
But if a straight line touch a circle, the radius drawn to
the point of contact is at right angles to the tangent; -
‘ (Prop. 18.)
therefore the radius drawn to C' cannot be in the same
straight line as CF ;
therefore the centre cannot lie at any point # notin C4,
that is, the centre must lie in CA4.
‘Wherefore, if a straight line &c,
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ADDITIONAL PROPOSITION.
To draw a common tangent to two given circles.

Let 4, B be the centres of two given circles, which we will call for
shortness the (A) circle and the (B) circle :

Let the radius of the (A) circle be greater than the radius of the
(B) circle.

With A for centre and the difference (fig. 1) or the sum (fig. 2) of
the radii for radius describe a circle,

and from B draw BH a tangent to it. (Prop. 17.)

Draw AH and let AH produced (fig. 1) or AH (fig. 2) out the (A)
circle in P.

Through P, B draw PQ, BQ parallel to HB, AH respectively.

(I Prop. 81.)
(1) (&)
P .
R OEL
H
Because HPQB is a parallelogram, (Constr.)
BQ is equal to HP, (L. Prop. 34.)

which is equal to the radius of the (B) circle.  (Constr.)
Therefore the point Q is on the (B) circle.
Again, because BH is a tangent at H,

the angle PHB is a right angle ; (Prop. 18.)
therefore the parallelogram HPQB is a rectangle; (I. Def. 19.)
therefore the angles at P and Q are right angles, (1. Prop. 29, Coroll.)

and PQ is a tangent to the (A) and (B) circles at P and Q
respectively. (Prop. 16.)

' EXERCISES.

1. Prove that four common tangents can be drawn to two circles
which are external to each other.

2. How many common tangents can be drawn to two intersecting
circles?

8. Is it possible that two circles can have one and only one
common tangent ?

4. Draw a straight line so that the chords which are intercepted
on it by two given circles are equal to two given straight lines.

16—2
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PROPOSITION 20.

The angle which an arc of a circle subtends at the centre
18 double of the angle which the arc subtends at the circum-
JSerence.

Let ABC be a circle, of which BC is an arc, and let
BDC, BAC be angles subtended by the arc BC at the
centre D, and at the circumference :
it is required to prove that the angle BDC is double of the

angle BAC. . .

First, (fig. 1) let the centre D lie on A B, one of the lines

which contain the angle BAC.

ConsTRUCTION. Draw DC.

) 4 S

D
B
c ¢ ¥
E B ¢
Proor. Because D4 is equal to DC,
the angle DC'4 is equal to the angle DAC; (I. Prop. 5.)
therefore the sum of the angles DAC, DCA is double of
the angle DAC. ’
But the angle BDC is equal to the sum of the angles

DAC, DCA; (1. Prop. 32.)
therefore the angle BDC is double of the angle DAC.

Next, let the centre D lie within (fig. 2) or without
(fig. 3) the angle BAC.

ConsTrUCTION. Draw 4D and produce it to meet the
circle in Z.

Proor. It follows from the first case, that the angle
EDC is double of the angle £AC, and that the angle
EDB is double of the angle £AB;

B
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therefore in (fig. 2) the sum of the angles ZDC, EDB is
double of the sum of the angles £AC, EAB,

and in (fig. 3) the difference of the angles £DC, EDB is
double of the difference of the angles £AC, EAB;

therifg’re in all cases the angle BDC is double of the angle
BAC. :

‘Wherefore, the angle which an arc &c.

In the diagram of Proposition 20 in each of the figures the angle
BDC is double of the angle BAC. Now it is easily seen that although
in figures (1) and (3) the angle BAC is restricted to values less than
a right angle, and the angle BDC in consequence to values less than
two right angles, in figure (2) the angle BAC is restricted only to
values less than two right angles and the angle BDC in consequence
only to values less than four right angles. It appears therefore that,
if we wish not to destroy the generality of the theorem of Proposi-
tion 20, we must allow our definition of an angle to include angles
which are equal to two or greater than two right angles; there is
nothing inconsistent with a strict adherence to Euclid’s methods in
doing so.

EXERCISES.

1. Two circles, whose centres are 4 and D, touch externally at
E: a third circle, whose centre is B, touches them internally at C
and F: prove that the angle ADB is double of the angle ECF.

2. If AB be a fixed diameter and DE an arc of constant length in
8 fixed circle, and the straight lines AE, BD intersect at P, the angle
APB is constant.

8. If ABC be a triangle inscribed in a circle and the angle BAC
be bisected by 4D, which meets the circle in D, then the diameter
through D will bisect BC at right angles.

4. AB is a diameter and PQ any chord of a circle cutting 4B
within the cirele, and AL is drawn perpendicular to PQ. Prove that
the angle LAB is equal to the sum of the angles PAB, Q4B.
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. PROPOSITION 21.
Angles in the same arc of a circle are equal.

Let ABCD be a circle, and BAC, BDC be two angles
in the same arc BADC:
it is required to prove that the angles BAC, BDC are
equal.
ConsrrucrioN. Find the centre £; (Prop. 5.)
and draw £B, EC.

Proor. Because the angle which the arc BFC of the
circle subtends at the centre is double of the angle which
it subtends at the circumference,

the angle BEC is double of the angle BAC,
and also the angle BE( is double of the angle BDC ;
(Prop. 20.)
therefore the angle BAC is equal to the angle BDC.
‘Wherefore, angles in the same arc &c.

CoROLLARY. If a straight line joining two points subtend
equalanylea at two other points on the same side of the line,
the four points lie on a circle.

Let the straight line BC subtend equal angles at the
two points 4, D on the same side of BC.

If a circle be described about the triangle BAC*, the

* That it is possible to describe a circle through the three vertices
of a triangle appears in the Additional Proposition on page 53.
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circle must cut BD again at some point not on the same
side of AC as B. " (Prop. 6.)
Now take H any point but D in BD or BD produced
and draw HD.
Then the angle BHC cannot be equal to the angle BDC,

(I. Prop. 16.)

and therefore cannot be equal to the angle BAC.
But angles in the same arc of a circle are equal. (Prop. 21.)

Therefore the circle BAC cannot meet BD in H ;

that is, it must meet it in D.

In some books in the proof of Proposition 21, the result of Pro-
position 20 is quoted as if it were true only in the case of arcs greater
than a semicircle: that is, as if the angle BEC, which the arec BFC
subtends at the centre, were restricted to magnitudes less than two
right angles. The general truth of the theorem is then deduced as a
consequence.

‘We leave this deduction to the student as an exercise.

EXERCISES.

1. The locus of & point at which a given straight line subtends a
constant angle is an are of a circle.

2. If of three conocurrent straight lines inclined at given angles
to one another two pass through two fizxed points, the third also passes
through a third fixed point.

8. If two sides of a triangle of constant shape and size pass
through two fixed points, the third always touches a fixed circle.

4. If two sides of a triangle of constant shape and size always
touch two fixed circles, the third side always touches a fixed circle.

5. If ABC be an equilateral triangle deseribed in a circle whose
"centre is O, and if 40 produced meet the circle in D, then OD, BC
bisect each other.

6. Two circles ADB, ACB intersect in points 4 and B. Through
A any chord DAC is drawn, and BC, BD are joined, and the angle
DBC is internally bisected by a line BE which meets DC in E.
Shew that E lies on a fixed circle.

7. If ABC be an isosceles triangle on the base BC, inscribed in a
circle, and P, Q be points on the arcs AC, AB respectively of the
circle such that 4Q is parallel to BP, then CQ is parallel to 4P.

8. 1If the diagonals of a quadrilateral inscribed in & circle be at
right angles, the perpendicular from their intersection on any side
bisects the opposite side.
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PROPOSITION 22.

The sum of two opposite angles of & convexr quadrilateral
inscribed in a circle 18 equal to two right angles.
Iet ABCD be a quadrilateral inscribed in the circle
ABCD:
it is required to prove that the sum of the angles 4BC,
ADC is equal to two right angles, and that the sum of
the angles BAD, BCD is equal to two right angles.

CoxstrucTioN. Draw AC, BD.

B

Proor. Because the angles BCA, BDA are in the
same arc BCDA, ;
the angle BC'4 is equal to the angle BDA ; (Prop. 21.)
and because the angles CAB, CDB are in the same arc
CDAB,
the angle C4 B is equal to the angle CDB. (Prop. 21.)
Therefore the sum of the angles BCA4, C4 B is equal to the
sum of the angles BDA, CDB, that is, to the angle
ADC.
To each of these equals add the angle ABC :
then the sum of the angles ABC, BCA, CAB is equal to the
sum of the angles 4B8C, ADC.
But because the angles ABC, BC4,CAB are the angles
of a triangle, their sum is equal to two right angles.
(L Prop. 32.)
Therefore the sum of the angles A BC, 4D( is equal to
two right angles.
Similarly it can be proved that the sum of the angles
BAD, BCD is equal to two right angles.

‘Wherefore, the sum of two opposite angles &c.
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CoROLLARY. If the sum of two opposite angles of a convex
quadrilateral be equal to two right angles, the vertices of the
quadrilateral lie on a circle. :

Let ABCD be a convex quadrilateral in which the sum
of the angles BAD, BCD is equal to two right angles.

If a circle be described about the triangle BAD, the
circle must cut AC again in some point not on the same
side of BD as 4. (Prop. 02

Now take H any point but C in AC or AC produ
and draw HB, HD.

Then the angle BHD cannot be equal to the angle BCD.

(I. Prop. 21.)
Therefore the sum of the angles BAD, BHD cannot be equal
to two right angles.

But the sum of two opposite angles of a convex quadri-

lateral inscribed in a circle is equal to two right angles.
) (Prop. 22.)

Therefore the circle BAD cannot meet AC in H ;
that is, it must meet it in C.

EXERCISES.

1. If the sides 4B, DC of a quadrilateral ABCD inscribed in a
circle be produced to meet at E, the triangles AEC, BED are equi-
angular to one another.

2. A triangle is inscribed in a circle: shew that the sum of the
angles in the three segments exterior to the triangle is equal to four
right angles.

3. If PQRS, pqrs be two circles, and PprR, QgsS be chords such
that P, p, ¢, Q lie on a circle, then R, 7, s, S lie on a circle.

4. If any two consecutive sides of a convex hexagon inscribed in
a circle be respectively parallel to their opposite sides, the remaining
sides are parallel to each other,

5. If any arc of a circle described on the side BC of a triangle
ABC cut B4, CA produced if necessary in P and @, PQ is always
parallel fo a fixed straight line.

6. E is a point on one of the diagonals AC of a parallelogram
ABCD. Circles are described about DEA and BEC. Shew that BD
passes through the other point of intersection of the circles.
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PROPOSITION 23.

Two ares of circles, which have a common chord and are
on the same side of it, cannot be similar unless they are
coincident.

Let ABC, ADC be two arcs of circles, which have a
common chord AC, and are on the same side of it:
it is required to prove that A BC, ADC cannot be similar

arcs, unless they are coincident.

CoNsTRUCTION. Draw through 4, one of the extremmes
of the chord 4B, any straight line ABD to meet the arcs in
B, D; and draw CB, CD.

=\

Proor. If the points B, D do not coincide,
one of the angles 4 BC, ADC is an exterior angle and the
other an interior angle of the triangle BCD;
therefore the angle 4 BC is not equal to the angle ADC,
(I. Prop. 16.)
and therefore the arc 4ABC is not similar to the arc ADC.
(Def. 4.)
It has now been proved that, if any straight line ABD
meet the arcs in two points B and D which are not
coincident, .
the arcs cannot be similar.
Therefore, if the arcs be similar, every straight line drawn
through 4 must meet the arcs in two coincident points,
that is, the arcs 4 BC, 4 DC must coincide.

‘Wherefore, two arcs of circles &c.
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EXERCISES.

1. Ifon ol;gosite sides of the same straight line there be two arcs
of circles, which contain supplementary angles, the arcs are parts of
the same circle.

2. Prove that, if two circles have three points in common, the
circles are coincident.
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PROPOSITION 24.
Stmilar arcs of circles, which have equal chords, are

Let ABC, DEF be two similar arcs of circles, which
have equal chords AC, DF:
it is required to prove that the arcs A BC, DEF are equal.

B ~E

N N

4 c D F

ProoF. Because the chords AC, DF are equal, it is
possible to shift the figure 4BC, so that 4C coincides with
DF, A with D,and C with F, (1. Test of Equality, page 5)

and so that the arcs ABC, DEF are on the same side of
DF.
If this be done,
the arc ABC must coincide with the arc DEF,
for the arcs ABC, DEF are similar,
and two arcs of circles, which have a common chord, and
are on the same side of it, cannot be similar unless they
coincide. (Prop. 23.)
Therefore the arcs A BC, DEF are equal.

Wherefore, stmilar arcs of circles &c.
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EXERCISES.

1. If D be a point in the side BC of a triangle ABC whose sides
AB, A(}'&lare equal, the circles described about the triangles ABD, ACD
are equal.

2. Find a point P within an equilateral triangle ABC, such that
the circles described about the triangles PBC, PCA, PAB may be all
equal.

8. Find a point P in the plane of a triangle ABC such that the
circles described about the triangles PBC, PC4, PAB may be equal.
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PROPOSITION 25.

To find the centre of the circle, of which a given arc ts a
part.
Let ABC be a given arc:
it is required to find the centre of the circle, of which the
arc ABC is a part.

CoNSTRUCTION. Draw AC, and bisect it at D.
(L. Prop. 10.)
At D draw DB at right angles to AC cutting the arc at B.
(I. Prop. 11.)
Draw AB, bisect it at Z, and at £ draw EF at right angles
to 4B meeting BD or BD produced at F'¥;

then F is the centre required.
W s 2) (8 B
Kb\
LN\
/> R
: 4 D c F
4 D c

Proor. Because DB bisects the chord AC at right

angles,
DB passes through the centre ; (Prop. 2.)
and because EF bisects the chord 4B at right angles,
EF passes through the centre. (Prop. 2.)
Now two straight lines cannot intersect in more than one
point. (L. Post. 1.)
Therefore F, the point of intersection of BD and £F,
is the centre.
‘Wherefore, the centre of the circle, of which the given arc
ABC 43 a part, has been found.

* The lines must meet, see Ex. 2, p. 51. In figure (2) F coincides
with D,
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A}

PROPOSITION 25 A.

Equal circles have equal radis.
If two circles be equal, it is possible to shift one of them

s0 a8 to coincide with the other. (L Def. 21, page 13.)
Let this be done.
Then, because a circle cannot have more than one centre,
(Prop. 1.)

the centres of the two coincident circles must be coincident:
and therefore all the radii of both circles are equal.

‘Wherefore, equal circles &c.

EXERCISES.

1. Having given two arcs of circles, shew how to find whether
they are parts of the same circle.

2. Having given two arcs of circles, find whether they are parts
of concentric circles.

3. Having given two arcs of circles, find whether one circle lies
wholly within the other,
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PROPOSITION 26.

In equal circles the arcs, on which equal angles at the
centres stand, are equal ; and the arcs, on which equal angles
at the circumferences stand, are equal.

Let ABCD, EFGH be two equal circles, and let AKC,
ELG be two angles at the centres standing on the arcs
ADC, EHG, and let ABC, EFG be two angles at the cir-
cumferences standing on the same arcs: and let

(1) the angles AKC, EL@ be equal,
(2) the angles A BC, EFG be equal:
it is required in either case to prove that the arcs
ADC, EHG are equal. :

ConstrUCTION. Draw AC, EG.

B F

A4 ¢ E G
D H

Proor. Because the angle AXC is double of the angle
ABC, (Prop. 20.)
and the angle ZL@ is double of the angle ZFG, (Prop. 20.)

in case (1) because the angles AKC, ELQ are equal,
the angles 4BC, EF@ are equal,
and in case (2) because the angles 4 BC, EF@ are equal,
the angles A KC, ELG are equal.
Now because the circles are equal, _
their radii 4K, KC, EL, LG are equal. (Prop. 25 A.)
Therefore in both cases (1) and (2),
because in the triangles AKC, ELG,
AK is equal to EL,
KC to LG,
and the angle AKC to the angle ELG,
the triangles are equal in all respects; (I. Prop. 4.)
therefore AC is equal to EG.
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And because the arcs 4BC, EF@, which contain equal
angles, have equal chords AC, EG,
the arcs ABC, EFG are equal:  (Prop. 24.)
but the circles ABCD, EFGH are equal ;
therefore the remaining arcs ADC, EHG are equal.

" Wherefore, in equal circles &e.

CoOROLLARY. In the sume circle the arcs, on which equal
angles at the centres stand, are equal; and the arcs, on which
equal angles at the circumferences stand, are equal.

EXERCISES.

1. If PQ, RS be a pair of parallel chords in a circle, then the arcs
PS, QR are equal, and the arcs PR, QS are equal.

2. A quadrilateral is inscribed in a circle, and two opposite angles
are bisected by straight lines meeting the circumference in P and Q;
prove that PQ is a diameter.

8. If through P any point on one of two circles, which intersect
in A and B, the straight lines P4, PB be drawn and produced if
nee:;ts}:.m to cut the other circle in Q and R, the arc QR is of constant
1

4. The internal bisectors of the vertical angles of all triangles,
on the same base and on the same side of it, which have equal
vertical angles, pass through one fixed point and the external bisectors
through another fixed point.

5. If through one of the points of intersection of two equal
circles a straight line be drawn terminated by the circles, the straight
lines joining its extremities with the other point of intersection are
equal.

(\v -

Na

3
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PROPOSITION 27.

In equal circles, angles contained by arcs, which are of
equal length, are equal.
Let ABCD, EFGH be equal circles, and let A BC, EFG
be arcs of equal length:
it is required to prove that the arcs ABC, EFG contain
equal angles.
CoxsTRUCTION. Find the centres A, L of the circles
ABCD, EFGH, (Prop. 5.)
and draw AKX, KC, EL, LG.

B F
\ L
D H

Proor. Because the circles A BCD, EFGH are equal,
their radii AK, KC, EL, LG are equal. (Prop. 25 A.)
And because 4K is equal to L,
it is possible to shift the figure A BCDK so that 4 coincides
with %, and K with Z, and so that the parts of the arcs
ABC, EFG near E are on the same side of ZL.
If this be done,
because the radii of the circles are equal and their centres
coincide, .
the circles must coincide ;
and because the circles coincide, and the parts of the arcs
ABC, EFG near E are on the same side of KL, those
parts of the ares coincide ;
and because the arcs are of equal length and have one
extremity common,
therefore the other extremity must be common,
that is, the point C' must coincide with the point G.
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Therefore the arc ABC coincides with the arc EFG ;
and angles in the two arcs are then angles in the same arc

and therefore equal. (Prop. 21.)
Wherefore, in equal circles &e. ’
CoROLLARY. In the same circle, angles contained by arcs,

which are of equal length, are equal.
EXERCISES.

1. The straight lines joining the extremities of two equal arcs of
a circle are parallel or are equal.

Can they be both parallel and equal ?

2. The straight lines bisecting any angle of a quadrilateral in-
scribed in a cirole and the opposite exterior angle, meet on the circle.

3. If from any point on a circle a chord and a tangent be drawn,
the perpendiculars on them from the middle point of either of the arcs
subtended by the chord are equal to one another.

16—2
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. PROPOSITION 28.

In equal circles, arcs cut off by chords, which are equal to
one another, are of equal length, the greater equal to the
greater and the less equal to the less.

Let ABCD, EFGH be equal circles, and let AC, EG be
equal chords which cut off the two greater arcs 4BC, EFG,
and the two less arcs ADC, EHG :
it is required to prove that the arcs A BC, EFG are of equal

length

and that the arcs ADC, EHG are of equal length.

ConstrucrioN. Find KX, L, the centres of the circles
ABCD, EFGH, (Prop. 5.)
and draw AKX, KC, EL, LG.

B

ProoF. Because the circles are equal,
their radii 4X, KC, EL, LG are equal ; (Prop. 25 A.)
and because in the triangles AXC, ELG,
KA is equal to LE,
KC to LG,
and AC to EG,
the triangles are equal in all respects ; (I. Prop. 8.)
therefore the angle 4KC is equal to the angle ELG.
But in equal circles the arcs, on which equal angles at the
centres stand, are equal; (Prop. 26.)
therefore the arc ADC is equal to the arc FHG.
But the circle ABCD is equal to the circle ZFGH;
therefore the arc 4BC is equal to the arc EFG.

‘Wherefore, in equal circles &c.
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CoROLLARY. In the same circle, arcs cut off by chords,
which are equal to one another, are of equal length, the
greater equal to the greater and the less equal to the less.

EXERCISES.

1. A ftriangle is turned about its vertex till one of the sides
passing through the vertex is in the same straight line as the other
previously was. Prove that the line joining the vertex with the in-
tersection of the two positions of the base, produced if necessary,
bisects the angle between these two positions.

2. Find a point on one of two given equal circles, such that, if
from it two tangents be drawn to the other circle, the chord joining
the points of contact is equal to the chord of the first circle formed
by joining its points of intersection with the two tangents produced.

Determine the conditions of the possibility of a solution of the
problem.
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PROPOSITION 29.

In equal circles, chords, by which arcs of equal length are
subtended, are equal.

Let ABCD, EFGH be equal circles, and let AC, EG be
chords by which ADC, EHG, arcs of equal length are sub-
tended :

it is required to prove that the chords AC, £@ are equal.

ConstrucrioN. Find X, L, the centres of the circles
ABCD, EFGH, (Prop. 5.)

and draw AK, EL.

B F
K L
D H

Proor. Because the circles ABCD, EFGH are equal,
their radii AKX, EL are equal. (Prop. 25 A.)
And because 4K is equal to EL,
it is possible to shift the figure A BCDK so that 4 coincides
with Z, and K with L, and so that the parts of the arcs
ABC, EFG near E are on the same side of EL.
If this be done,
because the radii of the circles are equal and their centres
coincide,
the circles must coincide;
and because the circles coincide, and the parts of the arcs
ABC, EFG near E are on the same side of FL, those
parts of the arcs coincide ;
and because the arcs are of equal length and have one
extremity common,
therefore the other extremity must be common,
that is, the point C' must coincide with the point G.
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Therefore the chord AC coincides with the chord £G
and is equal to it.

‘Wherefore, in equal circles &c.

CoROLLARY. [In the same circle, chords, by which arcs of
equal length are subtended, are equal.

EXERCISES.

1. If the diagonals of a quadrilateral insoribed in a circle bisect
one another, the diagonals are diameters.

2. If two chords AP, A4Q of a circle intersect at a constant angle
at a fixed point 4 on the circle, the chord PQ always touches a con-
centrie circle.

8. Two triangles are insoribed in a circle: if two sides of the one
be parallel to two sides of the other, the third sides are equal.

Is it necessary that they are parallel ?
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PROPOSITION 30.
To bisect a gwen arc of a circle.

Let ABC be the given arc:
it is required to bisect it.

ConstrUcTION. Draw AC;

bisect it at D ; (I. Prop. 10.)
at D draw DB at right angles to AC meeting the arc at B:
(I Prop. 11.)
the arc ABC is bisected as required at the point B.
Draw 4B, BC.
B
4 D c
Proor. Because in the triangles A DB, CDB,
AD is equal to CD,
and DB to DB,

and the angle A DB to the angle CDB,
the triangles are equal in all respects; (I Prop. 4.)
therefore A B is equal to C'B.
But arcs cut off by equal chords are equal, the greater equal
to the greater, and the less equal to the less;
(Prop. 28, Coroll.)
and because BD, if produced, is a diameter, (Prop 2.)
each of the arcs AB, CB is less than a semicircle,
and therefore the arc AB is the smaller of the two arcs cut
off by the chord 4B, and the arc C'B the smaller of those
cut off by the chord CB;
- therefore the arc 4B is equal to the arc CB.

‘Wherefore, the given arc” ABC ts bisected at B.



PROPOSITION 30. 241

EXERCISES.

1. Find the triangle of maximum area which can be inscriled
in a given circle having a given chord for one side.

2. Prove that the triangle of maximum area inscribed in a circle
is equilateral.

8. The greatest quadrilateral which can be inscribed in a circle
is a square.

4. Having given a regular polygon of any number of sides in-
scnb;:sm a circle, inscribe a regular polygon of double the number
of si

5. If ABC an arc of a circle less than a semicircle be bisected in
B, and 4B produced meet CD which is drawn at right angles to BC in
D, :lmd the tangents at 4 and C meet in E, then B, C, D, E lie on &
circle.
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PROPOSITION 31.

An angle in a semicircle 18 a right angle ; an angle in an
arc, which 18 greater than a semicircle, 8 less than a right
angle ; and an angle tn an arc, which is less than a semi-
circle, is greater than a right angle.

Let ABCDE be a circle, of which ABD is a semicircle,
ADC an arc greater than a semicircle, and A BC an arc less
than a semicircle :
it is required to prove that the angle in the semicircle

ABD is a right angle; that the angle in the arc 4.DC
is less than a right angle, and that the angle in the
arc ABC is greater than a right angle.

ConsTrucTION. Take any point B in the arc ABC and
any point Z in the semicircle 4ED and draw 4B, BC, CD,
DE, EA, AC, AD. '

E

Proor. Because ACDE is a quadrilateral inscribed in
a circle, the sum of the angles ACD, AED is equal to two
right angles. (Prop. 22.)
But because each of the angles ACD, AED is contained by

a semicircle, the angle ACD is equal to the angle AED ;
(Prop. 27, Coroll.)

therefore each of them is a right angle.
Next, because the angle ACD of the triangle ACD is a
right angle,
the angle ADC is less than a right angle,
(L. Prop. 17.)
and it is an angle in the arc 4ADC.
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Again, because ABCD is a quadrilateral inscribed in a
circle, the sum of the angles ABC, ADC is equal to two
right angles. (Prop. 22.)
And the angle 4DC has been proved to be less than a right

angle ;
therefore the angle ABC is greater than a right angle,
and it is an angle in the arc 4BC.

‘Wherefore, an angle in a semicircle &c.

EXERCISES.

1. The circles described on two equal sides of a triangle as
diameters intersect at the middle point of the third side.

2. The circles described on any two sides of a tmngle as
diameters intersect on the third side.

3. Construct the rectangle one of whose diagonals is a straight
line given in magnitude and position and the other of whose diago-
nals passes through a given point.

4. An angle BAC of constant magnitude turns round its apex
A which is fixed. Prove that the line joining the feet of the perpendi-
culars from a fixed point O on 4B, AC always touches a fixed circle.

. 5. If a circle 4 pass through the centre of a circle B, the tan-
gents to B at the points of intersections of 4 and B intersect on the
circle 4.

6. Two chords 4B, CD of constant length placed in a circle

- subtend angles at the centre whose sum is equal to two right angles.

If AC, BD intersect in P, the distances of P from the middle points
of the chords will be independent of their relative positions,
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PROPOSITION 32.

If a chord be drawn from the point of contact of a
tangent to a circle, each of the angles which this chord makes
with the tangent is equal to the angle in the alternate arc
of the circle®,

Let ABCD be a circle, and EAF be the tangent at a
point 4, and let AC be a chord drawn from the point 4 :
it is required to prove that the angle CAE is equal to the

angle in the arc CDA, and the angle CAF to the angle in
the arc CBA.

ConsTrRUCTION. At 4 draw 4B at right angles to EAF,
cutting the circle again at B; (1. Prop. 11.)
take any point D in the arc ADC and draw BC, CD, DA.

g .

Proor. Because 4B is drawn at right angles to ZAF,

AB passes through the centre ; (Prop. 19.)

therefore BCDA is a semicircle; (Prop. 1 A.)

and the angle BCA is a right angle; (Prop. 31.)

therefore the sum of the other two angles BAC, CBA of

the triangle 4 BC is equal to a right angle. (L. Prop. 32.)

And the sum of the angles BAC, CAF, that is, the angle

BAPF, is a right angle

therefore the sum of the angles BAC, CAF is equal to the

sum of the angles BAC, CBA.

* The alternate arc is the name generally given to the arc which
lies on the side of the chord opposite to the angle spoken of.
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Take away the common angle BAC ;
then the angle CAF is equal to the angle CBA4,
which is an angle in the arc 4BC.
Again, because the sum of the angles 4BC, ADC is

equal to two right angles, (Prop. 22.)
and the sum of the angles CAF, CAE is equal to two
right angles ; (I. Prop. 13.)

therefore the sum of the angles CAF, CAE is equal to
the sum of the angles ABC, ADC ;
and it has been proved that the angle CAF" is equal
to the angle ABC;
therefore the angle CAZ is equal to the angle 4DC,
which is an angle in the arc 4A.DC.

‘Wherefore, ¢f & chord be drawn &c.

The theorem of Proposition 32 follows immediately from the
theorem of Proposition 21, if we consider the tangent at a point
as the limiting position of & chord drawn through the point. (See
page 217.) -

For the angle between the tangent AF in the diagram of Pro-
position 82 and the chord AC is the angle between two chords of the.
arc ABC, one an indefinitely short one drawn from a point indefi-
nitely near 4 to 4 and the other drawn from the same point to C,
and is therefore an angle in the arc ABC and therefore equal to the
angle ABC. (Prop. 21.)

EXERCISES.

1. If two circles touch each other, any straight line drawn through
the point of contact will cut off similar segments.

2. On the same side of portions 4B, AC of a straight line ABC
similar segments of circles are described : prove that the circles touch
one another.

3. If two circles OPQ, Opq touch at O, and OPp, 0Qq be straight
lines, the chords PQ, pq are parallel.

4. If a straight line eut two circles which touch at O, in the
points P, Q, and p, ¢, the angles POp, QOq are either equal or supple-
mentary.

5. ABC is a triangle inseribed in a circle, and from any point D
in BC a straight line DE is drawn parallel to C4 and meeting the
tangent at 4 in E; shew that a circle may be described round AEBD.
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PROPOSITION 33.

To describe on a given ﬁmt‘e strasght line an arc of a
circle containing an angle equal to a given angle.
Let AB be the given straight line, and C the given
angle :
it is required to describe on 4B an arc of a circle contain-
ing an angle equal to the angle C.

ConsTrucTION. Bisect 4B at E. (1. Prop. 10.)
If the angle C be a right angle, with Z as centre and
EA or EB as radius, describe a circle :
then the semicircle on either side of 4B is an arc described
as required. (Prop. 31.)
If the angle C be not a right angle, from 4 draw 40D
making the angle BAD equal to the angle C; (I. Prop. 23.)
and at 4, £ draw AF, EF at right angles to 4D, AB
respectively, (L Prop. 11.)
and let them meet at F'*
Draw FB, and with ¥ as centre and F4 as radius describe
the circle AGH :
this circle passes through B and the arc AG'B on the side
of AB away from 4D is an arc described as required.

Proor. Because in the triangles FEA, FEB,
EA is equal to £B,
and FE to FE,
and the angle FZ4 to the angle FEB,
the triangles are equal in all respects ;  (I. Prop. 4.)
therefore #4 is equal to FB.

* The lines must meet. Bee Ex. 2, p. 51.
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Therefore the circle AGH passes through B.
Again, because 4D is drawn from 4 at right angles to
the radius 47,

AD touches the circle ; (Prop. 16.)
and because the chord AB is drawn from the point of
contact of the tangent 4D,
the angle in the alternate arc AG'B is equal to the angle

DAB, (Prop. 32.)
that is, to the angle C.
‘Wherefore, on the given straight line AB the arc AGB
has been described containing an angle equal to the given
angle C.

EXERCISES.

1. Find a point at which each of two given finite straight lines
subtends a given angle.

2. Construct a triangle, having given the base, the vertical angle,
and the foot of the perpendicular from the vertex on the base.

3. Having given the base and the vertical angle of a triangle,
construet the triangle which will have the maximum area.

4. Find a point O within a given triangle ABC, so that, if 40,
BO, CO be joined, the angles 04B, OBC, OCA shall be all equal.

5. Construct a triangle, having given the base, the vertical angle,
and the altitude.

6. Find the locus of a point at which two given equal straight
lines 4B, BC subtend equal angles.



248 BOOK III

PROPOSITION 34.

To cut off from a given circle an arc containing an angle
equal to a given angle.

Let A BC be the given circle and D the given angle:
" it is required to cut off from the circle 4 BC an arc con-
taining an angle equal to the angle D.
ConsTrUCTION. Take any point 4 on the circle, and
through 4 draw the straight line £ZAF to touch the circle

at 4. (Prop. 17.)
From 4 draw AB making the angle BAE equal to the
angle D,

and cutting the circle again at B: (L. Prop. 23.)
then the arc ACB, on the side of 4B away from Z, is an arc
cut off as required.

B a
>
F
4
E

Proor. Because the chord 4 B is drawn from the point
of contact 4 of the tangent EAF,
the angle 4B is equal to the angle in the alternate arc
ACB. (Prop. 32.)
And the angle £4B is equal to the angle I;
therefore the angle in the arc ACB is equal to the angle .D.
‘Wherefore, the arc ACB has been cut of from the given
circle ABC containing an angle equal to the given angle D.
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Through a given point two chords can be drawn which will cut off
arcs containing an angle equal to & given angle.

Outline of Alternative Construction.

Through A4 draw miy chord 4P, and from P draw PR making the
angle RPA equal to the given angle D, and cutting the circle again

at Q.
r (2 (3)
5Ty
R \B
P
4 A R

It may be proved that the arc 4ABQ, measured from 4 on the side
of AP opposite to that on which PR is drawn, is an arc cut off as
required.

EXERCISES.

1. In a given circle inscribe an equiangular triangle.

2. Inscribe in a given circle & triangle, so that one angle may be
a half of a second angle and a third of the third angle.

8. Inscribe in a given circle a right-angled triangle, so that one
of its acute angles may be three times the other,
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PROPOSITION 35.

If two chords of a circle intersect at a point within the
circle, the rectangle contained by the segments of one chord is
equal to the rectangle contained by the segments of the other
chord.

Let ABCD be a circle and AC, BD two chords inter-
secting at the point £ within the circle:
it is required to prove that the rectangle contained by
AE, EC is equal to the rectangle contained by BE, ED.

ConsTrUCTION. If the point £ be the centre, it is clear
that AE, EC, BE, ED are equal, each being a radius,
and that the rectangles AZ, EC and BE, ED, each of which
is equal to the square on a radius, are equal,
If £ be not the centre, find O the centre;  (Prop. 5.)
draw OF at right angles to AC, (I. Prop. 12.)
and draw OE, OC.

B

Ac

Proor. Because OF is drawn from the centre at right
angles to the chord AC,
. therefore AF is equal to FC. (Prop. 4.)
And because EC is the sum of F(C, EF,
and A Z is the difference of AF, EF, that is, of FC, EF,
therefore the rectangle 4E, EC is equal to the difference
of the squares on FC, EF. (IL Prop. 5.)
But because the angles at F are right angles,
the sum of the squares on OF, FC is equal to the square
on OC,
and the sum of the squares on OF, EF is equal to the square
on Ok ; (L. Prop. 47.)
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therefore the difference of the squares on #C, ZF is equal to
the difference of the squares on OC, OF.

Therefore the rectangle A E, EC is equal to the difference of
the squares on 0C, OF.
Similarly it can be proved that the rectangle BE, ED is
equal to the difference of the squares on 0B, OF,
that is, is equal to the difference of the squares on OC, OE,
since OC is equal to OB.
Therefore the rectangle AE, EC is equal to the
rectangle BE, ED.

Wherefore, if two chords of a circle &e.

There are two special cases which should be noticed by the student,
one case, when the points E, F' coincide, i.e. when one chord bisects
the other; the other case, when the points O, F coincide, i.e. when
one chord is a diameter.

In Proposition 35 the distances between the ends of a chord and a
point in the chord are spoken of as segments of the chord. In Pro-
position 36 it will be noticed that the expression segments of a chord
has been used of the distances between the ends of the chord and a
point taken in the chord produced. In the first case the chord is
equal to the sum of the segments, in the second to the difference
of the segments.

EXERCISES.

1. Prove the converse of Proposition 85, i.e. that, if AC, BD be
two straight lines intersecting at E such that the rectangles AE, EC,
and BE, ED are equal, then 4, B, C, D lie on a circle.

2. If through any point in the common chord of two intersecting
circles there be drawn any two other chords, one in each circle, their
four extremities all lie on a circle.

3. Draw through a given point within a circle a chord, one of
whose segments shall be four times as long as the other. When is
this possible?

4. Divide a given straight line into two parts, so that the rect-
angle contained by the parts may be equal to a given rectangle.

5. A, B, C are three points on a circle, D is the middle point of
BC and 4D produced meets the circle in E: prove that the sum of
the squares on 4B, AC is double of the rectangle AD, AE.

17—2
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PROPOSITION 36.

If two chords of a circle when produced intersect at a potnt
without the circle, the rectangle contained by the segments of
one chord 18 equal to the rectangle contained by the segments
of the other chord.

Let ABDC be a circleand let C4, DB be two chords,
which intersect, when produced beyond 4 and B, at the
point Z without the circle :
1t is required to prove that the rectangle contained by

EA, EC is equal to the rectangle contained by £B, ED.

ConstructiON. Find O the centre ; (Prop. 5.)
draw OF at right angles to 4C, (I Prop. 12.)
and draw OF, OC.

E_ B~ ™N0D

4 0

Cc

Proor. Because OF is drawn from the centre at right
angles to the chord AC,
therefore A F is equal to FC. (Prop. 4.)
And because EC is the sum of EF, FC,
and EA4 is the difference of EF, AF, that is, of EF, FC,
therefore the rectangle £4, £C is equal to the difference .
of the squares on £F, FC. (IL Prop. 6. )
But because the angles at F are nght angles,
the sum of the squares on OF, FE is equal to the square
on OF,
and the sum of the squares on OF, FC is equal to the
square on OC ; (L. Prop. 47.)
therefore the difference of the squares on EF, FC is equal
to the difference of the squares on OF, OC.
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Therefore the rectangle £4, EC is equal to the difference
of the squares on OF, OC.

Similarly it can be proved that the rectangle £B, ED is
equal to the difference of the squares on OF, OD,
that is, is equal to the difference of the squares on OF, OC,
since 0D is equal to OC.

Therefore the rectangle £4, EC is equal to the
rectangle EB, ED.

Wherefore, if two chords of a circle &c.

There are two special cases which should be noticed by the
student, one case, when the points O, F coincide, i.e. when one chord
is a diameter; the other case, when the points B, D coinecide, i.e. when
one chord is a tangent, The statement of the theorem in the latter
case appears in the Corollary.

COROLLARY.

If a chord of a circle be produced to any point, the
rectangle contained by the segments of the chord is equal to
the square on the tangent drawn to the circle from the point.

This result is seen at once on considering the tangent as the
limiting position of the secant.

EXERCISES.

1. Prove the converse of Proposition 36, i.e. that, if EAC, EBD
be two straight lines intersecting at E such that the rectangles E4, EC
and EB, ED are equal, then 4, B, C, D lie on a circle.

2. If two circles intersect each other, their common chord bisects
their common tangents.

8. From a given point as centre describe & circle cutting a given
straight line in two points, so that the rectangle contained by their
distances from a given point in the straight line may be equal to a
given square.

4. If ABC be a triangle and D a point in 4C such that the angle
ABD is equal to the angle ACB, then the rectangle AC, 4D is equal
to the square on 4B,

5. If from each of two given points, a pair of tangents be drawn
to a given circle, the middle points of the chords joining the points of
contact of each pair of tangents lie on the circumference of a circle
passing through the two given points.
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PROPOSITION 37.

If from an external point there be drawn to a circle two
strawght lines, one of which cuts the circle in two points and
the other meets tt, and if the rectangle contained by the seg-
ments of the chord on the line which cuts the circle be equal
to the square on the line which meets the circle, the line which
meets the circle is a tangent to .

Let ABCD be a circle and £ an external point; and
let EAC be a straight line cutting the circle at 4, C
and EB a straight line meeting it at B, such that the rect-
angle contained by E4, EC is equal to the square on £B:
it is required to prove that £ B touches the circle.

ConsrructioN. Find the centre O; (Prop. 5.)
from £ draw ED to touch the circle at D ; (Prop. 17.)
and draw OB, 0D, OE.

EB

N/ |
)

c!

Proor. Because £D is a tangent, and 0D is the radius,
the angle £DO is a right angle. (Prop. 18.)
Because ZAC cuts the circle and £D touches it,
the rectangle £4, EC is equal to the square on £D;
(Prop. 36, Coroll.)
and the rectangle £4, EC is equal to the square on ZB;
therefore the square on ZB is equal to the square on £D;
therefore £B is equal to ZD.
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Again, because in the triangles £BO, EDO,
EB is equal to ED,
and OB to 0D,
and OF to OF,
the triangles are equal in all respects; (I. Prop. 8.)
therefore the angle £BO is equal to the angle EDO.
But EDO is a right angle;
therefore the angle £BO is a right angle.
And because BE is at right angles to the radius 0B,
BE touches the circle. (Prop. 16.)

‘Wherefore, tf from an external point &c.

EXERCISES.

1. If three circles meet two and two, the common chords of each
pair meet in a point.

2. If three circles touch two and two, the tangents at the points
of contact meet at & point.

8. If the tangents drawn to two intersecting circles from a point
be equal, the common chord of the circles passes through the point.

4. Describe a circle which shall touch a given straight line at a
given point, and shall cut off from another given straight line a chord
of a given length.

5. On OP, the straight line drawn from a given point O to P a
point on a given straight line, a point tQh is taken such that the
rectangle OP, OQ is constant: prove that the locus of Q is a circle.

6. On OP, a chord of a given circle drawn from a given point O,
a point Q is taken such that the rectangle OP, 0Q is constant: prove
that the locus of Q is a straight line.
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PROPOSITION 37 A.

If two triangles be equiangular to ome another, the
rectangle contained by any side of the one and any side of
the other is equal to the rectangle contained by the cor-

ing sides *.

Let ABC, DEF be two triangles which are equiangular
to one another, having the angles at 4, B, C' equal to the
angles at D, E, F respectively :
it is required to prove that the rectangle 4B, EF is equal

to the rectangle BC, DE.

ConsTrUCTION. In 4B, CB produced beyond B, take
points G, H such that BG is equal to EF, and BH to ED;

(L. Prop. 3.)
and draw GH.

c
. J E VF
B
H D .
4
Proor. Because the angle GBH is equal to the angle
CBA, (I Prop. 15.)
and the angle FED is equal to the angle CBA4,
the angle GBH is equal to the angle FED.
Because in the triangles BGH, EFD,
B@ is equal to EF and BH to ED,
and the angle GBH is equal to the angle F£D,
the triangles are equal in all respects: (I. Prop. +.)
therefore the angle BGH is equal to the angle ZFD ;
but the angle EFD is equal to the angle BC4,
therefore the angle AG'H is equal to the angle ACH;
therefore the points 4, C, @, H lie on a circle.
(Prop. 21, Coroll.)
Therefore the rectangle 4B, BG is equal to the rectangle
CB, BH ; (Prop. 35.)
that is, the rectangle A B, EF is equal to therectangle BC, DE.
‘Wherefore, if two triangles &c.

* In two triangles which are equiangular to one another, two
sides are said to correspond when they are opposite to equal angles.
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PROPOSITION 37 B.

The rectangle contained by the diagonals of a corvex
quadrilateral inscribed in a circle is equal to the sum of the
rectangles contained by pairs of opposite sides*.

Let ABCD be a quadrilateral inscribed in a circle and
AC, BD be its diagonals :
it is required to prove that the rectangle AC, BD is equal to

the sum of the rectangles 4B, CD and BC, AD.

ConsTrUCTION. From B in B4, on the same side of B4
as CD, draw BE making the angle-
ABE equal to the angle CBD, and B
meeting AC in E. (L. Prop. 23.)
Proor. Because the angle BAC
is equal totheangle BDC,(Prop. 21.)
and the angle ABE is equal to the
angle DBC, (Constr.) D
therefore the triangles ABE, DBC 4
are equiangular to one another ;
SI. Prop. 32.) ,
therefore the rectangle 4B, CD is equal to the rectangle
AE, BD. (Prop. 37 A.)
Again, because the angle ABE is equal to the angle DBC,
the angle ABD is equal to the angle ZBC ;
and the angle BDA is equal to the angle BCA (i.e. BCE),

(Prop. 21.)
therefore the triangles ABD, EBC are equiangular to one
another ; (L. Prop. 32.)

therefore the rectangle 4D, BC is equal to the rectangle
EC, BD;
but it has been proved that
the rectangle 4B, CD is equal to the rectangle 4E, BD.
Therefore the sum of the rectangles AB, CD and 4D, BC is
equal to the sum of the rectangles 4%, BD and EC, BD,
that is, to the rectangle AC, BD. (II. Prop. 1.)

‘Wherefore, the rectangle contained &c.

* This theorem is attributed to Ptolemy, a Greek geometer of
Alexandria, who died about A.p. 160,
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ADDITIONAL PROPOSITION.

If a straight line be drawn through a given point to cut a given
circle, the intersection of the tangents at the two points of section
always lies on a fized straight line*.

Let PRS be any straight line drawn through a given point P to
cut a given circle, whose centre is 0, in R and S.

Let QR, QS be the tangents at R, S.

Draw OQ intersecting RS in M; and draw OP, and draw QH per-
pendicular to OP or OP produced.

Because the angle at M is a right angle (Ex. 3, page 217),
and the angle at H is a right angle,
the points P, H, M, Q lie on a circle;
fig. 1 (Prop. 21, Coroll.) and fig. 2 (Prop. 22, Coroll.)
therefore the rectangle OH, OP is equal to the rectangle OM, 0Q.
(Prop. 36.)
But because QS is a tangent at S,
the angle 0SQ is a right angle, (Prop. 18.)
and the angle at M is a right angle,
therefore the rectangle OM, 0Q is equal to the square on 0S;
(1. Prop. 417.)
Therefore the rectangle OP, OH is equal to the square on OS.
But OP and OS are both constants,
therefore OH is a constant,
and the point Q always lies on a fixed straight line,
i.e. the line drawn through the fixed point H at right angles to OP.

* This line is called the polar of the given point, and the point
is called the pole of the line with respect to the circle.
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It has now been proved that, if a point and a straight line be such
that the straight line joining the centre of a circle to the point is at
right angles to the line, and the rectangle contained by the distances
of the point and the line from the centre is equal to the square on the
radius of the circle, the point is the pole of the line, and the line the
polar of the point with respect to the circle.

) ¥ (3 @
P PH
(0]

In the diagram O is the centre of the circle: H is a point in OP
such that the rectangle OP, OH is equal to the square on the radius,
and HQ is at right angles to OP.

P is the pole of HQ, and HQ is the polar of P.

It will be observed that,

if P be without the circle (fig. 1), the polar cuts the circle:
if P be on the circle (fig. 2), the polar is the tangent to the circle,
and if P be within the circle (fig. 3), the polar does not cut the circle.
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ADDITIONAL PROPOSITION.

If a quadrilateral be inscribed in a circle, the square on the straight
line joining the points of intersection of opposite sides is less than the
sum of the squares on the straight lines joining those points to the
centre of the circle by twice the square on the radius of the circle.

Let ABCD be a quadrilateral inscribed in a circle whose centre is
O; and let the sides AB, CD meet in Q and the sides 4D, BC in R.

Draw QR and draw 4S making the angle RAS equal to the angle

RQD and meeting RQ in S. (1. Prop. 23.)
2@
(4
N
AN
. B
D

Beocause in the triangles RAS, RQD,
the angle R4S is equal to the angle RQD,
the angle RS4 is equal to the angle RDQ; (I. Prop. 32.)
therefore the points S, 4, D, @ lie on a circle.
(Prop. 21 or 20, Coroll.)
Therefore the rectangle RS, RQ is equal to the rectangle R4, RD.
(Prop. 36.)
Also it can be proved that the points R, S, 4, B lie on & circle.
Therefore the rectangle QS, QR is equal to the rectangle Q4, QB.
(Prop. 35 or 36.)
Therefore the square on QR,
in figure (1), being the sum of the rectangles RS, RQ and @S, QR,
is equal to the sum of the rectangles R4, RD and Q4, @QB;
and in figure (2), being the difference of the rectangles RS, RQ, and
@S, QR, is equal to the difference of the rectangles R4, RD
and Q4, QB. ~
Since the rectangle R4, RD is equal to the difference of the squares on
RO and the radius, (Prop. 86.)
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and the rectangle Q4, QB in figure (1) is equal to the difference of the

squares on QO and the radius, (Prop. 36.)
and in figure (2) is equal to the difference of the squares on the
radius and QO; (Prop. 85.)

it follows that in both cases

the square on QR is less than the sum of the squares on QO, RO by
twice the square on the radius.

ADDITIONAL PROPOSITION.

If one pair of opposite sides of a quadrilateral inscribed in a circle
intersect at a fired point, the other pair of opposite sides intersect on a
Jized straight line*.

Let ABCD be a quadrilateral inscribed in a circle, whose centre is
O; and let the sides 4B, CD meet in Q and 4D, BC in R.

Because Q and R are the intersections of opposite sides of a quadri-
lateral inscribed in the circle,
the square on QR is less than the squares on 0Q, OR by twice the
square on the radius; (Add. Prop. page 260.)
therefore the difference of the squares on QR, 0Q is equal to the dif-
ference of the square on OR and twice the square on the radius,
which is a constant, if the point R be fixed.
Therefore the locus of the point @ is a straight line.
(Ex. 2, page 125.)

* We leave to the student as an exercise the proof that this line is
the polar of the fixed point.
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ADDITIONAL PROPOSITION.

If one point lie on the polar of another point, the second point lies
on the polar of the first point.
Let P, Q be two points such that Q lies on the polar of P,
i.e. if QH be drawn perpendicular to OP,
the rectangle OH, OP is equal to the square on the radius.

CoNnsTRUCTION. Draw PK perpendicular to 0Q. {L. Prop. 12.)

<\

Proor. Because the angles at H and K are right angles,
Q, K, P, H lie on a circle; (Prop. 22, Coroll.)
therefore the rectangle 0Q, OK is equal to the rectangle OH, OP,
(Prop. 36.)

P

and therefore to the square on the radius;
and KP is at right angles to OK;
therefore KP is the polar of Q,
or, in other words, P lies on the polar of Q.
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EXERCISES.

1. Prove that the polar of a point without a circle is the straight
line joining the points of contact of tangents drawn from the point to
the circle.

2. If O be the centre of a circle, and the polar of a point P cut
PO in H, and any straight line through P out the ecircle in R and &S,
then the polar bisects the angle RHS.

8. If a straight line PQR cut a circle in Q and R and cut the
polar of P in K, and if M be the middle point of QR, then the rect-
angles PQ, PR and PK, PM are equal.

4. If P, Q, R, S be the points of contact of the sides 4B, BC,
CD, DA of a quadrilateral ABCD with an inscribed circle, the straight
lines AC, BD, PR, QS are concurrent.

5. Shew how o draw two tangents to a given circle from a given
external point by means of straight lines only.

6. Bhew how to draw a tangent to a given circle at a given point
on it by means of straight lines only.
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ADDITIONAL PROPOSITION.

The locus of a point from which tangents drawn to two giren circles
are equal is a straight line®.

Let P be a point such that
PQ, PR tangents drawn to two
given circles are equal.

Find the centres 4, B of the
circles; (Prop. 5.)
draw 4B, AP, AQ,BP, BR, and
draw PH perpendicular to 4B.

(L. Prop. 12.)
Because PQ, PR are tangents
the angles at Q and R are right angles.

Therefore the sum of the squares on PQ, AQ is equal to the square

on AP, (1. Prop. 47.)

and the sum of the squares on PR, BR is equal to the square on BP;
therefore the difference of the squares on 4Q, BR is equal to the

difference of the squares on AP, BP.
But because the angles at H are right angles,
the difference of the squares on AP, BP
is equal to the difference of the squares on 4H, HB.
Therefore the difference of the squares on 4H, HB is equal to the
difference of the squares on 4Q, BR, which is a constant;
therefore H is a fixed point,

and the straight line HP on which P lies is drawn through H at
right angles to 4B the line of the centres, and is therefore a fixed
straight line.

* This line is called the Radical Axis of the two circles. This
name was given to the line by L. Gaultier de Tours, a French geo-
meter. See Journal de Vécole Polytechnique, tom. 1x. p. 139 (1813).
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EXERCISES.

1. Prove that the radical axis of two intersecting circles passes
through their points of intersection,

2. What is the radical axis of two circles which touch each other?

8. Prove that the middle points of the four common tangents of
two circles external to each other lie on a straight line.

4. Prove that the radical axes of three circles taken two and two
together meet in & point*.

5. Shew how to draw the radical axis of two circles which do not
meet.

6. Draw a circle through & given point and cutting two
given circles so that xts chords of intersection vuth the two circles
may each pass through given points.

7. O is & fixed point outside a given circle: find a straight line

such that each of the tangents drawn from any point P in that line
to the circle shall be equal to PO.

8. Draw a straight line in a given direction so that chords out
from it by two given circles may be equal,

9. Prove that the difference of the squares of the tangents from
any point to two circles is equal to twice the rectangle under the dis-
tance between their centres and the distance of the point from their
radical axis,

10. Through two given points draw a circle to cut a given circle
in such a way that the angle contained in the segment cut off the
given circle maybe equal to a given angle.

* This point is called the Radical Centre -of the three circles.

T, E. - 18
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DerINITION. Two circles or other curves, which meet at
a point, are said to meet at the angle at which their tangents
at the point meet.

Two circles or other curves are said to be orthogonal or
to cut orthogonally at a point, when they intersect at right
angles at the point.

ADDITIONAL PROPOSITION.

If the square on the distance between the centres of two circles be
equal to the sum of the squares on the radii, the circles are orthogonal.

Let A, B be the centres of two circles CPD, EPF, which intersect
at P, and are such thatthe square on 4B is equal to the sum of the
squares on AP, BP,

/3

Because the square on 4B is equal to the sum of the squares on
AP, BP,
the angle. 4 PB is a right angle, (I. Prop. 48.)
And BP is a radius of the circle EPF;
therefore 4P touches the circle EPF,
Similarly it can be proved that BP touches the circle CPD;
therefore the circles CPD, EPF are orthogonal.
A Y
CoroLrARY. The radius of each of two orthogonal circles drawn to
a point of intersection is a tangent to the other circle.
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EXERCISES.

1. A circle, which passes through a given point and cuts a given
circle orthogonally, passes through a second fixed point.

2. Describe a circle to cut a given circle orthogonally at two
given points.

8. Describe a circle through two given points to cut a given circle
orthogonally.

. 4. Two chords 4D, BC of a circle ACDB, of which 4B is a
diameter, intersect at E: a circle described round CDE will cut the
circle ACDB at right angles,

5. Two circles cut each other at right angles in 4, B; P is any
int on one of the circles, and the lines P4, PB cut the other circle
in @, R: shew that QR is a diameter.

6. The internal and external bisectors of the vertical angle 4 of
the triangle 4 BC meet the base in D and E respectively. Prove that
the circles described about the triangles ABD and ABE out at right
angles, as also do those described about the triangles ACD and ACE.

18—2
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ADDITIONAL PROPOSITION.

Every circle, which cuts two given circles orthogonally, has its
centre on the radical azis of the given circles, and if it cut the straight
line joining their centres, it cuts it in two fized points.

Let A, B be the centres of two given circles and let P be the
centre of a circle, which cuts the given circles orthogonally at Q and R.

Draw 4B, PQ, PR, and draw PH perpendicular to AB.
Because the oircles cut ortho-
gonally at Q, . P
PQ is a tangent at Q. Q
(Add. Prop. page 266, Coroll.) R
Similarly it can be proved that ‘ H y
PR is a tangent at R. ~ C

But PQ is equal to PR;
therefore P is a point on the radical

axis of the given circles,

and therefore H is a fixed point. (Add. Prop. page 264.)

Next, let the circle whose centre is P cut the line AB in M, N.
Because the circles cut orthogonally at Q,
AQ is a tangent to the circle QMNR at Q,
and therefore the square on 4@ is equal to the rectangle AM, AN;
but because PH is at right angles to MN,
MH is equal to NH; (Prop. 4.)
and the rectangle AM, AN is equal to the difference of the
squares on AH, MH; (1. Prop. 6.)
therefore the square on 4Q is equal to the difference of the
squares on AH, MH.
Now the lines 4Q, AH are of constant length ;
therefore MH (or NH) is of constant length.
Therefore the points M and N are at a constant distance from H,
which is a fixed point;
therefore the points M and N are fixed points.

-~
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We leave it to the student as an exercise to prove that:

if the given circles be external to each other, the points M and N are
real, one within each of the given circles;

if the circles touch externally, M and N coincide with the point of
contact ;

if the circles intersect, the circle, whose centre is P, does not intersect
the line 4B in real points;

if one circle touch the other internally, the points are again real, and
they coincide with the point of contact;

if one circle lie wholly within the other, the points M and N are
both real, one within both circles and the other without both
circles.

EXERCISES.

1. Draw a circle to cut three given circles orthogonally.

2. Prove that every pair of circles, which cut two given circles
orthogonally, has the same radical axis.

3. Of four given circles three have their centres in the same
straight line, and the fourth cuts the other three orthogonally; prove
that the radical axis of each pair of the three circles is the same.

4. ABCD is a quadrilateral inscribed in a circle; the opposite
sides 4B and DC are produced to meet at F; and the opposite sides
BC and 4D at E: shew that the circle described on EF as diameter
cuts the circle ABCD at right angles.

5. Find a point such that its polar with respect to each of two
given circles is the same.
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ADDITIONAL PROPOSITION.

The middle points of the sides of a triangle and the feet of the
perpendiculars from the angular points on the opposite sides lie on a
circle.

Let D, E, F be the middle points of the sides BC, C4, 4B of a
triangle 4ABC, and L, M, N the feet of the perpendiculars on them
from 4, B, C.

Draw FL, LE, FD, DE.

B L D c

Then because ALB is a right-angled triangle, and F is the middle
point of 4B,

FL is equal to FA4 ; (Ex. 7, page 87.)
therefore the angle FL4 is equal to the angle FAL. (L. Prop. 5)
Similarly it can be proved that the angle ALE is equal to the
angle LAE ;

therefore the angle FLE is equal to the angle BAC.
Again because FD is parallel to 4C
and DE to B4, (Add. Prop. page 101.)
FAED is a parallelogram,
and the angle FDE is equal to the angle BAC; (L. Prop. 34.)
therefore the angle FLE is equal to the angle FDE.
Therefore L, D, E, F lie on a circle. (Prop. 21, Coroll.)
Similarly it can be proved that M, D, E, F lie on a circle,
and that N, D, E, F lie on a circle.
But only one circle can be described through the three points D, E, F;
therefore these three circles are coincident.
Therefore the six points L, M, N, D, E, F lie on a circle.
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ADDITIONAL PROPOSITION.

The circle through the middle points of the sides of a triangle passes
through the middle points of the straight lines joining the angular points
of the triangle to the orthocentre.

Let D, E, F be the middle points of the sides BC, CA, AB of a
triangle ABC.

Draw AL, BM, CN perpendioular to BC, CA, AB, interseoting
at 0. (Add. Prop. page 95.)

Bigect 40, BO, CO at a, b, c.

In the triangle OBC, D, ¢, b are the middle points of the sides,

and L, M, N are the feet of the perpendiculars from the vertices on
the opposite sides ;
therefore L, D, ¢, M, N, b lie on a circle. (Add. Prop. page 270.)
Similarly it can be proved that
L, ¢, E, M, a, N lie on a circle,
and that L, M, a, N, F, b lie on a circle.
But only one circle ean be described through the three points L, M, N';
therefore these circles are coincident.

Therefore the nine points L, D, ¢, E, M, a, N, F, b lie on a circle*.

* This cirole is called the Nine Point Circle of the triangle.
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ADDITIONAL PROPOSITION.

The feet of the perpendiculars drawn from any point on a circle to
the three sides of a triangle inscribed in the circle lie on a straight
line®.

Let ABC be a triangle and PL, PM, PN
be the perpendiculars from a point P on the
circle ABC to BC, CA, AB. P

Draw LN, NM.

Beoause PLB, PNB are right angles,

a circle can be described about PNLB;
(IIL. Prop. 21, Coroll.) B (44
therefore the angles PNL, PBL are supple-
mentary. (III. Prop. 22.)
Bat the angles PAC, PBC are supplementary; (III. Prop. 22.)
therefore the angle PNL is equal to the angle PAC.

Again because PMA4, PNA are right angles,

a cirole can be desaribed about PNAM; (III. Prop. 22, Coroll.)
therefore the angle PN/ is equal to the angle PAM.,

Therefore the sum of the angles PNL, PNM is equal to the sum
of the angles PAC, PAM,

that is, to two right angles. (L Prop. 13.)
Therefore LN, NM are in the same straight line. (L Prop. 14.)

M
A

EXERCISES.

1. If PL, PM, PN be the perpendiculars drawn from P a point
on the circle ABC to the sides BC, C4, AB of an inscribed triangle,
and straight lines Pl, Pm, Pn be drawn to meet the sides in 1, m, n
such that the angles LPl, MPm, NPn are equal and measured in the
same sense, then I, m, n are collinear.

2. Pis a point on the circle circumsecribing the triangle 4BC.
The pedal line of P cuts 4C and BCin M and L. Y is the foot of
the perpendicular from P on the pedal line. Prove that the rectangles
PY, PC, and PL, PM are equal.

* This line is called the Pedal Line.
Its discovery is attributed to Dr Robert Simson, and it is in
consequence also called Simson’s Line.

e
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DEFINITIONS.

DErFINITION 1.

A figure of five sides is called a pentagon,
one of six sides i called a hexagon,
one of eight sides is called an octagon,
one of ten  sides 18 called @ decagon,
one of twelve sides i3 called a dodecagon*,

DErFINITION 2. When each of the angular points of one
rectilineal figure lies on one of the sides of a second recti-
lineal figure, and each of the sides of the second figure passes
through one of the angular points of the first figure, the first
JSigure i8 said to be inscribed in the second figure, and the
second figure is said to be described about the first figure.

* Derived from xére “five,” & ‘‘six,” éxrd “eight,” déxa * ten,”
3ddexa ‘“twelve,” respectively, and ywria ““an angle.”
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PROPOSITION 1.

To draw a chord of a given circle equal to a given straight
line. :
Let ABC be the given circle, and D the given straight
line :
it is required to draw a chord of the circle ABC equal
to D.

ConstructioN. Take any point A4 on the circle 4ABC,
and from 4 draw 4 equal to D. (I. Prop. 2.)
If E lie on the circle ABC, what is required is done, for in

the circle 4 BC the chord AE is drawn equal to D.
But if £ do not lie on the circle 4 BC,
with 4 as centre and AZ as radius describe the circle ECF
cutting the circle 4 BC at F.
Draw AF.
AF is a chord drawn as required.

Proor. Because 4 is the centre of the circle ZCF,
AF is equal to AE.
But 4Z is equal to D. (Constr.)
Therefore 4 F is equal to D,
and it is a chord of the circle ABC.
‘Wherefore, a chord AF of the given circle ABC has been
drawn equal to the given straight line D,
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It is clear that it is not possible to draw a chord of a given circle
to be equal to a given straight line, if the given line be greater than
the diameter of the circle (IIL. Prop. 8, Part 1) ; and further that, if
a solution be possible, in general two chords can be drawn from a
given point equal to the given line.

In the diagram, if the two circles intersect in C, the chord AC
also is equal to the given line.

EXERCISES.

1. In a given circle draw a chord parallel to one given straight
line and equal to another.

2, Ona given circle find a point such that, if chords be drawn to
it from the extremities of & given chord, their sum shall be equal to a
given straight line.

H%w many solutions are there in the different cases which may
occur
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PROPOSITION 2.

To inscribe in a given circle a triangle equiangular to a
given triangle.
Let ABC be the given -circle, and DEF the given
triangle :
it is required to inscribe in the circle A BC a triangle equi-
angular to the triangle DEF.
ConstrucTiON. Take any point 4 on the circle,
and through 4 draw the chord 4B to cut off the arc ACB
containing an angle equal to the angle DFE,
and through A draw the chord AC to cut off the arc 4 BC
containing an angle equal to the angle DEF *,

(II1. Prop. 34.)
Draw BC :
the triangle 4 BC is inscribed as required.
. B
E
b)) ) A
F

Proor. Because the arc ACB contains an angle equal
to the angle DFE, é’Constr.)
and the angle ACB is contained by the arc 4CB,
the angle ACB is equal to the angle DFE.

Similarly it can be proved that
the angle ABC is equal to the angle DEF. -
And because the sum of three angles of a triangle is equal
to two right angles, (I Prop. 32.)
and the angles ACB, ABC are equal to the angles DFE,
DET respectively,

* It must be noticed that the arcs ACB, ABC are measured in
opposite directions along the circumference from the point 4.
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the remaining angle BAC of the triangle ABC is equal
to the remaining angle ZDF of the triangle DEF ;
therefore the triangle ABC is equiangular to the triangle
DEF.
‘Wherefore, a triangle ABC equiangular to the triangle
DEF has been tnscribed in the given circle ABC.

Since the arc 4BC may be measured in either direction along the
circumference from 4, we see that two triangles equiangular to a
given triangle can be inscribed in a given circle so as to have a vertical
angle equal to a given angle of the triangle at a given point on the
circle, and that six triangles equiangular to a given triangle can be
inscribed in & given circle, 80 a8 to have one of its vertical angles at
the given point on the circle.

EXERCISES.

1. Prove that all triangles inscribed in the same circle equi-
angular to each other are equal in all respects.

2. The altitude of an equilateral triangle is equal to a side of an
equilateral triangle inscribed in a circle described on one of the sides
of the original triangle as diameter.

8. ABC, A'B'C’ are two triangles equiangular to each other in-
scribed in a circle AA’BB’CC’. The pairs of sides BC, B'C’; CA,C'A’;
AB, A’B’ intersect in a, b, ¢ respectively.

Prove that the triangle abc is equiangular to the triangle 4BC.
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PROPOSITION 3. ¢

To describe about a given circle a triangle equiangular to
a given triangle.
Let ABC be the given circle and DEF the given
triangle :
it is required to describe about the circle ABC a triangle
equiangular to the triangle DEF.
ConsrructioN. Find the centre G of the circle 4BC,
(III. Prop. 5.)
and draw any diameter HG 4 meeting the circle in 4.
At @ in GH draw the straight lines @B, GC on opposite
sides of GH making the angles BGH, CGH equal to the
angles EFD, DEF, (L. Prop. 23.)
meeting the circle in B, C.
Through 4, B, C draw MAN, NBL, LCM at right angles

to G4, GB, GC respectively: (L. Prop. 11.)
the triangle LM is a triangle described as required.

L

i A

{ >F ¢ "B

E
M
4
N

ProoF. Because the sum of the angles of the quadri-
lateral GBNA is equal to four right angles,
(I. Prop. 32, Coroll.)
and two of the angles GAN, GBN are right angles,
the sum of the angles AGB, ANB is equal to two right

angles,
But the sum of the angles AGB, HGB is equal to two
right angles; (1. Prop. 13.)

therefore the sum of the angles AGB, ANB is equal to the
sum of the angles 4GB, HGB;
therefore the angle ANB is equal to the angle HG'B,
that is, to the angle ZFD.
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Similarly it can be proved that
the angle LM X is equal to the angle DEF;
therefore the remaining angle NLM of the triangle LMN
is equal to the remaining angle ZDF of the triangle DEF.
(1. Prop. 32.)
Therefore the triangle LMN is equiangular to the
triangle DEF.
Again, because MV is drawn through 4 a point on the
circle ABC at right angles to the radius 4G,
MY touches the circle. (III. Prop. 16.)
Similarly it can be proved that N L, LM touch the circle.
Therefore the triangle LM is described about the circle
ABC.

Wherefore, a triangle LMN equiangular to the given
triangle DEF has been described about the given circle ABC.

EXERCISES.

1. Prove that all triangles described about the same circle equi-
angular to each other are equal in all respects.

2. Describe a triangle about a given circle to have its sides
parallel to the sides of a given triangle.

How many solutions are there?

3. The angles of the triangle formed by joining the points of con-
tact of the inscribed circle of a triangle with the sides are equal to the
halves of the supplements of the corresponding angles of the original
triangle.

4. If ABC, A'B'C’ be two equal triangles described about a circle
in the same sense and the pairs of sides BC, B’C'; C4,C'A’; AB, A’'B’
meet in a, b, ¢ respectively, a, b, ¢ are eqmdmtant from the centre of
the circle.
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PROPOSITION 4.
To inscribe a circle in a given triangle.

Let ABC be the given triangle :
it is required to inscribe a circle in the triangle 4 BC.

ConsTRUCTION. Bisect two of the angles 4BC, BCA of
the triangle A BC by BD, CD meeting at D, (1. Prop. 9.)
and from D draw DE, DF, DG perpendicular to BC, CA,

A B respectively. (I. Prop. 12.)

‘With D as centre and DE, DF, or D@ as radius describe

a circle :
it will be a circle described as required.

Proor. Because in the triangles DEB, DQB,
the angle DBE is equal to the angle DBG@, (Constr.)
and the angle DEB is equal to the angle DG B,
’ (1. Prop. 10 B))
and the side BD is common,
the triangles are equal in all respects;
(1. Prop. 26, Part 2.)
therefore DZ is equal to DG.
Similarly it can be proved that DZ is equal to DF.
Therefore the three straight lines DE, DF, D@ are equal
to one another, and the circle described with D as centre,
and DE, DF, or DG as radius passes through the ex-
tremities of the other two;
and touches the straight lines BC, C4, AB, because the
angles at the points %, F, @ are right angles, and the
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straight line drawn through a point on a circle at right
angles to the radius touches the circle. (III. Prop. 16.)

Therefore the straight lines 4B, BC, CA do each of them
touch the circle, and therefore the circle is inscribed in
the triangle ABC.

‘Wherefore, the circle EFG has been tnscribed in the given
triangle ABC.

EXERCISES.

1. The base of a triangle is fixed, and the vertex describes a
circle passing through the extremities of the base: find the locus of
the centre of the inscribed circle.

2. If a polygon be described about a circle, the bisectors of all
its angles meet in & common point.

8. Describe a circle to touch a given circle and two given tan-
gents to the circle.

4, Construct a triangle, having given the base, the vertical angle
and the radius of the inscribed eirc:sle.81 ¢

5. Find the centre of a circle cutting off three equal chords from
the sides of a triangle.

6. The triangle whose vertices are the three points of contact of
the len(l!scnbed circle with the sides of a triangle, is always acute-
angled.
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It can be proved in the same manner as in Proposition 4
that, if the angles at B and C of the triangle be bisected
externally by BD,, CD,, meeting at D,, and perpendiculars,
D E,DF, DG bedrawn, the circle described with D, as

centre and either of the three lines DE,DF,6 DG, as
radius will touch the three sides of the triangle. Such a
circle satisfies the definition (III. Def. 10) of an inscribed
circle.

The circles are however generally distinguished thus,
the circle £FG, which lies wholly within the triangle
ABC, is called the inscribed circle, whereas the circle
E FG, is called an escribed circle, and is said to be
escribed beyond the side BC, to distinguish it from the
two other circles which can, in a similar manner, be escribed

beyond C'4A and beyond AB respectively.
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EXERCISES.

1. Prove that the radius of the inscribed circle of a triangle is
less than the radius of any one of the escribed circles.

2. Prove that the greatest of the escribed circles of a triangle is
that which is escribed beyond the greatest snde, and the least, beyond
the least side.

3. If the centres of the escribed circles of a triangle be joined, and
the points of contact of the inscribed circle be joined, the two tri-
angles so formed are equiangular to each other,

4. A circle touches the side BC of a triangle ABC and the other
two sides produced : shew that the distance between the points of con-
tact of the side BC with this circle and with the inscribed circle, is
equal to the difference between the sides 4B and AC.

5. Construct a triangle, having given its base, one of the angles
at the base, and the distance between the centre of the insecribed circle
and the centre of the circle touching the base and the sides produced.

6. Prove that, if 4, B be two fixed points on a circle and P a
variable point, the locus of the centre of each of the escribed circles
of the triangle APB is a circle.

7. The centre of the inscribed circle of a triangle is the ortho-
_ centre of the triangle formed by the centres of the escribed circles.
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PROPOSITION 5.

To describe a circle about & given triangle.

Let ABC be the given triangle :
it is required to describe a circle about the triangle 4 BC.

CoNsTRUCTION. Bisect two of the sides 4B, AC of the
triangle ABC, at D, E, (I. Prop. 10.)
and draw DF, EF at right angles to 4B, AC meeting at F.

(L. Prop. 12.)
Draw FA, and with F as centre and F4 as radius describe
a circle:
this is a circle described as required.
F must lie either in BC (fig. 2) or not in BC (figs. 1 and 3).
If F do not lie in BC, draw FB, FC.

(1)

B

Proor. Because in the triangles #DA, FDB,
AD is equal to BD, (Constr.)
and DF is equal to DF,
and the angle ADF is equal to the angle BDF, (Constr.)
the triangles are equal in all respects; (I Prop. 4.)
therefore #'4 is equal to #'B.
Similarly it can be proved that F4 is equal to FC.
Therefore the circle described with F as centre and F4 as
radius passes through the points B and C, and is de-
scribed about the triangle 4 BC.

‘Wherefore, a circle ABC has been described about the
gwen triangle A BC.

-
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The construction of Proposition 5 shews that only one
circle can be described about a given triangle, a theorem
which has already been established otherwise.

(II1. Prop. 9, Coroll. 2

The clrcle ABC is often spoken of as the circumserd
circle of the triangle ABC.

Propositions 4 and 5 solve problems of the same nature; each
shews how {o describe a circle to satisfy three given conditions. The
problem of Proposition 4 to describe a circle to touch three given
straight lines, admits of 4 solutions; Proposition 5, to describe a circle
to pass through three given points, admits of but a single solution.

A circle can be described to satisfy three (and not more than
three) independent conditions, but it will be found that the solution
is not always unique: if the problem be one which can be solved by
geometrical methods, the number of solutions will be found to be 1 or
2 or 4=2x2 or 8=2x 2 x 2 or some higher power of 2.

The number 2 occurs in one of its powers from the fact that at
each step of the solution where choice is possible, the choice lies
between the two intersections of a circle and a straight line or the
two intersections of two circles.

If it be required to describe a circle to touch four or more given
straight lines, or to pass through four or more given points, relations
of some kind must exist between the positions of the lines or of the
points in order that a solution may be possible.

EXERCISES.

1. Inscribe in an equilateral triangle another equilateral triangle
having each side equal to a given straight line.

2. Shew how to cut off the corners of an equilateral trmngle,
as to leave a regular hexagon.

8. The sides AB, 4C of a triangle are produced and the exterior
angles are bisected by straight lines meeting in O: if a circle be
described about the tmngle BOC, its centre will be on the circle
described about the triangle 4BC.
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PROPOSITION 6.
T'o vnscribe a square in a given circle.
Let ABCD be the given circle:

it is required to inscribe a square in the circle 4 BCD.
ConsTrUcTION. Find the centre £ of the circle ABCD,

(III. Prop. 5.)
and draw two diameters AZC, BED at right angles to one
another., ‘ (L. Prop. 11.)

Draw 4B, BC, CD, DA:
the quadrilateral 4 BCD is a square inscribed as required.

Proor. Because the angle BEC is double of the angle
BAC,
and the angle AED is double of the angle ACD,
(III. Prop. 20.)
and the angle BE( is equal to the angle AZD,

(1. Prop. 15.)
therefore the angle BAC is equal to the angle ACD,
And because 4C meeting AB, CD makes the alternate
angles BAC, ACD equal,

AB, CD are parallel. (L. Prop. 27.)
Similarly it can be proved that 4D, BC are parallel.
Therefore the quadrilateral ABCD is a parallelogram.
Again, because 4BC is an angle in a semicircle 4 BC,
the angle 4 BC is a right angle. (III. Prop. 31.)
Therefore the parallelogram 4BCD is a rectangle.
(L. Def. 19.)
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Again, because in the triangles AZB, CEB,
AE is equal to CF,
BE to BE,
and the angle 4 £B to the angle CEB,
the triangles are equal in all respects ; (I. Prop. 4.)
therefore B4 is equal to BC.
Therefore the rectangle A BCD is a square.

(1. Def. 20.)
Wherefore, a square ABCD has beern inscribed in the
given circle ABCD.

.

EXERCISES.

1. Inscribe a regular octagon in a given ocirele.
2. Shew how to cut off the corners of a square so as to leave a

regular octagon.

8. Imscribe in a given square, a square to have its sides equal
to a given straight line.

20—2
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PROPOSITION 7.
To describe a square about & given circle.

Let ABCD be the given circle :
it is required to describe a square about it.
ConsTrucTION. Find E the centre of the circle ABCD,

(I1I. Prop. 5.)
‘and draw two diameters A £C, BED at right angles to one
another. (L. Prop. 11.)

Draw GAF, HCK parallel to BD, and GBH, FDK parallel
to AC:

the quadrilateral PGHK is a square described as required.
G A F

H c K
Proor. Because @F, HK are each parallel to BD,
GF, HK are parallel to each other. (1. Prop. 30.)
Similarly it can be proved that
GH, FK are parallel to each other;
therefore FGHK is a parallelogram.

Again, because G4 EB is a parallelogram, (Constr.)
the angle AG'B is equal to the angle 4 EB,

(I. Prop. 34.)
which is a right angle; (Constr.)

therefore the parallelogram FGHK is a rectangle.
(L. Def. 19.)

Again, because GBDF is a parallelogram,
GF is equal to BD, a diameter of the circle.
Similarly it can be proved that
GH is equal to AC, a diameter of the circle;
therefore G F is equal to GH,
Therefore the rectangle FGHK is a square. (I Def. 20.)
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in, because 4 £ intersects the parallel lines GF, BD,
the angle GA ¥ is equal to the alternate angle 4 ED,

(I. Prop. 29.
which is a right angle ; (Constr.
. therefore GAF touches the circle. (III. Prop. 16.)

Similarly it can be proved that GBH, HCK, KDF touch
the circle.

‘Wherefore, a square FGHK has been described about the
given circle ABCD.

EXERCISES.
1. Describe a regular octagon about a given circle,

2. Prove that the area of a circumscribed square of a circle is
double that of an inscribed square.

8. If two circleg be such that the same square can be inscribed
in one and described about the other, the circles must be concentric.

Is any other condition necessary ?
4 Ifa pamllelogmm admit of a circle being inscribed in it and

another circle being described about it, the parallelogram must be a
square.
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PROPOSITION 8.
To inscribe a circle in a given square.
Let ABCD be the given square: .
it is required to inscribe a circle in it.

ConstructioN. Draw AC, BD intersecting in Z.
From E. draw EF, EG perpendicular to DA, AB two

of the sides of the square, (I. Prop. 12.)
and with Z as centre and £F or E@ as radius describe
a circle:
it is a circle inscribed as required.
A4 F D
(¢] E
B pig c

Proor. Because CD is equal to 4D,
(1. Prop. 34, Coroll. 1.
the angle 4D is equal to theangle ACD. (1. Prop. 5.;
And because 4C meets the parallels 4.8, DC,
the angle BAC is equal to the alternate angle ACD ;
(I. Prop. 29.)
therefore the angle BAC is equal to the angle DAC.
And because in the triangles GAE, FAE,
the angle GAE is equal to the angle FAE,
and the angle AGE to the angle 4 FE,
and AZ equal to 4E,
the triangles are equal in all respects ;
(L Prop. 26, Part 2.)
therefore £G is equal to EF,
and therefore the circle described with £ as centre and
EF or EG as radius passes through the extremity of the
other, and touches the two sides D4, 4 8. (III.Prop.16.)
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Similarly it can be proved that this circle touches each
of the sides BC, CD:
it is therefore inscribed in the square 4 BCD.
‘Wherefore, a circle FGH has been tnscribed in the given
square ABCD.

EXERCISES.

1. Prove that a circle can be inscribed in any rhombus.

2. Two (;ipomte sides of a convex quadrilateral are together
equal to the other two. Shew that a circle can be inscribed in the
quadrilateral .

8. 4D, BE are common tangents to two circles 4BC, DEC,
that touch each other; shew that a circle may be insoribed in the
quadrilateral ABED, and a cirole may be described about it.
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PROPOSITION 9.

To describe a circle about a given square.

Let ABCD be the given square:
it i8 required to describe a circle about it.
ConsTrUCTION. Draw AC, BD intersecting at F;
and with Z as centre and £4, B, EC or ED as radius
describe a circle :
it is a circle described as required.

4 D

B (4

Proor. Because in the triangles BAC, DAC,
BA4 is equal to D4, (I. Prop. 34, Coroll. 1.)
and BC to DC,
and AC to AC,
the triangles are equal in all respects; (L Prop. 8.)
therefore the angle BAC is equal to the angle DAC,
or the angle BAC is half of the angle BAD.
Similarly it can be proved that
the angle 4BD is half of the angle 4BC.
But the angle BAD is equal to the angle ABC;
(L. Prop. 29, Coroll, and I. Prop. 10 B.)
therefore the angle BAE is equal to the angle ABE.
Therefore BE is equal to AE. (I. Prop. 6.)

Similarly it can be proved that CE and DE are each of

them equal to 4Z or BE.

Therefore the circle described with Z as centre and one of
four lines £4, EB, EC, or ED as radius passes through
the extremities of the other three, and is described about
the square 4BCD.

‘Wherefore, a circle ABCD has been described about the
given square ABCD.
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EXERCISES.

1. A point is taken without a square such that the angles sub-
tended at it by three sides of the square are equal: shew that the
locus of the point is the circumference of the circle circumscribing
the square.

2. Find the locus of a point at which two given sides of a square
subtend equal angles.

8. If a quadrilateral be capable of having a quadrilateral of
minimum perimeter inscribed in it, it must admit of a circle being
inseribed in it. ’

4. ABCD is a quadrilateral inscribed in a circle, and its
diagonals, 4C, BD intersect at right angles in E; K, L, M, N are the
feet of the perpendiculars from E on the sides of the quadrilateral.
Sll:oew that KLMN can have circles inscribed in it and described
about it.
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PROPOSITION 10.

To construct a triangle having each of two angles double
of the third angle.

ConsTrucTioN. Take any straight line 45,

and divide it at C, so that the rectangle 4B, BC may be
: equal to the square on 4C. (II. Prop. 11.)

‘With centre 4 and radius 4B describe the circle BDE,
and draw a chord BD equal to 4AC, (Prop. 1.)

and draw DA4:

the triangle ABD is a triangle constructed as required.
Draw DC, and about the triangle 4CD describe the circle
ACD. (Prop. 5.)

®
BDE

Proor. Because the rectangle 4B, BC is equal to the.
square on 4C, and AC is equal to BD,
the rectangle 4B, BC is equal to the square on BD.
And because from the point B without the circle 4CD,
B(CA4 is drawn cutting it in C and 4, and BD ig drawn
meeting it in D,
and the rectangle 4B, BC is equal to the square on BD,
therefore BD touches the circle ACD. (IIL Prop. 37. )
And because BD touches the circle ACD, and DC is drawn
from the point of contact D,
the angle BD( is equal to the angle DAC. (III. Prop. 32.)
To each of these add the angle CDA4;
then the whole angle BDA is equal to the sum of the angles

CDA, DAC.
But the angle BCD is equal to the sum of the angles CDA4,
DAC; (L Prop. 32. )

therefore the angle BDA is equa.l to the angle BCD.
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But because 4D is equal to 4B,
the angle 4BD is equal to the angle 4DB; SI. Prop. 5.)
therefore the angle DBA is equal to the angle BCD.
And because the angle DBC is equal to the angle BCD,
DC is equal to DB. (I. Prop. 6.
But DB is equal to C4; (Constr.;
therefore C'4 is equal to CD;
therefore the angle CDA is equal to the angle C4D,
(L Prop. 5.)
Therefore the sum of the angles C4.D, CDA is double of the
angle CAD.
But the angle BCD is equal to the sum of the angles
CAD, CDA4; (L. Prop. 32.)
therefore the angle BCD is double of the angle CAD.
And the angle BCD has been proved equal to each of the
angles BDA, DBA ;
therefore each of the angles BDA, DBA is double of the
angle BAD.

‘Wherefore, a triangle ABD has been constructed having
each of two angles ABD, ADB double of the third angle
BAD.

It will be observed that the smaller angle of the triangle constructed
in this proposition is equal to a fifth of two right angles.

EXERCISES.

1. Describe an isosceles triangle having each of the angles at
the base one third of the vertical angle.

2. Divide a right angle into five equal parts.

8. In the figure of Proposition 10, if the two circles cut again at
E, then DE is equal to DC. .

4. In the figure of Proposition 10, the circle 4CD is equal to the
circle described about the triangle ABD.

5. In the figure of Proposition 10, if AF be the diameter of the‘
smaller circle, DF is equal to a radius of the circle which circum-
scribes the triangle BCD.

6. If in the figure of Proposition 10, the circles meet again in
E, then CE is parallel to BD.
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PROPOSITION 11.
To inscribe a regular pentagon in a given circle.

Let ABCDE be the given circle :

it is required to inscribe a regular pentagon in the circle
ABCDE.

ConsTrUcTION. Construct a triangle FGH having each
of the angles at @, H double of the angle at F; (Prop. 10.)
in the circle ABC’DE inscribe the tnangle ACD, equi-

angular to the triangle FG-'H so that the angles CAD, ADC,
DCA may be equal to the angles GFH, FHG, HGF re.

spectively. (Prop. 2.)
Bisect the angles ACD, ADC by the straight lines CZ, DB,
L Prop 9. )

and draw CB, BA, AE, ED :
then ABCDE is a pentagon inscribed as required.

4 .
F
A B E
G
H P D

Proo¥. Because each of the angles ACD, ADC is
double of the angle CAD, (Constr.)
and they are bisected by CZ, DB,
the five angles ADB, BDC, CAD, DCE, ECA are equal.
But equal angles at the circumference of a circle stand on

equal arcs; (III. Prop. 26, Coroll.)

therefore the five arcs AB, BC, CD, DE, EA are equal.
And the chords, by which equa} arcs are subtended are equal;
: (III1. Prop. 29, Ooroll.)
therefore the five straight hnels AB, BC, CD, DE’, EA are

equal;
therefore the pentagon 4 BCDE is equilateral.
Again, the arc ED is equal to the arc B4 ;
to each of these add the arc 4%
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then the whole arc AXD is equal to the whole arc BAE.
And the angle AED is contained by the arc AED, and
the angle BAE by the arc BAE ;
therefore the angle AED is equal to the angle BAE.
(III. Prop. 27, Corolé)
Similarly it can be proved that each of the angles 4 BC,
BCD, CDE is equal to the angle AED or BAE;
therefore the pentagon ABC'DE is equiangular.
Therefore ABCDE is a regular pentagon.

‘Wherefore, a regular pentagon ABCDE has been inscribed
tn the given circle ABCDE. -

The following is a complete Geometrical construction for inscribing
a regular decagon or pentagon in a given circle.

Find O the centre. B

Draw two diameters A0C, BOD at
right angles to one another.

Bisect OD in E.

Draw AE and out off EF equal to
OE.

Place round the circle ten chords Fg
equal to AF.

These chords will be the sides of
a regular decagon. Draw the chords
joining five alternate vertices of the decagon ; they will be the sides of
a regular pentagon.

We leave the proof of this as an exercise for the student.

EXERCISES.

1, A regular pentagon is inscribed in a circle, and alternate
angular pdints are joined by straight lines. Prove that these lines
will form by their intersections a regular pentagon.

2. If ABCDE be a regular pentagon, ACEBD is a regular star
shaped pentagon, each of whose angles is equal to two-fifths of a right
angle.

8. ABCDE is a regular pentagon; draw 4C and BD, and let BD
meet AC at F'; shew that AC is equal to the sum of 4B and BF.

4. If AB, BC, and CD be sides of a regular pentagon, the circle
which touches 4B and CD at B and C passes through the centre of
the circle insoribed in the pentagon.
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PROPOSITION 12.
T'o describe a regular pentagon about a given circle.

Let ABCDE be the given circle :
it is required to describe a regular pentagon about the
circle ABCDE.

ConstrucTioN. Let 4, B, C, D, E be the angular points
of a regular pentagon inscribed in the circle;  (Prop. 11.)
so that 4B, BC, CD, DE, EA are equal arcs.
Find the centre F'; (I11. Prop. 5.)
draw FA, FB, FC, FD, FE,

and draw GAH, HBK, KCL, LDM, MEG at right angles
to FA, FB, FC, FD, FE respectively; (I. Prop. 11.)

then GHKLM is a pentagon described as required.

Draw FK, FL. .

Proor. Because in the triangles FBK, FCK,
FB is equal to #C, and FK to FK,
and the angle FBK equal to the angle FCK,
each being a right angle, (I. Prop. 10 B.)
and each of the angles FXB, FKC therefore is less than
a right angle, (L. Prop. 17.)
the triangles are equal in all respects ;
(I. Prop. 26 A, Coroll.)
therefore KB is equal to XC,
and the angle BFK equal to the angle CFK,
and the angle BKF to the angle CXF ;
therefore KF bisects each of the angles BFC, BKC.
Similarly it can be proved that LF bisects each of the
angles CFD, CLD.
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Again, because the arc BC is equal to the arc CD,

the angle BFC is equal to the angle CFD.

(I1TI. Prop. 27, Coroll.)
And because the angle KFC is half of the angle BFC
and the angle LFC is half of the angle CFD;

therefore the angle K F( is equal to the angle LFC.

Now because in the triangles KFC, LFC,

the angle XFC is equal to the angle LFC,

and the angle XCF to the angle LCF,

and FC to FC,
the triangles are equal in all respects; (T. Prop. 26, Part 1.)
therefore KC is equal to LC,

and the angle FK( equal to the angle FLC.
Now it has been proved that KB is equal to XC,
and that KL is double of KC ;
and it can similarly be proved that KX is double of XB;
therefore AK is equal to KL.
Similarly it can be proved that any two consecutive sides
of GHKLM are equal ;
therefore the pentagon GHKLM is equilateral.
And because it has been proved that the angles FKC, FLC
are equal,
and that the angle BXC is double of the angle FXC,
and the angle CLD double of the angle #LC,
therefore the angle BKC is equal to the angle CLD.
Similarly it can be proved that any two consecutive angles
of GHKLM are equal.
Therefore the pentagon GHKLM is equiangular.
The pentagon is therefore regular.
And because each side is drawn at right angles to a radius
of the circle at its extremity, it touches the circle;
(III1. Prop. 16.)
therefore the pentagon is described about the circle 4 BCDE.
Wherefore, a regular pentagon GHKLM has been de-
scribed about the given circle ABCDE.
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PROPOSITION 13.
To inscribe a circle in a given regular pentagon.

Let ABCDE be the given regular pentagon :
it is required to inscribe a circle in A BCDE.

CoNSTRUCTION. Bisect any two consecutive angles of
the pentagon ABC, BCD by BF, CF (I. Prop. 9.)
meeting at F;
draw FG, FH, FK, FL, FM perpendicular to 4B, BC, CD,

DE, EA respectively. (1. Prop. 12.)
‘With F as centre and F@, FH, FK, FL or FM as radius
describe a circle:
it is a circle inscribed as required.
Draw AF.

4
[¢] M

c K D
Proor. Because in the triangles ABF, CBF,
AB is equal to C'B, (Hypothesis.)
and BF to BF,
and the angle ABF to the angle CBF, (Constr.)
the triangles are equal in all respects ;
(I. Prop. 4.)
therefore F'4 is equal to FC,
and the angle BAF is equal to the angle BCF.

Again, because the angle BAF is equal to the angle BCD,
(Hypothesis.)
and the angle BAF has been proved equal to the angle
BCF,
and the angle BCF is half of the angle BCD, (Constr.)
therefore the angle BAF is half of the angle BAE,
or AF bisects the angle BAE.

—d
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Similarly it.can bhe proved that EF, DF bisect the angles
AED, EDC;
therefore the bisectors of all the angles of the pentagon
meet in a point.
Again, because in the triangles #CH, FCK,
the angle FII(C is equal to the angle #KXC,
and the angle FCH to the angle FCK, (Constr.)
and F(C to FC,
the triangles are equal in all respects;
(I. Prop. 26, Part 2.)
therefore FH is equal to FK.

Similarly it can be proved that the perpendiculars on any
two consecutive sides are equal to one another :
therefore FG, FH, FK, FL, FM are equal, and the circle
described with F as centre and one of the five lines G,
FH, FK, FL or FM as radius passes through the ex-
tremities of the other four; and because the angles at
G, H, K, L, M are right angles, it touches 4B, BC, CD,

DE, FA. ) (IIIL. Prop. 16.)
‘Wherefore, a circle GHKLM has been inscribed in the
given regular pentagon ABCDE.
EXERCISES.

1. How many conditions are necessary in order that a given
pentagon may admit of a circle being inseribed in it ?

2. Prove that the bisectors of all the angles of any regular
polygon meet in a point.
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PROPOSITION 14,

To describe a circle about a given regular pentagon.

Let ABCDE be the given regular pentagon :

it is required to describe a circle about A BCDE.
ConsTRUCTION. Bisect any two consecutive angles of
the pentagon 4 BC, BCD, by BF, CF (1. Prop. 9.)

meeting at ¥, and draw F4, FE, FD;

with # as centre and FA4, FB, FC, FD or FE as radius
describe a circle:
it will be a circle described as required.

4

SV

cC<_-D

A

B

Proor. Because the angle ABC is equal to the angle
BCD, (Hypothesis.)
and the angle FB( is half of the angle 4BC,
and the angle F(CB is half of the angle BCD,
therefore the angle #BC is equal to the angle #CB;
therefore F( is equal to #B. (L. Prop. 6.)

Again, because in the triangles ABF, CBF,
AB is equal to OB, (Hypothesis.)
BF to BF,

and the angle ABF to the angle CBF, (Constr.)

the triangles are equal in all respects ;
(L. Prop. 4.)

therefore #4 is equal to FC,
and the angle FAB to the angle FCB.
And because the angle F4B is equal to the angle FCB,

and the angle BAE to the angle BCD,

(Hypothesis.)
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and the angle FCB is half of the angle BCD,
(Constr.)
therefore the angle FA B is half of the angle BAE ;
and FA4 bisects the angle BAE.
Similarly it can be proved that FD, FE bisect the
angles CDE, DEA respectively,
and that D and FE are each of them equal to #4 or FC;
therefore FA, FB, FC, FD, FE are all equal, and the
circle described with F as centre and one of the five
lines FA4, FB, FC, FD, FE as radius passes through the
extremities of the other four, and is described about the
pentagon ABCDE.

‘Wherefore, a circle ABCDE has been described about the
gtven regular pentagon ABCDE.

EXERCISES.

1. Describe a regular decagon to have five of its vertices coin-
cident with those of a given regular pentagon.

2. How many conditions are n in order that a given
pentagon may admit of a circle being described about it? State the
conditions.

8. Shew how to cut off the corners of a regular pent;gon 80 a8
to leave & regular decagon.

21—2
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PROPOSITION 15.
To inscribe a regular hexagon in a given circle.

Let ABCDETF be the given circle :
it is required to inscribe a regular hexagon in the circle

ABCDEF.
CoxnsTrUCTION. Find @ the centre of the circle ;
(ITI. Prop. 5.)
draw any diameter AGD,

and with 4 as centre and AG as radius describe the circle
G BF intersecting the circle ABCDEF in B and F.

Draw BG, FG and produce them to meet the circle again
in £ and C, and draw 4B, BC, CD, DE, EF, FA:
then ABCDEF is a hexagon inscribed as required.

Proor. Because @ is the centre of the circle A BUDEF,

GB is equal to G4.
And because 4 is the centre of the circle BGF,
4B is equal to 4G.
Therefore 4B, BG, GA are all equal.
Therefore the angles AGB, BAG, GBA are all equal.
(I. Prop. 5, Coroll. 1.)
But the sum of these three angles is equal to two right

angles; (I. Prop. 32.)
therefore the angle 4GB is equal to one-third of two right
angles,

* Similarly it can be proved that the angle #@4 is equal to
one-third of two right angles.
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But the sum of the three angles BG'A, AGF, FGE is equal
to two right angles; (I. Prop. 13.)
therefore the angle #'G'E is one-third of two right angles,
and therefore the angles BGA, AGF, FQE are equal.
And because opposite vertical angles are equal,
(I. Prop. 15.)
the angles opposite to these are equal;
therefore all the angles AGF, FGE, EGD, DGC,CGB, BGA
are equal.
Therefore the arcs AF, FE, ED, DC, CB, BA are equal.
(III. Prop. 26, Coroll)
Therefore the chords AF, FE, ED, DC, CB, BA are equal.
(ITI. Prop. 29, Coroll.)
Therefore the hexagon ABCDEF is equilateral.
Again, because the arcs BAF, AFE, FED, EDC, DCB,
CBA are equal,
the angles BAF, AFE, FED, EDC, DCB, CBA in those
arcs are equal. (III. Prop. 27, Coroll.)
Therefore the hexagon ABCDEF is equiangular:
it is therefore regular, and it is inscribed in the circle
ABCDEF.

‘Wherefore, a regular hexagon ABCDEF has been in-
scribed in the given circle ABCDEF.,

EXERCISES.

1. Inscribe a regular dodecagon in a given circle.

2. If ABCDEF be a regular hexagon, and 4C, BD, CE, DF,
EA, FB be drawn, they will form another regular hexagon of one
third the area.

8. The perimeter of the inscribed equilateral triangle of a circle is
three quarters the perimeter of the circumseribed regular hexagon.

4. Bix equal circles can be described each touching a given circle
and two of the others.
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PROPOSITION 16,

To inscribe a regular polygon of fifteen sides in a given
circle.

Let ABCD be the given circle:
it is required to inscribe a regular polygon of fifteen sides
in the circle 4 BCD.

ConstrucTION. Let A, C be two angular points of an

equilateral triangle inscribed in the circle, (Prop. 2.)
and let 4, B, D be three angular points of a regular pentagon
inscribed in the circle, (Prop. 11.
) Draw CD,
and place round the circle fifteen chords AL, LM... each
equal to CD.
The figure ALM ... is a polygon inscribed as required.
4 :

Proor. If the whole circle contain fifteen equal parts,
the arc ABC, which is a third of the circle, contains five
such parts,
and the arc ABD, which is made up of the arcs 4B, BD,

each of which is a fifth of the circle, contains six such
rts ;
therefore the arc CD, which is the difference of the arcs
ABD, ABC, consists of one such part;
therefore the arc CD is one-fifteenth of the circle.
And because the arcs AL, LM, ..., which are the shorter
arcs cut off by equal chords AL, LM, ..., are equal,
(III. Prop. 28, Coroll.)
each of the arcs AL, LM, ..., is one fifteenth of the circle.



PROPOSITION 16. 319

Therefore the extremity of the last chord coincides with

_the point 4, and the extremities of the chords which have

been placed round the circle exactly divide the circle into
fifteen equal parts.

The figure ALM... therefore is equilateral.
And as each of the angles is tontained by an arc made up
of two of the fifteen equal parts,
all the angles are equal ;
(I1I. Prop. 27, Coroll.)
therefore the figure ALM... is equiangular.

‘Wherefore, a reqular polygon of fifteen sides has been tn-
scribed in the given circle ABCD.

.

EXERCISES.

1. Prove that in the figure of Proposition 16 a vertex of the
inscribed regular polygon of fifteen sides coincides with each of the
vertices of the regular figures used in the construction.

2. Prove that, if all but one of the bisectors of the angles of a
polygon meet in & point, they all do so, and a circle can be inscribed
in the polygon.

8. Prove that, if all but one of the rectangular bisectors of the
sides of a polygon meet in a point, they all do 8o, and a circle can be
described about the polygon.
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When a regular polygon of any number of sides is given, we can
inscribe a regular polygon of the same number of sides in & given
circle, and we can also describe a regular polygon of the samie
number of sides about a given circle.

Moreover we can always inscribe a circle in a given regular
polygon and desoribe a circle about it.

Methods have now been given for the construction of regular
figures of 3,4, 5, 6,and 15 sides. When any regular polygon is given
we can construot a regular polygon of double the number of sides
by describing a circle about the polygon and bisecting the smaller
arcs subtended by the sides of the given polygon, and so on in
- suoccession for each duplication of the number of sides. Thus we see
that we can by Euclid’s methods construct regular polygons of 3 x 2%,
4x 2" 5x2™ and 15 x 2" sides, where n is any positive integer, in-
cluding zero. It was proved by Gauss* in the year 1801 that by
purely geometrical methods those regular polygons can be con-
structed, the number of whose sides is a prime+ number of the form
2#+1, This general law relating to the number of sides includes the
case of the triangle (n=1) and the pentagon (rn=2); the next two
cases are those of the polygons which have 17 sides (n=4) and
257 sides (n=7) respectively.

* Disquisitiones Arithmetice (sectio septima).
+ A prime number is an integer which is not divisible without
remainder by any integer except itself and unity.
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BOOK V.

DEFINITIONS.

DeriNiTION 1. If one magnitude be equal to amother
magnitude of the same kind repeated twice, thrice or any
number of times, the first is said to be a multiple of the
second, and the second ts satd to be an aliquot part or a
measure of the first.

If one magnitude 4 be equal to m times another magnitude B
of the same kind (m being an integer, i.e. a whole number), 4 is said
to be the m** muitiple of B, and B the m'» part of 4.

If A be any multiple of B and if C be the same multiple of D, then
4 and C are said to be equimultiples of B and D.

The magnitudes treated of in Book V. are not necessarily Geome-
trical magnitudes: but they are assumed to be such that any magnitude
can be supposed to be repeated as often as desired, in other words,
that any multiple we please of a magnitude can be taken. They are
assumed also to be such that any one taken twice is greater than-it
is alone; such quantities as those which are called in Algebra either
negative or imaginary are excluded from consideration.

The capital letters 4, B, C, D &c. will be used to denote magnitudes,
and the small letters m, n, p, ¢ &o. to denote whole numbers.

‘When a magnitude 4 is spoken of, the letter 4 is supposed to repre-
sent the magnitude itself.

DEerINITION 2. The relation of one magnitude to another
of the same kind with respect to the multiples of the second or
of aliquot parts of the second, which the first 18 greater tham,
equal to, or less tham, is called the ratio of the first to the
second,.

It is difficult to convey a precise idea of ‘“‘ratio” by a definition.
The student will gradually acquire a firmer grasp of the meaning of
the term as he proceeds. It is important to bear in mind that
the difference between two magnitudes is not their ratio.
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Whenever the ratio of one magnitude to another is spoken of, it
is necessarily implied, although it may not always be expressly stated,
that the two magnitudes are of the same kind,

In the ratio of one magnitude to amother, the first is
called the antecedent and the second the consequent of the
ratio.

In the ratio of 4 to B, 4 is the antecedent and B the consequent.

The ratio of a magnitude to an equal magnitude is
called & ratio of equality, and is said to be equal to unity;

the ratio of a magnitude to a less magnitude is called
a ratio of greater inequality, and ¢s said to be greater
than unaty;

the ratio of a magnitude to a greater magnitude is
called & ratio of less inequality, and s said to be less than
unity.

The ratio of one diameter to another diameter of the same circle
is a ratio of equality:

the ratio of a diagonal to a side of a square is a ratio of greater
inequality :

the ratio of the area of a circle to the area of a square described
about the circle is a ratio of less inequality.

DErINITION 3. If one magnitude repeated amy number
of times be greater than, equal to, or less than a second magni-
tude repeated amy other mumber of times, the ratio of the
JSirst magnitude to the second magnitude is said to be
greater than, equal to, or less than the ratio qf the second
number to the first number.

If A, B be two magnitudes such that m times 4 is equal to n
times B, the ratio of 4 to B is equal to the ratio of n to m.

Similarly, if m times 4 be greater than n times B, the ratio of
A to B is greater than that of n to m; and if m times 4 be less than
n times B, the ratio of 4 to B is less than that of n to m.

DeriNiTION 4. When two magnitudes of the same kind
are such that some measure of the first is equal to some
measure of the second, the two magnitudes are said to be
commensurable,

Two magnitudes of the same kind, which are not com- .
mensurable, are said to be incommensurable,
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If 4, B, C be three magnitudes of the same kind such that C is the
mtt part of 4 and C is the n*® part of B, or, in other words, such that
A is equal to m times C and B is equal to n times C, then 4 and B
have a common measure C, and therefore are commensurable.

If the ratio of 4 to B be equal to the ratio of one integer to
another, say that of n to m, and the ratio of C to D be also equal to
that of n to m, the ratio of 4 to B is equal to that of C to D: and
pimilarly, if the ratio of 4 to B be equal to that of n to m, and the”
ratio of C to D be greater or less than that of n to m, the ratio of
A to B is less or greater respectively than that of C to D.

A complete method.is thus afforded of testing the equality or the
inequality of the ratios of pairs of commensurable magnitudes: but
the same method is not applicable to incommensurable magnitudes.

Now it will be manifest from what has been said that, if we have
four magnitudes 4, B, C, D, of which 4 and B are incommen-
surable, the ratio of C to D cannot be equal to that of 4 to B, unless
C and D be also incommensurable.

It is possible to find two magnitudes of the same kind that are
not commensurable. It can be proved that a diagonal and a side of
the same square are such a pair of magnitudes, and also that the
circumference and a diameter of the same circle are another such pair
of magnitudes. The question arises how the ratios of two pairs of
such incommensurable magnitudes are to be compared.

It is easy to prove that a diagonal of a square is greater than once
and less than twice a side; these inequalities give a very rough
comparison of the lengths of the two lines. It can be proved that
10 times a diagonal is greater than 14 times and less than 15 times
a side: these inequalities give a less rough comparison of the lengths.
Again, it can be proved that 100 times a diagonal is greater than
141 times and less than 142 times a side: these inequalities give
s still less rough comparison of the lengths of the two lines.

These facts are represented by saying that the ratio of a diagonal
to a side is greater than the ratio of 1 to 1 and less than that of 2to 1:
greater than the ratio of 14 to 10 and less than that of 156 to 10:
greater than the ratio of 141 to 100 and less than that of 142
to 100,

Pairs of ratios of greater and greater numbers might be quoted,
between which the ratio of a diagonal to a side always lies: but no
two numbers can be found such that the ratio in question is equal to
the ratio of the numbers.

T. E. 22
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In the following definition of the equality of two ratios, the case
of incommensurable magnitudes is included as well as that of com-
mensurable magnitudes.

DEerFiNtTION 5. If four magnitudes be such that, when
any equimultiples whatever of the first and the third are
taken, and also any equimultiples whatever of the second and
the fourth, the multiples of the first and the third are simul-
taneously either both greater tham, or both equal to, or both
less than the multiples of the second and the fourth respec-
tively, the ratio of the first magnitude to the second is sard to
be equal to the ratio of the third to the fourth.

When the ratio of the first of four magnitudes to the
second is equal to that of the third to the fourth, the mag-
nitudes are sard to be proportionals or in proportion.

When four magnitudes are proportionals, the first ¢s said
to be to the second as the third to the fourth.

Let 4, B, C, D be four magnitudes, of which 4 and B are of the
same kind, and C and D are of the same kind, and let any equimul-
tiples whatever of 4 and C, say m times 4 and m times C, be taken, and
any equimultiples whatever of B and D, say = times B and n times D;
then, if m times 4 be greater than n times B and also m times C
greater than n times D, or else m times 4 be equal to n times B and
also m times C equal to n times D, or else m times 4 be less than n
times B and also m times C less than n times D, for every possible
pair of whole numbers m and =, the ratio of 4 to B is equal to the
ratio of C to D, and 4, B, C, D are proportionals,

The fact that four magnitudes 4, B, C, D are in proportion is
denoted by saying that 4 has to B the same ratio that C has to D, or
that the ratio of 4 to B is equal to that of C to D, or that 4 is
to B as C to D: it is expressed still more concisely by the notation

4:B=C:D.
Nore. It will be observed that when four magnitudes 4, B, C, D
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are defined in order as proportionals, i.e. 4 is to B as C to D, they
are at the same time defined as proportionals also in the three several
orders B, 4, D, C; C, D, 4, B; and D, C, B, A; that is to say, it
follows from the definition that, if any one of the four proportions

4A:B=C:D, B:4=D:C, C:D=4:B, D:C=B: A4
exist, the other three exist also.

It follows at onee from Definition 5 that if, of 4, B, C, D, four
magnitudes, 4 be equal to C and B be equal to D, the ratio of 4 to B
is equal to the ratio of C to D; and further that if, of 4, B, C, three
magnitudes, 4 be equal to B, the ratio of 4 to C is equal to the ratio
of B to C, and also the ratio of C to 4 is equal to the ratio of C to B.

DErFINITION 6. When four magnitudes are proportionals,
the first and the third, the antecedents, are said to be
homologous to one another, and the second and the fourth,
the comsequents, are also said to be homologous to one an-
other.

" In the proportion 4 is to B as C to D, the antecedents 4 and C
are homologous to one another and the consequents B and D are
homologous to one another.

DEerFINITION 7. If it be possible to take equimultiples of
the first and the third of four magnitudes and equimultiples
of the second amd the fourth, such that the multiple of
the first 18 greater than that of the second amd the multiple
of the third mot greater than that of the fowrth, the ratio of
the first to the second s satd to be greater than that of the
third to the fourth ; and the ratio of the third to the fourth
8 8aid to be less than the ratio of the first to the second.

As an example the ratios of the numbers 2 to 8 and 5 to 8 may
be taken.

If the 5 multiples of the first and the third be taken and the 3~
multiples of the second and the fourth, the multiples in order are
10, 9, 26, 24: here 10 is greater than 9 and 25 greater than 24: but
equality between the retios is not thereby established.

22—2
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If the 11k multiples of the first and the third be taken, and the 7*
multiples of the second and the fourth, the multiples in order are
22, 21, 55, 56 : here 22 is greater than 21 and 56 not greater than 56:
and the fact is established that the ratio of 2 to 8 is greater than that
of 5 to 8.

DErINITION 8. The ratio of the first of three magnitudes
of the same kind to the third is said to be compounded of the
ratio of the first to the second and the ratio of the second to
the third.

The ratio of the first of three magnitudes of the same kind
to the third is also said to be the ratio of the ratio of the first
magnitude to the second to the ratio of the third magnitude
to the second.

If 4, B, C be three magnitudes of the same kind, the ratio of
4 to C is compounded of the ratio 4 to B and the ratio B to C.

Further, the ratio of 4 to C is said to be the ratio of the ratio 4
to B to the ratio C to B.

DeriNitioN 9. If the first of a number of magnitudes
of the same kind be to the second as the second to the third
. and as the third to the fourth and so on, the magnitudes are
satid to be in continued proportion.

If a number of magnitudes be in continued proportion,
the ratio of the first to the third is said to be duplicate of
the ratio of the first to the second, and the ratio of the first to
the fourth is said to be triplicate of the ratio of the first
to the second.

If four magnitudes be in proportion, the first and the
Jourth are called the extremes and the second and the fourth
the means of the proportion.

If three magnitudes be in continued proportion, the first
and the third are called the extremes and the second the
mean of the proportion; also the second is called a mean
proportional between the first and the third, and the third is
called a third proportional o the first and the second.
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PROPOSITION 1. [EvcLip ELem. Propr. 4.]

If four magnitudes in order be proportionals and any
equimultiples of the antecedents be taken, and any equi-
multiples of the consequents, the four multiples are pro-
portionals in the same order as the magnitudes®.

Let the magnitudes 4, B, C, D be proportionals, and
let m, » be two given numbers:
it is required to prove that m times 4, » times B, m times C,
n times D are proportionals.

ConstructioN. Let p, ¢ be any two numbers, and let
m times 4 be E, n times B be F, m times C be @ and n»
times D be H.

Proor. Because E, @ are equimultiples of 4, C,
p times E, p times @ are equimultiples of 4, C,
no matter what number p may be;
and because F, H are equimultiples of B, D,
g times F, g times H are equimultiples of B, D,
no matter what number ¢ may be;
and because 4 is to B as C to D,
p times £ and p times @
are both greater than, both equal to or both less than
¢ times F and ¢ times H respectively,
for all values of p and ¢; Def. 5.
therefore Z is to ' as G to H; Def. 5.
that is, m times 4 is to » times B as m times (' to n times D,

Wherefore, if four magnitudes, &c.

* Algebraicslly. Ifa:bd=c :d, then ma : nb=me : nd,
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PROPOSITION 2. [Evcuip ELem. Pror. 8.]

The greater of two magnitudes has to a third magnstude
a greater ratio than the less has; and a third magnitude
has to the less of two other magnitudes a greater ratio tham
it has to the greater®.

. Let 4, B, C be three magnitudes of the same kind, of
which 4 is greater than B:
it is required to prove that 4 has to C a greater ratio than
hBashas to C, and that C has to B a greater ratio than
to A.

ConsTRUCTION. Let the excess of A over B be D;
take the m! equimultiples of B, D, such that each is
greater than C, and of the multiples of C' let the p
multiple be the first which is greater than m times B,
and let #» be the number next less than p.

Proor. Because m times B is not less than » times C,
and m times D is greater than C';  (Constr.)
therefore the sum of m times B and m times D is greater
than the sum of n times C and C,
that is, m times 4 is greater than p times C';
and m times B is less than p times C;  (Constr.)
therefore 4 has to C' a greater ratio than B has to C.
(Def. 7.)
Next, because p times C is less than m times 4,
and p times C is greater than m times B,
therefore C' has to B a greater ratio than C has to 4.

(Def. 7.)
‘Wherefore, the greater, &c.

* Algebraically., Ifa>bd, then a :c>b:c and c: b>c: a.
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PROPOSITION 3. [Evcuip Erem. Pror. 9.]

If the ratio of the first of three magnitudes to the third be
equal to the ratio of the second to the third, the first magni-
tude is equal to the second®.

Let 4, B, C' be three magnitudes of the same kind such
that Aisto Cas Bis to C:
it is required to prove that 4 is equal to B.

- Proor. Because, any magnitude greater than B has
to C a greater ratio than B has to C, (Prop. 2.)
and 4 has to C the same ratio as B to C,

4 cannot be greater than B.

Again, because any magnitude less than B has to C a
less ratio than B to C, (Prop. 2.)
and 4 has to C the same ratio as B to C,

A cannot be less than B.
Therefore 4 must be equal to B.

‘Wherefore, if the ratio of the first, &e.
* Algebraically. Ifa:c=b:c, then a=b.
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PROPOSITION 4. Parr 1. [Evorip EreM: Pror. 10.]

If the ratio of the first of three magnitudes to the third
be greater than the ratio of the second to the third, the first
magnitude 18 greater than the second®.

Let 4, B, C be three magnitudes of the same kind, such
that 4 has to C a greater ratio than B to C:
it is required to prove that 4 is greater than B.

Proor. Because the ratio of 4 to C is greater than
that of B to O,

there are some equimultiples, say the m'® multiples, of
A, B and some multiple, say the n'* multiple, of ', such
that m times A4 is greater than n times C,
and m times B not greater than n times C; (Def. 7.)
therefore there is some number m such that m times 4 is
greater than m times B;

therefore 4 is greater than B.

‘Wherefore, if the ratio of the first, &c.

PROPOSITION 4. Parr 2. [Evcuip ErLem. Prop. 10.].

If the ratio of the first of three magnitudes to the d
be greater than the ratio of the first to the third, the second
magnitude 18 less than the thirdi.

Let 4, B, C be three magnitudes of the same kind, such
that 4 has to B a greater ratio than 4 to C:
it is required to prove that B is less than C.

Proor. Because the ratio of 4 to B is greater than that
of A4 to C, there is some multiple, say the m't multiple, of
4, and there are some equimultiples, say the n*h multiples,
of B, C, such that m times 4 is greater than n times B,

and m times 4 not greater than n times C; (Def. 7.)
therefore there is some number » such that » times C is
greater than n times B; ‘

therefore C is greater than B.

‘Wherefore, tf the ratio of the first, &ec.

* Algebraically. Ifa :c>b:e¢, then a>b.
+ Algebraically, Ifa:b>a:c, then db<c.
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PROPOSITION 5. [Evcuip ELem. Pror. 11.]

Ratios, which are equal to the same ratio, are equal to
one another®.

Let 4, B, C, D, E, F be six magnitudes, such that
Aisto Bas C to D,
and also £ is to F as C to D:
it is required to prove that
. Aisto Bas £ to F.

Proor. Because 4 is to B as C to D,
m times 4 and m times C
are both greater than, both equal to or both less than
n times B and n times D respectively,
for all values of m and n; (Def. b.)
and because % is to F as C to D,
m times £ and m times ¢
are both greater than, both equal to, or both less than
n times F and n times D respectively,
for all values of m and =;
therefore m times 4 and m times #
are both greater than, both equal to or both less than
n times B and n times F respectively,
for all values of m and n;
therefore 4 is to B as E to F. (Def. 5.)

‘Wherefore, ratios, which are equal, &c.

* Algebraically. If a:b=c:d,ande:f=c:d,
then a:b=e:f.
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PROPOSITION 6. [EvcLip ELem. Prop. 12.]

If any number of ratios be equal, each ratio is equal to
the ratio of the sum of the antecedents to the sum of the con-
sequents®.

Let 4, B, C, D, E, F be any number of magnitudes
of the same kind, such that the ratios of 4 to B, C to D,
E to F are equal:
it is required to prove that
4 is to B as the sum of 4, C, E to the sum of B, D, F.

ConsTRUCTION. Take any equimultiples, say the m®%
multiples, of 4, C, E, and any equimultiples, say the n
multiples, of B, D, F.

Proor. Because 4 is to B as C to D, and also as ¥ to F,
therefore m times 4, m times ¢’ and m times &
are simultaneously all greater than, all equal to or all less
than n times B, n times D and » times # respectively,
for all values of m and n; (Def. 5.)
therefore m times 4 and m times the sum of 4, C; £
are simultaneously all greater than, all equal to or all less
than n times B and » times the sum of B, D, F respectively,
for all values of m and =.
Therefore :
4 is to B as the sum of 4, C, X to the sum of B, D, F.
(Def. 5.)
Wherefore, if any number of ratios, &e.

CoroLLARY. The ratio of two magnitudes ts equal to the
ratio of amy two equimultiples of themt.

* Algebraically. If a:b=c:d=e:f,
then a:b=at+c+e:b+d+f.
+ Algebraically. a : b=ma : mb.
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PROPOSITION 7. (Evcuip Evex. Prop. 13.]

If the first of thres ratios be equal to the second and the
second greater than the third, the first is greater than the third®.

Let 4, B, C, D, E, F be six magnitudes, such that the
ratio of 4 to B is equal to that of C to ), and the ratio of
C to D is greater than that of £ to F':

it is required to prove that the ratio of 4 to B is greater
than that of £ to F.

Proor, Because the ratio of C' to D is greater than
that of Z to F, it is possible to find some equimultiples, say
the m*® multiples, of C and Z, and some equimultiples, say
the n*® multiples, of D and F, such that

m times C is greater than » times D
and m times £ not greater than » times 7. (Def. 7.)

Again, because 4 is to Bas C to D,
m times 4 and m times C

are simultaneously both greater than, both equal to, or both

less than n times B and n times D respectively,
for all values of m and n. (Def. 5.)

Therefore for some values of m and n
m times 4 is greater than n times B
and m times Z not greater than n times 7.

Therefore the ratio of 4 to B is greater than that of ¥
to F. (Def. 7.)

‘Wherefore, if the first of three ratios, &c.

* Algebraically. If e:b=c:d, and c:d>e:f,
then a:b>e:f.
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PROPOSITION 8. [Eucrip ELem. Prop. 14.]

If the first of four proportionals of the same kind be

than the third, the second s greater than the fourth ;

of the first be equal to the second, the third is equal to the

Jowrth; if the first be less than the second, the third s less
than the fourth*®,

Let 4, B, C, D be four magnitudes of the same kind
such that 4 is to B as C to D:
it is required to prove that, if 4 be greater than C, B is
greater than D, and, if 4 be equal to C, B is equal to D,
and, if 4 be less than C, B is less than D.

Proor. First. Let 4 be greater than C. Because
A, B, C are three magnitudes and A4 is greater than C,
the ratio of 4 to B is greater than that of C to B;
(Prop. 2.)
but the ratio of 4 to B is equal to that of C to D;
therefore the ratio of C to D is greater than that of C to B;
(Prop. 7.)
therefore B is greater than D. (Prop. 4, Part 2.)

Next. Let 4 be equal to C.
Because 4 is to Bas C to D,
Bisto 4 as D to C; (Def. b. Note.)
and 4 is equal to C;
therefore B is to C' as D to C;
therefore B is equal to D. (Prop. 3.)

Lastly, Let 4 be less than C.
Because 4 is to B as C to D,
Cisto D as 4 to B; (Def. 5. Note.)
therefore, by the first case,
if C' be greater than 4, D is greater than B,
that is, if 4 be less than C, B is less than D.

‘Wherefore, of the first, &c.

* Algebraically, If a:b=c:d,
then a> = <o according a8 b> = <d.
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PROPOSITION 9. [Evcrip ELem. Pror. 16.]

If the first of four magnitudes of the same kind be to
the second as the third to the fourth, then also the first ¢s to
the third as the second to the fourth®.

Let 4, B, C, D be four magnitudes of the same kind
such that 4 is to Bas C to D:
it is required to prove that 4 is to C as B to D.

ConstrUcTION. Take any equimultiples, say the mth
multiples, of 4, B, and any equimultiples, say the n't
multiples, of C, D.

Proor. Because m times 4 is to m times B as 4 to B,
and because  times C is to n times D as C to D,
(Prop. 6. Coroll.)
and 4 is to Bas C to D;  (Hypothesis.)
therefore m times 4 is to m times B as n times C to
n times D, (Prop. 5.)
Therefore m times 4 and m times B
are both greater than, both equal to or both less than
n times C and = times D respectively,
for all values of m and n; (Prop. 8.
therefore 4 is to C as B to D. (Def. 5.

‘Wherefore, if the first, &c.

* Algebraically. If a:b=c :d, then a:c=b:d.
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PROPOSITION 10. [Euvcrip ELem. Prop. 17.]

If the sum of the first and the second of four magnitudes
be to the second as the sum of the third and the fourth to the
JSourth, the first is to the second as the third to the fourth®.

Let 4, B, C, D be four magnitudes, 4 and B being of
the same kind and C and D of the same kind, such that
the sum of 4 and B is to B as the sum of C and D to D:
it is required to prove that
A is to B as C to D.

ConstrUCTION. Take any equimultiples, say the m
multiples, of 4, B, C, D and any equimultiples, say the n'®
multiples, of B, D;
then the sums of m times B and » times B and of m times
D and n times D are equimultiples of B and D respectively.

Proor. Because the sum of 4 and B is to B as the sum
of C and D to D, (Hypothesis.)
therefore m times the sum of 4 and B
and m times the sum of C and D are simultaneously
both greater than, both equal to or both less than
the sum of m and n times B
and the sum of m and » times D respectively,
for all values of m and =: (Def. 5.)
therefore m times 4 and m times ¢
are simultaneously both greater than, both equal to or both
less than » times B and n times D respectively,
for all values of m and = ;
therefore 4 is to B as C to D. (Def. 5.)

‘Wherefore, tf the sum, &e.

* Algebraically. If a+b:b=c+d:d, then a:b=c:d.
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PROPOSITION 11. [Evcrip Erew. Prop. 18.]

If the first of four magnitudes be to the second as the
third to the fourth, then the sum of the first and the second <8
to the second as the sum of the third and the fourth to the
Jourth*.

Let 4, B, C, D be four magnitudes, 4 and B being of
the same kind, and C' and D of the same kind, such that
Aisto Bds C to D:

it is required to prove that

the sum of 4 and B is to B as the sum of C and D to D.

ConsTruUcTION. Take any equimultiples, say the mth
maultiples, of 4, C and any equimultiples, say the =t
multiples, of B, D,

Proor. Because 4 is to Bas C to D, (Hypothesis.)

therefore m times 4 and m times C
are simultaneously both greater than, both equal to or both
less than n times B and » times D respectively,

for all values of m and =; (Def. 5.)

therefore m times the sum of 4 and B
and m times the sum of C' and D
are simultaneously both greater than, both equal to or both
less than the sum of m and x times B
and the sum of m and n times D respectively,
for all values of m and n.
And it is manifest that
m times the sum of 4 and B
and m times the sum of C and D
are simultaneously both greater than
p times B and p times D respectively,
for all values of m and p, where m is not less than p.
Therefore 7 times the sum of 4 and B
and m times the sum of C and D
are simultaneously both greater than, both equal to or both
less than p times B and p times D respectively,

for all values of m and p;
therefore the sum of 4 and B is to B as the sum of C

and D to D. (Def. 5.)

‘Wherefore, if the first, &c.

* Algebraically. If a:bd=c:d, then a+b:b=c+d:d.
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PROPOSITION 12. [Evcuip Erem. Proe. 19.]

If the sum of the first and the sscond of four magnitudes
be to the sum of the third and the fourth as the second to the
Jourth, the first 18 to the second as the third to the fourth*.

Let A, B, C, D be four magnitudes of the same kind,
such that
the sum of 4 and B is to the sum of C' and D as B to D:
it is required to prove that 4 is to B as C' to D.

Proor. Because
the sum of 4 and B is to the sum of C' and D as B to D,
the sum of 4 and B is to B as the sum of C and D to D.
. (Prop. 9.)
Therefore 4 is to B as C is to D. (Prop. 10.)

‘Wherefore, if the sum, &c.

* Algebraically. 1f a+d:c+d=b:d, then a:b=c:d.
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PROPOSITION 13. [Evcrip ErLem. Pror. 20.]

If the first of six magnitudes be to the second as the fourth
to the fifth, and the second be to the third as the fifth to the
sixth, then the first and the fourth are both greater than,
both equal to, or both less than the third and the sixth
respectively*.

Let 4, B, C, D, E, F be six magnitudes, 4, B, C' being
of the same kind and D, E, F of the same kind, such that
Aisto Bas Dto E,and Bisto C as E to F':
it is required to prove that 4 and D are both greater than,

both equal to or both less than €' and F respectively.

Proor. First, let 4 be greater than C.
Because 4 is to B as D to B, (Hypothesis.)
and the ratio of 4 to B is greater than that of C to B,
(Prop. 2.)
the ratio of D to X is greater than that of C to B; (Prop. 7.)
and because C is to B as F to E; (Def. 5, Note.)
the ratio of D to Z is greater than that of ¥ to £; (Prop. 7.)
therefore D is greater than 7. (Prop. 4.)
Secondly, because the magnitudes are proportionals
when taken in the orders 4, B, D, E; B, C, E, F, they
are al3o proportionals when taken in the orders D, £, 4, B;
E F, B C,; (Def. 5, Note.)
therefore by the first case,
if D be greater than F, 4 is greater than C.
Lastly. The magnitudes are also proportionals when
taken in the orders C, B, F, E; B, A, E, D ; (Def. 5, Note.)
therefore by the first and second cases,
if C be greater than 4, F is greater than D,
and if 7 be greater than D, C is greater than 4 ;
therefore 4 and D are both greater than, both equal to or
both less than C and F respectively.
‘Wherefore, if the first, &c.

* Algebraically. If a :b=d:eandb:c=e:f,
then a> = <c¢ according as d> = <f.
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PROPOSITION 14. [Euvcuip Erem. Prop. 22.]

If the first of six magnitudes be to the second as the fourth
to the fifth, and the second be to the third as the fifth to the
sixth, then the first is to the third as the fourth to the siath*.

Let 4, B, C, D, E, F be six magnitudes, 4, B, C' being
of the same kind and D, E, F of the same kind, such that
AistoBas D to E,and Bisto C as E to F:

it is required to prove that 4 is to C as D to F.

ConstructioN. Take any equimultiples, say the m®
multiples, of 4, D,

and any equimultiples, say the n'* multiples, of B, E,

and any equimultiples, say the p* multiples, of C, F.

Proor. Because 4 is to B as D to E,
and B is to C as £ to F;
therefore m times 4 is to n times B as m times D ton times E,
and » times B is to p times C as » times £ to p times F.
(Prop. 1.)
Therefore m times 4 and m times D
are both greater than, both equal to or both less than
p times C and p times F respectively,
for all values of m and p. (Prop. 13.
Therefore 4 is to C as D to F. (Def. 5.
‘Wherefore, if the first, &c.

COROLLARY. Ratios which are duplicate of equal ratios
are equalt.

* Algebraically. If a :b=d:eandb:c=e: f,thena:c=d:f.
+ Algebraically. If a:b=b:candd:e=e¢:fanda:b=d:e,
then aiec=d:f.

o
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PROPOSITION 15.

If the first of six magnitudes have to the second a greater
ratio tham the fourth to the fifth, and the second have to the
third a greater ratio than the fifth to the sixth, then the first
has to the third a greater ratio than the fourth to the sixth*.

Let 4, B, C, D, E, F be six magnitudes, 4, B, C' being
of the same kind, and D, E, F of the same kind, such that

4 has to B a greater ratio than D to E,
and B has to C a greater ratio than £ to F:
it is required to prove that
4 has to C a greater ratio than D to F.

CoxsrrucTioN. Because the ratio of 4 to B is greater
than that of D to E, it is possible to find some equi-
multiples, say the m'* multlples, of 4 and D, and some 8qui-
multiples, say the nt multiples, of B and E such that

m times 4 is greater than n times B,
and m times D not greater than n times E: (Def. 7.)
and because the ratio of B to C is greater than that of ¥
to F, it is possible to find some equimultiples, say the
p™® multiples, of B and E, and some equimultiples, say the

¢*® multiples, of C and F, such that

p times B is greater than ¢ times C,
and p times Z not greater than ¢ times F, (Def. 7.)

Let p times m be r and n times ¢ be s,

and let » times B be A and p times B be K.

Proor. Because m times 4 is greater than n times B,
and p times m is 7, and » times B is H,
therefore  times 4 is greater than p times H ;
and because p times B is greater than ¢ times C,
and p times B is K and » times ¢ is s,
therefore n times X is greater than s times C';
and because n times B is H, and p times B is X,
p times H is equal to n times K ;
therefore ~ times 4 is greater than s times C.
Similarly it can be proved that
r times D is not greater than s times F';
therefore 4 has to (' a greater ratio than D to #. (Def. 7.)
‘Wherefore, if the first, &c.
* Algebraically. If a:b>d:eandb:c>e: f,
then azc>d:f.

23—2
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PROPOSITION 16.
Ratios, of which equal ratios are duplicate, are equal*.

Let 4, B, C, D, E, F be six magnitudes, 4, B, C being
of the same kind, and D, E, F of the same kind, such that
Aisto Bas BtoC,

and D is to X as K to F,

. and also 4 is to C as D to F':
it is required to prove that

AistoBas Dto E.

Proor. If the ratio of 4 to B were greater than that
of D to E,
then also, since 4 is to B as B to C,
. and Disto Fas E to F,
the ratio of B to C would be greater than that of £ to F;

(Prop. 7.)
therefore the ratio of 4 to C' would be greater than that of
D to F. (Prop. 15.)

Similarly, if the ratio of 4 to B were less than D to E,
then the ratio of 4 to C would be less than that of D to F;
therefore 4 is to B as Dto E.

Wherefore, ratios, of which &c.

* Algebraically,. If a:c=d:fanda:bd=b:candd:e=e:f,
then a:b=d:e,
negative quantities being excluded.
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DEFINITIONS.

It is often convenient to speak of closed rectilineal figures as a
class. The wording of definition 15 of Book 1. (page 11) implies
that the term polygon does not include a triangle or a quadrilateral.
This restriction for the future will not be maintained, and any closed
rectilineal figure, no matter what the number of its sides may be,
will be included under the term polygon.

DerFINITION 1. When the angles of one polygon taken in
order are equal to the angles of another taken in order, the
two polygons are said to be equiangular to one another.

[
H
B
D @ X
L
F
v E

The polygons ABCDE, FGHKL are equiangular to one another,
if the angles at 4, B, C, D, E be equal to the angles at F, G, H, K,
L respectively.

Pairs of vertices 4, F'; B, G; &ec., at which the angles are equal, are
corresponding vertices: and pairs of sides 4B, FG; BC, GH; &ec.
joining corresponding pairs of vertices are corresponding sides.

In this definition there is one more condition of equality than is
necessary. If n—1 of the angles of a polygon of n sides be equal to
n -1 of the angles of another polygon of n sides, the remaining angles
must be equal. (See I. Prop. 82, Coroll.) .

DerFINITION 2. When the ratio of a side of one of two
polygons, which are equiangular to one another, to the cor-
responding side of the other i8 the same for allpatrs of cor-
responding sides, the polygons are sard to be similar to
one another. .
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The polygons ABCDE, FGHKL are similar to one another, if
the angles at 4, B, C, D, E be equal to the angles at F, G, H, K, L

c
B
D P
s
57
4 F L

respectively, and if also all the ratios of 4B to FG, BC to GH,
CD to HK, DE to KL, EA to LF be equal to one another.

It will be seen hereafter that there are in this definition three
more conditions of equality than are necessary. One unnecessary
condition is contained in the statement that the polygons are equi-
angular to one another. ‘Other two unnecessary conditions are con-
tained in the statement that all the ratios are equal. For it can be
proved that in general, if in two equiangular polygons all but two of
the ratios of corresponding sides be equal, all the ratios are equal.

DerINITION 3. If tn each of two given finite straight
lines a point be taken such that the segments of the first line
are tin the same ratio as the segments of the second line, the
two lines are sard to be cut proportionally by the points.

(1) (2)
A r B 4 B
c-—-———zr———n 0——-——3—-—0

In the diagram (figure 1) the points P, Q cut the straight lines
4B, CD proportionally, if AP be to PB as CQ to QD.

This definition is extended also to the case, where the points P
and Q are in the lines 4B, CD produced (figure 2). It must however
be noticed that both points P, Q must be in the lines themselves, or
both points in the lines produced: otherwise the lines are not said to
be cut proportionally.

In figure 1 the points P, Q are said to cut the lines 4B, CD
internally; in figure 2 the points P, Q are said to cut the lines
AB, CD externally,

) 4

|
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DerFINITION 4. In some cases, where one side of a tri-
angle t8 specially distinguished from the other two sides, that
stde 13 called the base of the triangle and the perpendicular*
upon that side from the opposite vertex is called the altitude
of the triangle.

Similarly, one side of a parallelogram s sometimes called
the base and the perpendicular distance between it and the
opposite side the altitude of the parallelogram.

DEFINITION 5.  When a straight line 18 divided into two
parts, so that the whole is to one part as that part to the
other part, the line is said to be divided in extreme and
mean ratio.

DEFINITION 6. The figure formed of an arc of a circle
and the radit drawn to its extremities 18 called a sector of
the circle.

The angle between the radii, which 18 subtended by the
arce, 18 called the angle of the sector.

B .
6] (2)
[]
0
4 C ), X
B
If O be the centre of the circle, of which the arc 4BC is a part,
and 04, OC be radii, the figure 04BC is a sector.
In figure 1 the angle of the sector is less than two right angles,
in figure 2 the angle of the sector is greater than two right angles.
DEFINITION 7. Points lying on a straight line are said
to be collinear. A set of such points is called a range.
Straight lines passing through a point are said to be
concurrent. A set of such lines is called a pencil. The
lines are called the rays of the pencil and the point is called
the vertex of the pencil.
A set of points 4BCD... lying on a straight line is called the

* (See I. Def. 11, p. 9.)
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A set of straight lines drawn from a point O to a series of points
4, B, C, D... is called the pencil O (ABCD...).

DeriviTION 8. Four points on a straight line, such that
one pair divide the stratght line joining the other pawr
internally and externally sn the same ratio, are called
& harmonic range.

In the diagram, if 4P be to PB as 4Q to @B, then 4, P, B, Q
is a harmonic range.

P Q
4 B

Beoause AP is to PB as AQ to QB, therefore QB is to BP as Q4 %
AP (V. Def, 5, Note, and V. Prop. 9), that is, the points B, 4 divide
the distance QP internally and externally in the same ratio.

The two pownts which form either pair of a harmonic
ramge are said to be conjugate to one another.

The points 4, Band P, Q are two pairs of conjugate points.

DEeFINITION 9. 4 pencil of four rays passing through
the four points of a harmonic range ts called a harmonic

pencil.

Two rays, which pass through a pair of conjugate points
o a harmonsc ramge, are called conjugate Tays of the pencil.

DeriNiTION 10.  Fowr points on a straight line, such that
one pair divide the af/razyht line joining the other pasr
internally and externally n different ratios, are called
an anharmonic range.

The ratio of the ratio of internal division to the ratio of
external division 18 called the ratio of the anharmonic range.

If two anharmonic ranges have equal ratios, they are
called like anharmonic ranges.
DEerFINITION 11. A pencil of four rays passing through

the four points of am amharmonic range 18 called an anhar-
monic pencil.
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The ratio of the range is also said to be the ratio of the
pencil.
If two pencils have equal ratios, they are called like an-
harmonic pencils.
Quadrilaterals are often divided into three classes (1) vonvex,
(2) re-entrant, (3) cross, the natures of which appear from the adjoin-
ing diagrams.

(1) (2) (3
Q P’ R R :
Q
Q'
P
) 4

If the sides of a quadrilateral be produced both ways, the character
of the complete figure which is 8o formed is independent of the class
to which the quadrilateral belongs, as is evident from the adjoining
diagram.

Such a figure is called a complete quadrilateral, of which the
following is a definition.

DeriNiTION 12, The figure formed by four tnfinite
straight lines is called a complete quadrilateral.

The stranght line joining the intersection of ome pair of
lines to the tntersection of the other pair is called & diagonal.

There are three such diagonals. In the last diagram PP’, QQ’,
RR’' are diagonals of the complete quadrilateral there represented.
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PROPOSITION 1.

The ratio of two triangles of the same altitude i3 equal
to the ratio of their bases.

Let the triangles ABC, ADE be two triangles of the
same altitude, that is, having a common vertex 4 and their
bases BC, DE in a straight line:

it is required to prove that the triangle 4 BC is to the
triangle ADE as BC to DE.

ConsTrUCTION. In CB produced, take any number of
straight lines BF, FG each equal to B(C, and in DE pro-
duced, any number EH, HK, KL each equal to DE;

and draw AF, AG, AH, AR, AL,

4

G F B C D E H K L

Proor. Because BC, FB, GF are equal,
the triangles A BC, 4 FB, AG F are equal. (I. Prop. 38, Coroll.)
Therefore the triangle AGC is the same multiple of the
triangle 4 BC, that GC is of BC.
Similarly it can be proved that
the triangle A DL is the same multiple of the triangle A DE,.
that DL is of DE. ‘

Again, if GC be equal to DL,
the triangle 4GC is equal to the triangle ADL,
(1. Prop. 38, Coroll.)
and if GC be greater or less than DL, the triangle AGC is
greater or less respectively than the triangle ADL.
Therefore since of the four magnitudes the triangles
ABC, ADE and the lines BC, DE, the triangle AGC and
the line GC are any equimultiples whatever of the first and

i
|
i
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the third, and the triangle ADL and the line DL are any
equimultiples whatever of the second and the fourth, and
it has been proved that
the triangle AGC and GC are both greater than, both
equal to or both less than the triangle ADL and DL
respectively ;
therefore
the triangle ABC is to the triangle ADE as BC to DE.

(V. Def. 5.)
‘Wherefore, the ratio of two triangles, &c.

CoroLLARY 1. The ratio of two triangles of equal alti-
tudes 18 equal to the ratio of their bases.

CoROLLARY 2. The ratio of two triangles of equal bases
28 equal to the ratio of their altitudes.

CoroLLARY 3. The ratio of two parallelograms of equal
altitudes 18 equal to the ratio of their bases..

Each parallelogram is double of the triangle on the
same base and of the same altitude. The ratio of the
parallelograms therefore is equal to the ratio of the triangles.

(V. Prop. 6, Coroll.)

EXERCISES.

1. The diagonals of a convex quadrilateral, two of whose sides are
parallel and one of them double of the other, cut one another at a
point of trisection.

2. The sum of the perpendiculars on the two sides of an isosceles
triangle from any point of the base is constant.

8. If straight lines 40, BO, CO be drawn from the vertioes of a
triangle ABC, and 40 produced cut BC in D, the triangles 40B,
AOC have the same ratio as BD, DC.

4. If in the sides BC, C4 of a triangle points D, E be taken, such
that BD is twice DC, and CE twice EA4, and the straight lines 4D,
BE intersect in O, then the areas of the triangles EO4, A0B, BOD,
ABC are in the ratios of the numbers 1, 6, 8, 21,
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PROPOSITION 2. Parr 1.

If a straight line be parallel to one side of a triangle,
ot cuts the other sides proportionally.

Let the straight line DE be parallel to the side BC of
the triangle 4BC, and cut the sides 4B, AC or these
sides produced in D, Z respectively:

it is required to prove that BD is to DA as CE to EA.
ConsTRUCTION. Draw BE, CD.

4 E
(2) ; ? 4 (8) 'D
(1)
B D
D 0 B B
g\ o B
z c

Proor. Because the two triangles BDE, CDE have
the side DE common, and BC is parallel to DE
the trmngles BDE, CDE are equal. (I Prop. 37 )
Therefore the triangle BDE is to the triangle ADE as
the triangle CDE to the triangle ADE. (V. Def. 5, Note.)
But the triangle BDE is to the triangle ADE as BD to
DA4; (Prop. 1.)
and the triangle CDE is to the triangle ADE as CE to
; Prop. 1.
therefore BD is to DA as CE to EA. (V. (Prop b. g
‘Wherefore, if a straight line &ec.

CoroLLARY. Because BC is parallel to DE a side of
the triangle 4 DE, it follows that N
DB is to BA as EC to C4;
therefore also AB is to 4D as AC to AE.
(V. Props. 10, and 11.)
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EXERCISES.

1. A straight line drawn parallel to BC, one of the sides of
a triangle ABC, meets 4B at D and AC at E; if BE and CD meet at
F, then the triangle ADF is equal to the triangle 4EF.

2. Ifin a triangle A BC a straight line parallel to BC meet 4B at
D and AC at E, and if BE and CD meet at F: then AF produced
if necessary will bisect BC and DE.

8. Through D, any point in the base of a triangle ABC, straight
lines DE, DF are drawn parallel to the sides 4B, 4C, and meet the
sides at E, F: shew that the triangle AEF is a mean proportional
between the triangles FBD, EDC.

4. I two sides of a quadrilateral be parallel, any straight line
drawn parallel to them will cut the other sides proportionally.

5. If a straight line EF, drawn parallel to the diagonal AC of a

logram 4ABCD, meet AD, DC, or those sides produced, in E

and F respectively, then the triangle ABE is equal in area to the
triangle BCF.

6. ABC is a triangle, and through D, a point in 4B, DE is drawn
parallel to BC meeting 4C in E, Through C a line CF is drawn
parallel to BE, meeting 4B produced in F. Prove that 4B is a
mean proportional between 4D and 4F.

7. Through & given point within a given angle draw a straight
line such that the segments intercepted between the point and the
lines which form the angle may have to one another a given ratio.

8. Find a point D in the side 4B of a triangle ABC such that
the square on CD is in a given ratio to the rectangle 4D, DB,
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PROPOSITION 2. Part 2.

If a straight line cut two sides of a triangle proportion-
ally, st is parallel to the third side.

Let the straight line DE cut the sides AB, AC of the
triangle ABC, or these sides produced, proportionally in
D, E respectively, so that BD is to DA as CK to EA:

it is required to prove that DZ is parallel to BC.

CoxsTrUCTION. Draw BE, CD,

A E

(2) 3 D

@ 4 (3) '
B

D

D c Béﬂ
c B
£ ¢

Proor. Because BD is to DA as CF to EA,
(Hypothesis.)
and as BD to DA so is the triangle BDE to the triangle
ADE, (Prop. 1.)
and as CZ to E4 so is the triangle CDE to the triangle
ADE; (Prop. 1.)
therefore the triangle BDE is to the triangle A DE
as the triangle CDE to the triangle ADE; (V. Prop. 5.)
i.e. the triangles BDE, CDE have the same ratio to the
triangle ADE ;
therefore the triangles BDE, CDE are equal.
(V. Prop. 3.)
But these triangles have a common side DF and lie on the
same side of it;
therefore BC is parallel to DE. (I. Prop. 39.)

‘Wherefore, if a straight lins &e.
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CoroLLARY. If ABbe to AD as AC to AE,
it follows that BD is to DA as CE to EA
(V. Props. 10 and 11.)
and therefore BC is parallel to 4D.

EXERCISES.

1. Prove that there is only one point which divides a given
straight line internally in a given ratio, and only one point which
divides a given straight line externally in a given ratio.

2. If DEF be a triangle inscribed in a triangle A BC and have its
sides parallel to those of 4BC, then D, E, F must be the middle
points of BC, CA4, 4B.

8. From a point E in the common base of two triangles ACB,
ADB, straight lines are drawn parallel to 4C, 4D, meeting BC, BD
at F, G: shew that F@G is parallel to CD.

4. If two given distances PQ, RS be measured off on two fixed
perallel straight lines, then the locus of the intersection of each of
the pairs PS, QR and PR, QS is a parallel straight line.

5. On three straight lines 04P, OBQ, OCR the points are chosen
so that 4B, PQ are parallel and BC, QR are parallel; prove that
AC, PR also are parallel.

6. If two opposite sides 4B, DC of a quadrilateral 4BCD be
parallel, any straight line PQ which cuts 4D, BC proportionally must
be parallel o 4B and DC.

7. Take D, E, the middle points of the sides C4, CB of a triangle;
join D and E, and draw AE, BD, intersecting in O; then the areas of
the triangles DOE, EOB, BOA are in continued proportion.
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PROPOSITION 3. Parr 1.

If an angle of a triangle be bisectsd snternally or
externally by a straight line which cuts the opposite side or
that side produced, the ratio of the segments of that side ts
equal to the ratio of the other sides of the triangle.

Let the angle BAC of the triangle ABC be bisected
internally or externally by the straight line 4D which cuts
in D the opposite side BC (fig. 1) or BC produced (fig. 2):

it is required to prove that BD is to DC as BA to AC.

ConstructioN. Through C draw CE parallel to DA to
meet BA produced or BA in E; and take in B4 or BA
produced a point # on the side of 4 away from E.

(1 E (2) F

B D C B c D

Proor. Because AC intersects the parallels AD, EC,
the angle DAC is equal to the angle ACE; (L. Prop. 29.)
and because FAZ intersects the parallels AD, EC,
the angle 4D is equal to the angle AZC. (I. Prop. 29.)
And the angle DAC is equal to the angle FAD;
(Hypothesis.)
therefore the angle AEC is equal to the angle ACE;
therefore AC is equal to 4E. (I. Prop. 6.)
Now because 4D is parallel to £C, one of the sides of
the triangle BEC,
BD is to DC as BA to AE; (Prop. 2.)
and AC has been proved equal to 4F;
therefore BD is to DC as BA to AC.

‘Wherefore, if an angle &e.
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EXERCISES.

1. ABC is a triangle which has its base BC bisected in D. DE,
DF bisect the angles ADC, ADB meeting AC, AB in E, F. Prove
that EF is parallel to BC.

2. If AD bisect the angle BAC, and meet BC in D, and DE, DF
bisect the angles ADC, ADB and meet AC, AB in E, F respectnvely,
then the triangle BEF is to the triangle CEF as B4 is to AC.

8. An internal point O is joined to the vertices of a triangle 4 BC.

The bisectors of the angles BOC, CO4A, AOB meet BC, C4, AB

tively in D, E, F: prove that the ratio compounded of the
ratios AE to EC, CD to DB, and BF to FA is unity.

4. One circle touches another internally at O. A straight line
touches the inner circle at C, and meets the outer one in 4, B: prove
that 04 is to OB as AC to CB.

5. The angle 4 of a triangle 4BC is bisected by 4D which cuts
the base at D, and O is the middle point of BC: shew that OD
has the same ratio to OB that the difference of the sides has to
their sum,

6. AD and AE bisect the interior and the exterior angles at 4 of
a triangle 4BC, and meet the base at D and E; and O is the middle
point of BC: shew that OB is a mean proportional between OD
and OE.

7. If 4, B, C be three points in a straight line, and D a point
at which 4B and BC subtend equal angles, then the locus of D is
a circle.
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PROPOSITION 3. ParT 2.

If a straight line drawn through a vertex of a triamgle
cut the opposite side or that side produced, so that the ratio
of the segments of that side 18 equal to the ratio of the other
sides of the triamgle, the straight line bisects the vertical angle
internally or externally.

Let the straight line AD drawn through 4 one of the
vertices of the triangle 4 BC' cut the opposite side BC or BC
produced in D, so that BD is to DC as BA to AC:

it is required to prove that 4D blsects the angle at 4
internally or externally.

ConstrUCTION. Through ¢' draw CE parallel to DA to
meet B4 produced (fig. 1) or B4 (fig. 2) in £; and take in
BA or BA produced a point F on the side of 4 away from Z.

(1) B (2 F

B D ¢ B C D

Proor. Because DA is parallel to CZ one of the sides
of the triangle BEC,
BD is to DC as BA to AE. (Prop. 2.
And BD is to DC as BA to AC; (Hypothesis.
therefore B4 is to AC as BA to AE; (V. Prop. 5.
therefore A is equal to AC; (V. Prop. 3.)
therefore the angle ACE is equal to the a.ngle AEC.
(I. Prop. 5.)
Again, because AC intersects the parallels 40, EC,
the angle DAC is equal to the angle ACZ; (1. Prop. 29.)
and because F4E intersects the parallels AD, EC,
the angle F4D is equal to the angle 4 EC; (I. Prop. 29.)
therefore the angle DAC is equal to the angle FAD.

‘Wherefore, if a straight line &c.
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EXERCISES.

1. The bisector of the angle BAC of a triangle 4BC meets BC in
D; a straight line EGF parallel to BC meets 4B, AD, ACin E, G, F
respectively; prove that EG is to GF as BD to DC.

2. The sides 4B, AC of a given triangle 4BC are produced to
any points D, E, so that DE is parallel to BC. The straight line DE
is divided at F so that DF is to FE as BD is to CE: shew that the
locus of F is a straight line.

8. If a chord of a circle 4B be divided at C so that AC isto CB as
AP to PB, where P is a point on the circle : then a circle can be de-
scribed to touch 4B at C and the given circle at P.

4. ABCD is a quadrilateral : if the bisectors of the ang]es at 4
and C meet in BD, then the bisectors of the angles at B and D meet
in AC.

5. If A, B, C, D be four points in order on a straight line, such
that AB is to BC as 4D to DC, and P be any point on the circle
described on BD as diameter, then PB, PD are the bisectors of the
angle APC.

24—2
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PROPOSITION 4.

If two triangles be equiangular to one another, they are
sumilar.

Let the triangles ABC, DEF be equiangular to one an-
other: :

it is required to prove that the ratios
AB to DE, BC to EF and CA to FD are equal.

ConstrucrioN. Of the two lines BA, ED let BA be the
greater®. In BA take B@ equal to ED, and in BC take
BH equal to EF; and draw GH.

4
a D

N\

B H c E F

Proor. Because in the triangles GBH, DEF,
B@ is equal to ED, and BH to EF,
and the angle @BH to the angle DEF,
the triangles are equal in all respects; (I. Prop. 4.)
therefore the angle BGH is equal to the angle EDF;
and the angle EDF is equal to the angle BAC;
(Hypothesis.)
Hence the angle BGH is equal to the angle BAC,
and AC is parallel to GH ; (I. Prop. 28.)
therefore B4 is to B@ as BC to BH ;

(Prop. 2, Part 1, Coroll.)
and GB is equal to DE, and BH to EF;
therefore AB is to DE as BC to EF.

Similarly it can be proved that either of these ratios is
equal to the ratio C4 to FD.

‘Wherefore, if two triangles &c.

* The case when BA is equal to ED has already been dealt with.
(1. Prop. 26.)
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EXERCISES.

1. A common tangent to two circles cuts the straight line joining
the centres externally or internally in the ratio of the radii.

2. If 4B, CD,two parallel straight lines, be divided proportionally
by P, Q, so that AP is to PB as CQ to @D, then AC, PQ, BD meet
in a point.

8. ABCD is a parallelogram; P and Q are points in & btraight
line garallel to AB; PA and QB meet at R, and PD and QC meet at
S; shew that RS is parallel to 4D.

4. The tangents at the points P and @ of a circle intersect in 7":
if from any other point R of the circle the perpendiculars RM, RN
be drawn to the tangents TP and TQ, and the perpendicular RL be
drawn to the chord PQ, then RL is a mean proportional between
RM and RN.

5. A straight line, parallel to the side BC of a triangle 4BC,
meets the sides 4B, AC (or those sides produced) at D and E. On
DE is constructed a parallelogram DEFG, and the straight lines
BG@, CF (produced if necessary) meet each other at S. Prove that
A8 is parallel to DG or EF.

6. Inscribe an equilateral triangle in a given triangle, so as to
have one side parallel to a side of the given triangle.

7. If two triangles have their bases equal and in the same
straight line, and also have their vertices on a parallel straight
line, any straight line parallel to their bases will cut off equal areas
from the two triangles,

8. In a given triangle ABC draw a straight line PQ parallel to
AB meeting AC, BC in P, Q, so that PQ may be a mean proportional
between BQ, QC.

9. Two circles intersect at 4, and a straight line is drawn bisect-
ing the angle between the tangents at 4. Prove that the segments of
the line cut off by the circles are proportional to the radii.

10. If ACB, BCD be equal angles, and DB be perpendicular to BC
and B4 to AC, then the triangle DBC is to the triangle ABC as DC
is to C4. .
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PROPOSITION 5.

If the ratios of the three sides of ons triangle to the three
sides of amother triangle be equal, the triangles are equi-
angular to one another.

Let the given triangles ABC, DEF be such that the
ratios 4B to DE, BC to EF and CA to FD are equal:
it is required to prove that the triangles ABC, DEF are

equiangular to one another.

CoNnsTRUCTION. On the side of £F away from D draw
EG, FQ making the angles FEG, EFG equal to the angles
CBA, BCA respectively. (I. Prop. 23.)

4
D
c F
E
B G

Proor. Because in the triangles 4BC, GEF,
the angles ABC, BCA are equal to the angles GEF, EFG,
the triangles 4 BC, GEF are equiangular to one another,
(L. Prop. 32.)
and therefore 4B is to GE as BC to EF. (Prop. 4.)
And 4B is to DE as BC to EF; (Hypothesis.)
therefore 4B is to GE as AB to DE; (V. Prop. b.
therefore GZ is equal to DE. (V. Prop. 3.
Similarly it can be proved that GF is equal to DF.
Then because in the triangles DEF, GEF,
DE, EF, FD are equal to GE, EF, F@ respectively,
the triangles are equal in all respects; (I. Prop. 8.)
therefore the triangles DEF, GEF are equiangular to one
another ;
and the triangle GEF was constructed so as to be equi-
angular to the triangle ABC;
therefore the triangles ABC, DEF are equiangular to
one another.

‘Wherefore, if the ratios &c.
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PROPOSITION 5. A.

If one pair of angles of two triangles be equal and another
pair of angles be supplementary, the ratios of the sides opposite
to these pairs of angles are equal.

Let ABC, DEF be two triangles in which the angles
ABC, DEF are equal, and the angles ACB, DFE are sup-
plementary :

it is required to prove that 4B is to DE as AC to DF.

CoxsrructioN. Of the two angles ACB, DFE, let ACB
be the less. With 4 as centre and AC as radius describe a
circle cutting BC' in @ ; and draw 4G.

4

D
/ 4
B (¢4 C E P

Proor. Because AC is equal to 4G,
the angle AGC is equal to the angle ACG ; (I. Prop. 5.)
and the angle AGB is the supplement of the angle 4GC,
and the angle DFZ is the supplement of the angle ACB;
(Hypothesis.)
therefore the angle AG B is equal to the angle DFE ;
and the angle 4B@ is equal to the angle DEF ;
(Hypothesis.)
therefore the triangles A B@, DEF are equiangular to one
another ; (L. Prop. 32.)
therefore 4B is to DE as AG to DF; (Prop. 4.)
and 4C is equal to 4G ; (Constr.)
therefore 4B is to DE as AC to DF.
Wherefore, if one pair of angles, &c.
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PROPOSITION 6.

If the ratios of two sides of one triangle to two sides of
another triangle be equal, and also the angles contained by
those sides be equal, the triangles are equiangular to one
another.

Let ABC, DEF be two triangles in which 4B is to DE
as BC to EF,
and the angle 4BC is equal to the angle DEF:
it is required to prove that the triangles ABC, DEF are
equiangular to one another.

ConsTrUCTION. Of the two lines BA, £D let BA be the
ter*. In BA take B@ equal to ED, and in BC take
BH equal to EF; and draw GH.

4

(¢ F
(o

574 : E
B

Proor. Because BA is to ED as BC to EF,
and B@ is equal to £D, and BH to EF,
therefore BA is to BG as BC to BH ;
therefore GH is parallel to AC, (Prop. 2, Part 2, Coroll.)
and the angle BGH is equal to the angle BAC.
(I. Prop. 29.)

Again, because in-the triangles DEF, GBH,
ED is equal to BG and EF to BH,
and the angle DEF to the angle GBH,
the triangles are equal in all respects ; (L. Prop. 4.)

* The case when BA is equal to ED has already been dealt with.
(z. Prop. 4.)
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therefore the angle ZDF is equal to the angle BGH,
and therefore to the angle BAC.
And the angles at B and Z are equal ; (Hypothesis.)
therefore the triangles ABC, DEF are equiangular to one
another. (L. Prop. 32.)

Wherefore, if the ratios &c.

EXERCISES.

1. Bhew that the locus of the middle points of straight lines
parallel to the base of a triangle and terminated by its sides is a
straight line.

2. CAB, CEB are two triangles having the angle B common and
the sides C4, CE equal; if BAE be tgroduoed to D and ED be taken

a third proportional to B4, 4C, then the triangle BDC is gimilar to the
triangle BAC.

8. From a point E in the common base of the triangles ACB,
ADB, straight lines are drawn parallel to 4C, 4D, meeting BC, BD in
F and G ; shew that FG@, CD are parallel.

4, C is a point in a given straight line 4B, and 4B is produced
to O, so that CO is a mean proportional between 40 and BO. If P
be any point on a circle described with centre O and radius OC, then
the angles APC, BPC are equal.

5. If a point O be taken within a parallelogram 4BCD, such that
the angles OBA, ODA are equal, then the angles 04D, OCD are
equal.

6. Iftwo points P, Q be such that when four perpendiculars PM,
Pm, QN, Qn are dropped upon the straight lines AMN, Amn, PM isto
Pm a8 QN to Qn, then P and Q lie on a straight line through 4.

7. If on the three sides of any triangle, equilateral triangles be
described either all externally or all internally, the centres of the
circles inscribed in these triangles are the vertices of an equilateral
triangle,

8. The straight line OP joining a fixed point O to a variable
point P on a fixed circle is divided in @ in a constant ratio; prove
that the locus of Q is a circle.

9. Given the base and the vertical angle of a triangle, find the
locus of the intersection of bisectors of sides.
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PROPOSITION 7.

If the ratios of two sides of ome triangle to two sides of
amother triangle be equal, and also the angles opposite to
one pair of these sides be equal, the angles opposite to the
other pair of sides are equal or supplementary.

Let ABC, DEF be two triangles, in which

AB is to DE as BC to EF,
and the angle BAC is equal to the angle EDF:
it is required to prove that the angles ACB, DFE are either
equal or supplementary.

ConsTrUCTION. On the side of ZF away from D,
draw EG making the angle FEG equal to the angle CBA,
and draw FG making the angle ZFG equal to the angle
BCA. (I Prop. 23.)

4 D
; 714'
o
E
» G

Proor. Because the triangles ABC, GEF are equi-
angular to one another, (1. Prop. 32.)
4B is to GE as AC to GF; (Prop 4)
and 4B is to DE as BC to EF; (Hypothesis.)
therefore 4B is to GE as AB to DE (V. Prop. b.)
and GZ is equal to DE, (V. Prop. 3.)

Now because in the triangles GEF, DEF,

GElsequaltoDEandEFtoEF
and the angle ZGF to the angle EDF;

(for each is equal to the angle at 4)
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therefore the angles GFE, DFE are either equal or supple-

mentary; (1. Prop. 26, A.)
and the angle GFE is equal to the angle ACB;
(Constr.)

therefore the angles ACB, DFE are either equal or sup-
plementary.
‘Wherefore, if the ratios &e.

CoroLLARY. When two of the ratios of a side of one
triangle to the corresponding side of another triangle are
equal, and also the angles opposite to one pair of these sides
equal, the triangles are equiangular to one another, provided
that of the amgles opposite to the second pair of sides,

1) each be less than a right angle,
2) each be greater than a right angle,
or (3) one of them be a right angle.
, (I Prop. 26 A, Coroll.)

EXERCISE.

Prove that, if ABCD, EFGH be two quadrilaterals, such that the

les ABC, ADC are equal to the angles EFG, EHG respectively,
and the ratios 4B to EF, BC to FG, CD to GH are equal, and if the
angles BAD, FEH be both acute angles, then the quadrilaterals are
similar,
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PROPOSITION 8.

In a right-angled triangle, if a perpendicular be drawn
from the opposite vertex to the hypotenuse, the perpendicular
i a mean proportional between the segments of the hypo-
tenuse, and each of the sides of the triangle 18 a mean pro-
portional between the hypotenuse and the segment of it
adjacent to that side.

Let ABC be a right-angled triangle, and let 4D be

drawn perpendicular to the hypotenuse BC':
it is required to prove that BD is to DA as AD to DC,
that BC is to BA as BA to BD, and that BC is to C4 as

C4 to CD.
4

B D ¢

Proor. Because in the triangles 4BC, DBA,
the right angle BAC is equal to the right angle BDA,
and the angle 4B( is equal to the angle DBA,
therefore the triangles A BC, DBA are equiangular to one
another. (L. Prop. 32.)
Similarly it can be proved that the triangles DAC, 4 BC are
equiangular to one another. _
Therefore the triangles DBA, DAC are equiangular to one
another.
Now, because the triangles DBA, DAC are equiangular
to one another,
BD is to DA as AD to DC; (Prop. 4.)
and because the triangles 4 BC, DBA are equiangular to one
another,
BC is to BA as BA to BD; (Prop. 4.)
and because the triangles ABC, DAC are equiangular to
one another,
BC is to C4 as AC to CD. (Prop. 4.)

‘Wherefore, in a right-angled triangle &c.
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EXERCISES.

1, If the perpendicular drawn from the vertex of a triangle to the
base be a mean proportional between the segments of the base, the
triangle is right-angled.

2. If a triangle whose sides are unequal can be divided into two
similar triangles by a straight line joining the vertex to a point in the
base, the vertical angle must be a right angle.

8. If CD, CE, the internal and the external bisectors of the angle
at C in a triangle 4BC having a right angle at 4, cut B4 in D and
E respectively, then AC is a mean proportional between 4D, AE.

4. A perpendicular 4D is drawn to the hypotenuse BC of a right-
angled triangle from the opposite vertex 4: and perpendiculars
DE, DF a.rengrawu from D to the sides 4B, AC; prove that a circle
will pass through the four points B, E, F, C.

5. On the tangent to a circle at 4 two points C and B are taken
such that AC is equal to CB: the straight lines joining B, C to F, the
opposite extremity of the diameter through 4, cut the circle in D, E
respectively ; prove that AE is to ED as FA to FD.

6. A chord CD is drawn parallel to a diameter 4B of a circle, and
AC, AD are produced to cut the tangent at B in E, F respectively ;
prove that the sum of the rectangles 4C, CE and 4D, DF is equal to
the square on 4B,

7. If A4 be a point outside a circle and B be the middle point of
the chord of contact of tangents drawn from 4, and P, Q be any
two points on the circle, then P4 is to Q4 as PB to QB.

8. Two circles intersect in 4, B; from B ndiculars BE, BF
are drawn fo their diameters 4C, 4D; prove that C, E, F, D lie on a
circle, which is cut at right angles by the circle whose centre is 4 and
radius 4B.

9. The circumference of one circle passes through the centre of
another circle. If from any point of the former circle two straight
lines be drawn to touch the latter circle, the straight line joining the
points of contact is bisected by the common chord of the two circles,
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PROPOSITION 9.

From a gien finite strasght line to cut of any aliquot
part required.

Let AB be the given finite straight line:
it is required to cut off from 4B a given aliquot part, say
the n'® part.

ConsTRUCTION. From A4 draw any straight line AC
making an angle with 4B, and in it take any point D, and
cut off AE the same multiple of 4D that 4B is of the part
to be cut off, i e. take 4 F equal to » times 4D.

Draw EB, and draw DF parallel to it meeting 4 B in F":

then AF is the part required.

E

4 F B

Proor. Because F'D is parallel to BE, one of the sides
of the triangle 4 BE,
ABis to AF as AE to AD; (Prop. 2, Part 1, Coroll.)
andAElsequaltontxmesAD -
therefore 4 B is equal to n times AF.
Therefore 4F is the n part of AB.

‘Wherefore, from the given straight line AB, AF the part
required has been cut off.
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PROPOSITION 10.

To divide a given finite straight line similarly to a given
divided straight line.

Let AB be a given straight line and CD another given
straight line divided in E':
it is required to divide 4B similarly to CD.

ConstrUcTION. Draw AF making an angle with 4'B;
cut off 4G, GH equal to CE, ED respectively.

Draw HB, and draw GX parallel to HB meeting A Bin K:
then 4B is divided at X similarly to CD at E.

E

4 K B

Proor. Because GX is parallel to HB one of the sides
of the triangle AHB,
AK is to KB as AG to GH,; (Prop. 2.)
and AQ@ is equal to CE, and GH to ED. (Constr.)
Therefore 4K is to KB as CE to ED.

‘Wherefore, the straight line AB has been divided at K
similarly to the straight line CD at E.

EXERCISES.

1. If three straight lines passing through a point O cut two
rallel straight lines ABC, PQR in 4, P; B, Q; C, R, then the
ines AC, PR are similarly divided in B, Q.

2. Draw a straight line through a given point 4, so that the
perpendiculars upon it from two other given points B and C may
be in a given ratio.

8. Draw through two given points on a circle two parallel chords
which shall have a given ratio to one another.



376 BOOK VI

PROPOSITION 11.

To find a third proportional to two given finite straight
lines.

Let AB, CD be two given straight lines:
it is required to find a third proportional to 4B, CD.

CoxsTRUCTION. Draw from any point P a pair of straight
lines PE, PF making an angle with one another, and from
PE cut off PG, GH equal to 4B, CD respectively and from
PF cut off PK equal to CD.

Draw GK and draw HL parallel to @K meeting P¥ in L:
then KL is a third proportional to 4B, CD.

P G H E

Proor. Because GK is parallel to HL one of the sides
of the triangle PHL,
PG is to GH as PK to KL; (Prop. 2.)
and P@ is equal to 4B and GH and PK are each equal to
CD;
" therefore 4B is to CD as CD to KL.
‘Wherefore to the two given straight lines AB, CD a third
proportional KL has been found.
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PROPOSITION 12.

To find a fowrth proportional to three given strasght lines.

Let AB, CD, EF be three given straight lines:
it is required to find a fourth proportional to 4B, CD, EF.

ConsTrUcTION. Draw from any point P a pair of
straight lines PG, PH making an angle with one another;
and from P@ cut off PK, KL equal to AB, CD respectively,

and from PH cut off PM equal to EF,
Draw KM, and draw LN parallel to KM meeting PH in N:
then M N is a fourth proportional to 48, CD, EF.

P K L 4

Proor. Because KM is parallel to LN one of the sides
of the triangle PLN,
PKlstoKLasPMtoMN (Prop. 2.)
and PK is equal to AB, KL to CD, and PXM to EF;
therefore 4B is to CD as EF to MN.

‘Wherefore to the three given straight lines AB, CD, EF,
a fourth proportional MN has been found.

EXERCISE.

1. C is a point on a straight line AB; find a point D in AB
produced, such that D4 is to DB as C4 to CB.
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PROPOSITION 13.

To find @ mean proportional between two given stratght
lines. ‘

Let 4B, CD be two given straight lines:
it is required to find a mean proportional between 4B and
CD.

ConsTrucTION. Draw any straight line and from it
cut off £F, FG equal to 4B, CD respectively.
Describe a circle on £G@ as diameter and draw FH at
right angles to £G meeting the circle in H:
then #H is a mean proportional between 4B and CD.

Draw EH, HG.
H
E F G ’
4 B
c D

Proor. Because ZH@ is a semicircle,
the angle ZHG is a right angle; (IIL Prop. 31.)
and because HF is the perpendicular from A on the hypo-
tenuse of the right-angled triangle ZHG,
EF is to FH as FH to F@; (Prop. 8.)
and EF is equal to, 4B and F@ to CD;
therefore 4B is to FH as FH to CD.

‘Wherefore, between the two given straight lines AB, CD
a mean proportional FH has been found.
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EXERCISES.
1. Find a mean proportional between two given straight lines
by the use of the theorem of Proposition 37 of Book 1.

2. Divide a given finite straight line into two parts, so that their
mean proportional may be of given length.

8. Construct an isosceles triangle equal to a given triangle and
having the vertical angle equal to one of the angles of the given
triangle.

4. Find a third proportional to two given straight lines by a
method similar to that of Proposition 13.

26—2
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DEeriNrTION.  If the ratio of a side of one polygon to a
side of amother polygon be equal to the ratio of an adjacent
side of the second to an adjacent side of the first, those sides
are said to be reciprocally proportional.

PROPOSITION 14. Parr 1.

If two parallelograms, which have a pa/vr of equal angles,
be equal in area, their sides about the equal amgles are recs-
procally proportional.

Let ABCD, EFGH be two parallelograms, which have
the angles at B and H equal, and which are equal in area :
it is required to prove that AB is to HG as EH to BC.

ConsTRUCTION. From 4B, CB produced cut off BN, BL
equal to HG, HE, and complete the parallelograms AZ, LN.

ya—e
/
4 N
/ / / /
D c q G
ProorF. Because in the parallelograms LN, EQ,
LB is equal to £H, and BN to HG,
and the angle ZBN to the angle EH@,
therefore the parallelograms LN, EG are equal in area.
(L. Props. 4 and 34.)
And the area of £ is equal to the area of AC;
therefore the area of AL is to the area of LN as the area
of AL to the area of AC.
And 4B is to BN as the area of AL to the area of LN,
and LB is to BC as the area of AL to the area of AC ;
(Prop. 1, Coroll. 3.;

therefore 4B is to BN as LB to BC, (V. Prop. b.
that is, 48 is to HG as EH to BC.

Wherefore, if two parallelograms &c.
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PROPOSITION 14. Parr 2.

If two parallelograms, which have a pair of equal angles,
have their sides about the equal angles reciprocally propor-
tional, the parallelograms are equal in area.

Let ABCD, EFGH be two parallelograms, which have
the angles at B, H equal and in which 4B is to HG as EH
to BC:

it is required to prove that the parallelograms 4BCD,
EFGH are equal in area.

CoxstrUCTION. From 4B, CB produced cut off BN, BL
equal to HG@, HE and oomplete the parallelograms AL, 'LN.

M

i / /

N

Proor. Because in the parallelograms LN, EG’,
LB is equal to £H, and BN to HG,
and the angle LBA to the angle £ZH @G,
therefore the parallelograms LN, EG are equal in area.
: (L. Props. 4 and 34.)
Because 4B is to HG as EH to BC,
and BY is equal to HG and LB to EH
therefore 4B is to BN as LB to BC.
And AB is to BN as the area of 4L to the area of LN,
and LB is to BC as the area of AL to the area of AC;
(Prop. 1, Coroll. 3.)
therefore the area of AL is to the area of LN as the area
of AL to the area of AC. (V. Prop. 5.)
Therefore the area of LN is equal to the area of AC.
And the parallelograms LN, EG are equal in area;
therefore the parallelogra.ms AC, EG are equal in area.

‘Wherefore, if two parallelograms &c.
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PROPOSITION 15. Parr 1.

If two triangles, which have a pair of equal anmgles, be
equal in area, their sides about the equal angles are recipro-
cally proportional.

Let ABC, DEF be two triangles, which have the angles
at 4, D equal and which are equal in area:
it is required to prove that B4 is to DF as ED to AC.

ConstrUcTION. From BA, CA produced cut off AH,
A@ equal to DF, DE respectively, and draw BG, GH.

B Q E
D
c b4 F
Proor. Because in the triangles AGH, DEF,
GA is equal to ED, and AH to DF,
and the angle GAH to the angle ZDF,
the triangles are equal in all respects. (L. Prop. 4.)
And the area of DEF is equal to the area of ABC ;
therefore the area of AGB is to the area of AGH as the
area of ABG t6 the area of ABC.
And BA is to AH as the area of ABG to the area of GAH,
and GA is to AC as the area of ABG to the area of ABC;
(Prop. 1.)
therefore B4 is to AH as G4 to AC; (V. Prop. 5.)

and 4H is equal to DF and G4 to ED; (Constr.)
therefore B4 is to DF as ED to AC.

‘Wherefore, tf two triangles &c.
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PROPOSITION 15. Parr 2.

If two triamgles, which have a pair of equal angles, have
their sides about the equal amgles reciprocally proportional,
the triangles are equal in area.

Let ABC, DEF be two triangles, which have the angles
at 4, D equal and in which B4 is to DF as ED to AC:
it is required to prove that the triangles ABC, DEF are
equal in area.

CoxnsTrUCTION. From B4, CA produced cut off AH, AG
equal to DF, DE respectively, and draw BG, GH.

B (¢ B
4
c H F
Proor. Because in the triangles AGH, DEF,
GA is equal to £D, and AH to DF,
and the angle GAH to the angle EDF,
the triangles are equal in all respects. (I. Prop. 4.)
Because BA is to DF as ED to AC,
and 4AH is equal to DF and G4 to ED;
therefore BA is to AH as G4 to AC.

And BA is to AH as the area of GBA to the area of AGH,
and G4 is to AC as the area of GBA to the area of ABC ;

(Prop. 1.)
therefore the area of G@BA is to the area of AGH as the
area of GBA to the area of ABC; (V. Prop. 5.)

therefore the area of AGH is equal to the area of ABC ;
and the triangles AGH, DEF, being equal in all respects,
are equal in area ;
therefore the triangles A BC, DEF are equal in area.

‘Wherefore, tf two triangles &c.
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PROPOSITION 16. Parr 1.

If four straight lines be proportionals, the rectangle con-
tained by the extremes 18 equal to the rectangle contained by
the means.

Let the straight lines 4 B, CD, EF, GH be proportionals,
50 that 4B is to CD as EF to GH:
it is required to prove that the rectangle contained by 4.8
and GH is equal to the rectangle contained by CD and
EF.

ConsTRUCTION. From any point P draw two straight
lines at right angles and on one cut off PK, PL equal to
AB, CD respectively; and on the other cut off PM, PN
equal to £ F, GH respectively; and complete the rectangles
ML, NK.

M 4 B
N c D
E- F
G H
P L K

Proor. Because AB is to CD as EF to GH,
and PK, PL, PM, PN, are equal to 4B, CD, EF, GH
respectively,
therefore PK is to PL as PM to PN.
And the angle at P is common to the two rectangles NK,
ML;
therefore the rectangle N X is equal to the rectangle ML;
(Prop. 14, Part 2.)
and VK is contained by PK, PN and ML is contained by
PL, PM.
Therefore the rectangle contained by 4B, GH is equal to
the rectangle contained by CD, EF.

‘Wherefore, if four stratght lines &c.
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PROPOSITION 16. ParrT 2.

If the rectangle contained by the first and the fourth of
Jour given straight lines be equal to the rectangle contained
by the second and the third, the four lines are proportionals.

Let 4B, CD, EF, GH be four straight lines, such that
the rectangle contained by 4B and GH is equal to the rect-
angle contained by CD and EF:
it is required to prove that 4B is to CD as EF to GH.

ConsTrUCTION. From any point P draw two straight
lines at right angles, and on one cut off PK, PL equal to
AB, CD respectively; and on the other cut off PM, PN
equal to EF, GH respectively; and complete the rectangles
ML, NK.

M A4

B
N : ¢ D
E r
a H
P T K

. Proor. Because the rectangle contained by 4B and
GH is equal to the rectangle contained by (D and EF,
and PK, PL, PM, PN are equal to 4B, CD, EF, GH re-

spectively,
the rectangle contained by PK and PN is equal to the -
rectangle contained by PL and PM,

that is, the rectangle VK is equal to the rectangle ML;

therefore PK is to PL as PM to PN;
(Prop. 14, Part 1.)
and PK is equal to 4B, PL to CD, PM to EF and PN to
GH; (Constr.)
therefore 4.8 is to CD as EF to QH.

‘Wherefore, if the rectangle &c.
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PROPOSITION 17. Parr 1.

If three straight lines be proportionals, the rectangle con-
tained by the extremes is equal to the square on the mean.

Let the three straight lines 4B, CD, EF be propor-
tionals, so that 4B is to CD as CD to EF:
it is required to prove that the rectangle contained by 4B
and EF is equal to the square on CD.

CoxNsTRUCTION. Draw a straight line GH equal to CD.

4 B

g D

G
A4

|

E———F

Proor. Because 4 Bisto CDas CDto EF, (Hypothesis,)
and GH is equal to CD; (Constr.)
therefore AB is to CD as GH to EF;
therefore the rectangle contained by 4B and EF is equal
‘to the rectangle contained by CD and GH,
(Prop. 16, Part 1.)
which is equal to the square on CD, for GH is equal to CD.

‘Wherefore, tf three straight lines &c.

EXERCISE.

1. A square is inscribed in a right-angled triangle 4 BC, so that
two corners D, E lie on the hypotenuse 4B and the other two on
the sides BC, C4; prove that the square is equal to the rectangle
4D, EB.



PROPOSITION 117. 387

PROPOSITION 17. Part 2.

If the rectangle contained by the first and the third of
three given straight lines be equal to the square on the second,
the three straight lines are proportionals.

Let AB, CD, EF be three given straight lines, such that
the rectangle contained by 4B and EF is equal to the
square on CD:
it is required to prove that 4B is to CD as CD to EF.

CoNsTRUCTION. - Draw a straight line GH equal to CD.

p.| B
c D

G H
E——F

Proor. Because GH is equal to CD,
the square on CD is equal to the rectangle contained by
CD and GH;
therefore the rectangle contained by 4B and EF, which is
equal to the square on CD, is equal to the rectangle con-
tained by CD and GH;
therefore 4B is to CD as GH to EF; (Prop. 16, Part 2.)
and GH is equal to CD;
therefore 4B is to CD as CD to EF.

‘Wherefore, if the rectangle &c.
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PROPOSITION 18.

On a given straight line to construct a polygon similar
to a given polygon 8o that the given straight line may cor-
respond to a gwen side of the given polygon.

Let AB be the given straight line, and PQRS7T the
given polygon:
it is required to conmstruct on 4B a polygon similar to

PQRST so that 4B, PQ may be corresponding sides.

ConsTrRUCTION. From P, @ the extremities of PQ,
draw the diagonals PR, PS, @S, QT of the polygon
PQRST. At A, B on the same side of 4B make the angles
BAC, BAD, BAE equal to the angles QPR, QPS, QPT

tively, and the angles ABC, ABD, ABE to the angles
PQR, PQS, PQT respectively, and draw CD, DE:
then ABCDE is a polygon constructed as required.

D

B
T@R
4 B P Q

® Proor. Because the triangles ABC, PQR are equi-
angular to one another, . (Constr.
AC is to PR as AB to PQ; (Prop. 43

and because the triangles 4 BD, PQS are equiangular to

one another, (Constr.)
AD is to PS as AB to PQ; (Prop. 4.)

therefore 4D is to PS as AC to PR. (V. Prop.5.)

because in the triangles DAC, SPR,
the ratios of 4D to PS and AC to PR are equal,
and the angles DAC, SPR are equal; (Constr.)
therefore the triangles DAC, SPR are equiangular to one
another, and CD is to RS as AC to PR; (Prop. 6.)
therefore CD is to RS as AB to PQ. (V. Prop.5.)
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Again because the triangles 4 BC, PQR are equiangular
to one another, (Constr.)
the angle ACB is equal to the angle PRQ ;
and because the triangles DAC, SPR have been proved

equiangular to one another,
the angle ACD is equal to the angle PRS;
therefore the angle BCD is equal to the angle QRS.

Similarly it can be proved that the ratio of any other
corresponding pair of sides of the polygons ABCDE, PQRST
is equal to that of 4B to PQ, and that any corresponding
pair of angles are equal.

‘Wherefore, on the given straight line AB, the polygon
ABCDE has been constructed similar to the given polygon
PQRST, so that AB, PQ are corresponding sides.

EXERCISES.

1. Given the length of the line joining the middle point of a
side of a square with an end of the opposite side; determine, by
any method, the length of a diagonal of the square,

2. Inscribe in a given triangle a second triangle so that its sides
may be parallel to three given straight lines.

In how many ways can this be done? .-

8. In a triangle ABC inscribe a square so that two of its vertices
may be on BC and the other two on 4B, 4C.

4., In a semicircle inscribe a square, so that two corners may lie
in the diameter and two on the circumference.

5. In a given sector of a circle inscribe a square so that two
corners may lie on the arc and one on each of the bounding radii.

6. In a given sector inscribe a square so that two corners may be
on one of the bounding radii, one on the other bounding radius and
one on the are,
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PROPOSITION 19.

Similar triangles are to one another in the ratio duplicate
of the ratio of two corresponding sides.
Let ABC, DEF be similar triangles and BC, EF be
corresponding sides:
it is required to prove that the triangle ABC is to the
triangle DEF, in the ratio duplicate of the ratio of BC
to EF.
CoxstrUcTION. Find a third proportional to BC, EF
and from BC cut off B@ equal to it. Draw 4G.

A4
D

B G C E F

Proor. Because the triangles ABC, DEF are similar,
AB is to DE as BC to EF; (Prop. 4.)
and BC is to EF as EF to BG,; Constr.)
therefore AB is to DE as EF to BG; (V. Prop. 5.)
and the angle 4B@ is equal to the angle DEF;
therefore the triangles 4 BG, DEF are equal in area.
i (Prop. 15, Part 2.)
And the triangle 4 BC is to the triangle A BG as BC to BG;
therefore the triangle ABC is to the triangle DEF as BC
to BG;
And because BC is to EF as EF to BG,
BC has to B@ the ratio duplicate of the ratio of BC to EF.
(V. Def. 9.)
Therefore the triangle ABC has to the triangle DEF the
ratio duplicate of the ratio of BC to KF.

‘Wherefore, stmslar triangles &c.

CoROLLARY. If three straight lines be proportionals, the
first <8 to the third as any triangle on the first to a similar
triangle on the second.
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EXERCISES,

1. Through a point within a triangle three straight lines are drawn
parallel to the sides, dividing the triangle into three triangles and
three parallelograms: if the three triangles be equal to each other
in area, each is one-ninth of the original triangle.

2. An isosceles triangle is described having each of the angles at
the base double of the third angle: if the angles at the base be
bisected, and the points where the lines bisecting them meet the
opposite sides be joined, the triangle will be divided into two parts
having the same ratio as the base to the side of the triangle.

8. ABC is a triangle, the angle 4 being greater than the angle B:
a point D is taken in BC, such that the angle CAD is equal to B.
Prove that CD is to CB in the ratio duplicate of the ratio of 4D to
AB.

4. The sides BC, CA, AB of an equilateral triangle ABC are
divided in the points D, E, F so that the ratios BD to DC, CE to EA
and AF to FB are each equal to 2 to1. Find the ratio of the triangle
DEF to the triangle 4BC.

5. If a straight line 4B be produced to & point C so that 4B is
a mean proportional between AC and CB, then the square on 4B is
to the square on BC a8 4B to the excess of 4B over BC.

6. Find a mean proportional between the areas of two similar
right-angled triangles which have one of the sides containing the
right angle common.

7. Bisect a given triangle by a line parallel to its base.

8. Bisect a given triangle by a line drawn perpendiocular to its

9. Divide a given triangle into two parts, having a given ratio to
one another, by a straight line parallel to one of its sides.

10. ABC is a triangle; AB is produced to E: 4D is a straight

line meeting BC in D: BF is parallel to ED and meets AD in F:
construct & triangle similar o 4BC and equal to AEF.
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PROPOSITION 20.

A pair of similar polygons may be divided into pairs of
similar triangles, each pair having the same ratio as the
polygons.

Let ABCDE, PQRST be a pair of similar polygons:
it is required to prove that the polygons can be divided

into pairs of similar triangles.

ConstrUcTION. Take any point Z within the po]ygon
ABCDE, and draw LA, LB, LC, LD, LE.
Within the polygon PQRST, dra.w PX, QX making the
angles QPX, PQX equal to the angles BAL, ABL re-
spectively, and draw X R, XS, X7

D
s .
B ¢
T R
B P Q

Proor. Because the triangles LZAB, XPQ are equi-
angular to one another, (Constr.)
LB is to XQ as AB to PQ; (Prop. 4.)

and because the polygons ABCDE, PQRST are similar, -
ABlstoPQa.sBCtoQR (Def. 2.)

therefore LB is to X@Q as BC to QR (V. Prop. 5.)
~ Again because the polygons ABCDE, PQRST are
similar,
the angle 4BC is equal to the angle PQR;

‘and the angle 4 BL is equal to the angle PQX; (Conatr)
-therefore the angle LBC is equal to the a.ngle XQR.:
Therefore the triangles LBC, XQR are equiangular to
one another, (Prop. 6.

and therefore similar. (Prop. 4{

Similarly it can be proved that the triangles LCD,

LDE, LEA are similar to the triangles XRS, XS7, XTP
respectively.
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Again, because 4B is to PQ as BC to QR;
and because the triangle LAB is to the triangle XPQ in
the ratio duplicate of the ratio of 4B to PQ,
and the triangle LBC is to the triangle X@QR in the ratio
duplicate of the ratio of BC to QR, (Prop. 19.)
therefore the triangle LAB is to the triangle XPQ as the
triangle LBC to the triangle XQE. (V. Prop. 14. Coroll.)
Similarly it can be proved that each of the ratios of the
triangles LCD, LDE, LEA to the triangles XRS, XS7T,
XTP respectively is equal to the ratio of the tria.ngle LAB
to the triangle XP¢Q.
Therefore the polygon A BCDE is to the polygon PQRST
as the triangle LAB to the triangle XPQ. (V. Prop. 6.)

‘Wherefore, a pair of similar polygons &c.

CoRroLLARY. Simalar polygons are to one another in the
ratio duplicate of the ratio of two corresponding sides.

EXERCISES.

1, If ABC be a right-angled triangle and CD be drawn perpen-
dicular to the hypotenuse, then 4D is to DB as the square on AC to
the square on CB.

2. If a straight line be drawn from each corner of a square to
the nearer point of trisection of the next side of the square in order,
so as to form a square, this square will be two-fifths of the original
square. What will be the area of the new square, if the lines be
drawn to the further point of trisection?
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PROPOSITION 21.

Polygons which are similar to the same polygon are
similar to one another.

Let each of the polygons 4BC..., FGH..., be similar to
the polygon PQR...
it is required to prove that 4BC..., FGH... are similar to
one another.

P
£ r
B< 7 0< ) @
H
c
R

Proor. Because the polygons ABC..., PQR... are
similar,
the angle ABC is equal to the angle PQR,
and AB is to PQ as BC to QR; (Def. 2.)
and because the polygons FGH..., PQR... are similar,
the angle FG'H is equal to the a.ngle PQR,
andPQistoFG’asQRtoG’H.
Therefore the angle 4BC is equal to the angle FGH,
and 4B is to FG as BC to GH. (V Prop. 14)
Similarly it can be proved that every pair of corre-
sponding angles of the polygons 4BC..., FGH... are equal
and that the ratios of all pairs of correspondi.ng sides are
equal.
Therefore the polygons ABC..., FGH... are similar.

‘Wherefore, polygons which are similar &c.
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EXERCISES.

1. Prove that, if ABCD, EFGH be two quadrilaterals which are
equiangular to one another a.nd are such that the ratios AB to EF,
and BC to FG are equal, the quadrilaterals are similar.

2. Prove that, if ABCD, EFGH be two quadrilaterals, which are
equiangular to one another and are such that the ratios of 4B to EF
and CD to GH are equal, the quadrilaterals are similar.,
‘What exoeptional case may oocur ?

8. Prove that, if ABCD, EFGH be two quadrilaterals such-that
the angles A BC, BCD are equal to the angles EFG, FG H respectively,
and the ratios of 4B to EF, BC to FG and CD toGHueullequal
the quadrilaterals are umxla.r

26—2
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PROPOSITION 22. Parr 1.

If four straight lines be proportionals, the ratio of tewo
simalar polygons similarly described on the first pair is equal
to the ratio of two stmilar polygons similarly described on
the second pavr.

Let the four straight lines 4B, CD, EF, GH be propor-
tionals, and let AKLB, CMND be two similar polygons
similarly described on 4B, CD, and EPQRF, GSTUH be
two similar polygons similarly described on £F, GH:
it is required to prove that AKLB is to CMND as EPQRF

to GSTUH.

L
N ? T
P s
4 B ¢ D E F G H
Proor. Because 4B is to CD as EF to GH,

and AKLB has to CMND the ratio duplicate of the ratio

of AB to CD, (Prop. 20, Coroll.)
and ZPQRF has to GSTUH the ratio duplicate of the ratio

of EF to GH,

therefore AKLB is to CMND as EPQRF to GSTUH.

(V. Prop. 14, Coroll)
‘Wherefore, tf four straight lines &c.

EXEROISE.

1. Perpendiculars are let fall from two opposite angles of a rect-
angle on a diagonal: shew that they will divide the diagonal into
eqﬂa po.tr;s, if the square on one side of the rectangle be double that
on other.
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PROPOSITION 22. Parr 2.

If the ratio of two similar polygons similarly described
on the first and the second of four straight lines be equal to
the ratio of two similar polygons similarly described on the
third and the fourth, the four straight lines are propor-
tionals.

Let AB, CD, EF, GH be four given straight lines, and
let AKLB, CMND be two similar polygons similarly de-
scribed on 4B, CD, and EPQRF, GSTUH be two similar
polygons similarly described on EF, GH, and let AKLB,
CMND, EPQRF, @STUH be proportionals:
it is required to prove that 4B is to CD as EF to GH.

L
N ? T
P 8
K M/§ R U
A B C D E ¥ G H

Proor. Because AKLB has to CMND the ratio dupli-
cate of the ratio of 4B to CD, (Prop. 20, Coroll.)
and EPQRF has to GSTUH the ratio duplicate of the

ratio of EF to GH,
and AKLB is to CMND as EPQRF to GSTUH,
therefore AB is to CD as EF to GH. (V. Prop. 16.)

‘Wherefore, if the ratio d&e.
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PROPOSITION 23.

If two triangles have an angle of the one equal to an
angle of the other, the ratio of the areas of the triangles ts
equal to the ratio compounded of the ratios of the sides abowt
the equal angles.

Let the triangles ABC, DEF have the angles at B and
E equal: :
it is required to prove that the ratio of the triangle A BC

to the triangle DEF is equal to the ratio compounded of

the ratios A8 to DE and BC to EF.

CoxstrucrioN. In AB, CB produced cut off BG, BH
equal to £D, EF, and draw C@, GH.

4 B\/G b E
H
Proor. Because in the triangles GBH, DEF,
B@ is equal to ED, and BH to EF,
and the angle GBH to the angle DEF,
the triangles are equal in all respects. (I. Prop. 4.)
And because the triangle 4BC is to the triangle BGC as
AB to BG, (Prop. 1.)
and the triangle GCB is to the triangle GBH as CB to BH;
therefore the triangle ABC has to the triangle GBH -the
ratio compounded of the ratios AB to BG and CB to BH;
(V. Def. 8.)
therefore the triangle ABC has to the triangle DEF the

ratio compounded of the ratios AB to DE and BC to EF.
‘Wherefore, tf two triangles &c.

CoroLLARY. If two parallelograms have an angle of the
one equal to an angle of the other, the ratio of the areas of
the parallelograms is equal to the ratio compounded of the
ratios of the sides about the equal angles.
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It is proved in Proposition 23 that the ratio of the triangle ABC
to the triangle DEF is equal to the ratio compounded of the ratios
AB to DE and BC to EF. Similarly it can be proved that the ratio
of the triangle ABC to the triangle DEF is equal to the ratio com-
pounded of the ratios BC to EF and 4B to DE. And since any two
ratios can be represented by the ratios 4B to DE and BC to EF,
if the lines be chosen of proper lengths, it follows that the magnitude
of the ratio compounded of two given ratios is independent of the
order in which they are compounded.

Again, because the proof of Proposition 23 is applicable to two
right-angled triangles, we may assume the equal angles at B and E to
be right angles, in which case the triangle ABC is equal to half the
rectangle 4B, BC and the triangle DEF is equal to half the rectangle
DE, EF. It follows that the ratio compounded of 4B to DE, and
BC to EF is equal to the ratio of the rectangle 4B, BC to the rectangle
DE, EF, or, in other words, the ratio compounded of the ratios of two
pairs of lines is equal to the ratio of the rectangle contained by the
antecedents to the rectangl, tained by the 18

(4 1

EXERCISES.

1. 4 and B are two given points; 4AC and BD are perpendicular
to a given straight line CD: AD and BC interseot at K, and EF is
perpendicular to CD: shew that AF and BF make equal angles with

2, If a triangle inscribed in another have one side parallel to a
side of the other, its area is to that of the larger triangle as the rect-
angle contained by the segments of either of the other sides of the
original triangle is to the square on that side.

8. If on two straight lines O4BC, OFED, the points be so
chosen that AE is parallel to BD, and AF parallel to CD, then also
BF is parallel to CK.

4. Find the greatest triangle which can be inscribed in a given
triangle so as to have one side parallel to one of the sides of the
given triangle.

5. Find the least triangle which can be described about a given
triangle, -
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PROPOSITION 24.

A parallelogram about a diagonal of another parallelo-

gram s similar to 4.

Let the parallelogram 4 EFG be about the diagonal AC
of the parallelogram 4BCD:
it is required to prove that AEF@ is similar to ABCD.

4 G D

B c

Proor. Because EF is parallel to BC,
the angles AEF, AFE are equal to the angles ABC, ACB
respectively, (L. Prop. 29.)
and therefore the triangles AEF, ABC are equiangular to
one another;
therefore the parallelograms 4 EFG, ABCD are equiangular
to one another.
And because the triangles AEF, ABC are equiangular
to one another,
AE is to AB as EF to BC; (Prop. 4.)
and EF is equal to 4G, and BC to AD; (I. Prop. 34.)
therefore also AZ is to AB as AG to AD.
Similarly it can be proved that the ratios of all pairs of
corresponding sides of the parallelograms AEFG, ABCD
are equal.
Therefore the parallelograms are similar.

‘Wherefore, a parallelogram &c.
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EXERCISES. .

1. Prove that, in the figure of VI. 24, EG and BD are parallel.

2. Prove that, if in the figure of VI. 24, EF, GF produced cut
CD, CBin H, K, then HG, CA, KE meet in a point,

3. ﬁove that, if two similar quadrilaterals ABCD, AEFG be so
placed that ABE, ADG@ are straight lines, then the points 4, F, C lie
on & straight line.

4. In a given triangle inscribe a rhombus which shall have one
of its angular points at a given point in the base, and a side on that
base.

5. Construct a parallelogram similar to a given parallelogram, so
that two of its vertices are on one side of a given triangle and the
other vertices on the other two sides.
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PROPOSITION 25.

To construct a polygon similar to a given polygon and
equal to another given polygon.
Let ABCDE be one given polygon, and FGHK another:
it is'required to construct a polygon similar to ABCDE and
equal to FGHK.
ConsTRUCTION. Construct on 4B a rectangle AL equal

to ABCDE,
and on BL construct a rectangle LM equal to FGHK.
(I. Prop. 45.)
Find PQ a mean proportional between 4B and BM,
. (Prop. 13.)
* and on PQ construct a polygon PQRST similar to ABCDE,
so that PQ, AB are corresponding sides: (Prop. 18.)
then PQRST is a polygon constructed as required.

DC’ .
E
KH
SR
)
g
L P Q

Proor. Because ABCDE is to PQRST in the ratio
duplicate of the ratio of 4B to P,
and 4B is to BM in the ratio duplicate of the ratio of 4B

to PQ;
therefore ABCDE is to PQRST as AB to BM;
and AB is to BM as the rectangle AL to the rectangle LM,
that is, as ABCDE to FGHK.
Therefore PQRST is equal to FGHK;

and it was constructed similar to ABCDE.

‘Wherefore, a polygon PQRST has been constructed similar
to the polygon. ABCDE and equal to the polygon FGHK.

EXERCISES.

1. Construct a square equal to a given equilateral triangle.
2. Construct an equilateral triangle equal to a given rectangle,
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In Proposition 4 it was proved tha$, if two triangles be equiangular
to one another, they are similar. Hence the condition of the equality
of the ratios of corresponding sides, which appears in Definition 2,
is unneoessary in the case of two triangles, which are equiangular to
one another.

If we take the case of two polygons ABCDE, PQRST of more
than three sides, which are equiangular to one another, and which
are such that all but two of the ratios of pairs of corresponding sides
are equal, say 4B to PQ, BC to QR, CD to RS, where two adjacent
sides are omitted, we can prove that the polygons are similar.

D

C
P Q

A B

Take any point L within ABCD, and draw L4, LB, LC, LD,
DA. Within the polygon PQRS draw PX, QX, making the angles
QPX, PQX equal to the angles BAL, ABL respectively, and draw
XR, X8, SP.

It can be proved, as in Proposition 20, that the triangles ALB,
BLC, CLD are similar to the triangles PXQ, QXR, RXS respectively ;
therefore the angles ALB, BLC, CLD are equal to the angles

PXQ, QXR, RXS respectively, and
therefore the angle ALD is equal to tie angle PXS;
also each of the ratios L4 to XP, LB to XQ, LC to XR and LD to XS
is equal to the ratio of 4B to PQ, and
therefore AL is to PX as LD to X8S.

Therefore the triangles ALD, PXS are similar, (Prop. 6.)

and 4D is to PS as LA to XP.

Hence the two trisngles AED, PTS are equiangular to one another ;
therefore they are gimilar, and each of the ratios DE to ST, EA to
TP is equal to the ratio of 4D to PS, (Prop. 4) which is equal to the
ratio of L4 to XP, and therefore to the ratio 4B to PQ.

In this case therefore the two polygons are similar.

This method reduces the case, where the two sides whose ratios
are omitted are adjacent, to the similar case of quadrilaterals (Ex. 1,
page 895). A similar method will reduce the case, where the two
sides whose ratios are omitted are not adjacent, to the similar case of
quadrilaterals (Ex. 2, page 395).

The two cases together justify the remark on Definition 2, page 350.
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PROPOSITION 26.

If two stmilar parallelograms have a common angle and
be similarly placed, one is about the diagonal of the other.

Let the parallelograms ABCD, AEFG be similar and
similarly placed and have a common angle at 4:
it is required to prove that the points 4, F, (' lie on a
straight line.

- CoNsTRUCTION. Draw A and AC.
4 E B

D 4

. Proor. Because the parallelograms 4 EFG, ABCD are
similar,

AG is to AD as GF to DC; (Def. 2.)
and the angle AG'F is equal to the angle 4 DC;
therefore the triangles AGF, ADC are equiangular to one
another. - (Prop. 6.)

Therefore the angle GAF is equal to the angle DAC,
i.e. the three points 4, ¥, C lie on a straight line.

‘Wherefore, if two similar parallelograms &e.

EXERCISE.

1. Inscribe in a given triangle a parallelogram similar to a given
parallelogram so as to have two corners on one side and one on each
of the other sides of the triangle,
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PROPOSITION 30.

To divide a given straight line in extreme and mean ratio.

Let A B be the given straight line:
it is required to divide it in extreme and mean ratio.

ConstrUCTION. Divide 4B at the point C into two
parts so that the rectangle 4B, BC' may be equal to the

square on AC. (IL Prop. 11.)
4 ¢ ®

Proor. Because the rectangle 4B, BC is equal to the
square on AC,
4B is to AC as AC to BC. (Prop. 17.)

‘Wherefore, the given straight line AB has been divided
at C in extreme and mean ratio,

EXERCISES.

1. Two %in(slonals of a regular pentagon which meet within the
figure divide other in extreme and mean ratio.

2. Divide a given straight line into two parts so that any triangle
described on the first part may have to a similar and similarly de-
scribed triangle on the second part the ratio which the whole has to
the second part,
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PROPOSITION 31.

A polygon on the h;l)potermsc of a right-angled triangle
18 equal to the sum of the polygons similarly described on the
other sides.

Let ABC be a right-angled triangle having the right
angle BAC: :
and let BDC, CEA, AFB be similar polygons similarly
described on BC, C4, AB respectively:
it is required to prove that the polygon BDC is equal to
the sum of the polygons CE4, AFB.

C

Proor. Because BDC has to CEA the ratio duplicate
of the ratio of BC to CA,
and the square on BC has to the square on C4 the ratio
duplicate of the ratio of BC to C4; (Prop. 20, Coroll.)
therefore BDC is to CEA as the square on B(C' to the square
on C4;
therefore BD( is to the square on B( as CEA to the square
on CA. (V. Prop. 9.)
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Similarly it can be proved that
BDC is to the square on BC as AFB to the square on 4B.
Therefore BDC is to the square on BC
as the sum of CEA, AFB to the sum of the squares on C4,

AB; (V. Prop. 6.)
and the square on BC is equal to the sum of the squares
on C4, AB; (I. Prop. 47.)

therefore BDC is equal to the sum of CE4, AFB.
‘Wherefore, a polygon &c.

EXERCISES.

1. Divide a given finite straight line into two parts so that the
squares on them ghall be to one another in a given ratio.

2. Construct an equilateral triangle equal to the sum of two
given equilateral triangles,

8. On two given lines similar triangles are described; construct
a similar triangle equal to the difference of the given triangles.

4. Construct a triangle equal to the sum of three given gimilar
triangles and similar to them.

6. Construct a polygon equal to the sum of any number of
gimilar polygons and similar to them.
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PROPOSITION 32.

If two triangles have sides parallel in pairs, the strarght
lines jotning the corresponding vertices meet in a point.

Let ABC, DEF be two triangles such that the sides
BC, CA, AB are parallel to the sides £F, FD, DE respec-
tively:
it is required to prove that the straight lines joining the

pairs of points 4, D; B, E; C, F meet in a point.

ConsTRUCTION. Draw AD, BE and let them meet in G';
and draw GC, GF.

Proor. Because 4B is parallel to DE,
the angles GA B, GBA are equal to the angles GDE, GED

respectively ; (1. Prop. 29.)
therefore the triangles GAB, GDE are equiangular to one
another; (1. Prop. 32.)

therefore GB is to GE as BA to ED; (Prop. 4.)
and because the triangles 4BC, DEF are equiangular to
one another, (1. Prop. 34, Coroll. 2.)
BA is to ED as BC to EF; (Prop. 4.)
therefore GB is to GE as BC to EF; (V. Prop. 5.)

and the angle GBC is equal to the angle GEF;

(1. Prop. 29.)
therefore the triangles GBC, GEF are equiangular to one
another ; (Prop. 6.)

therefore the angles BGC, EGF are equal,
that is, the points (', F, @ lie on a straight line,
or, in other words, 4D, BE, CF meet in a point.
‘Wherefore, if two triangles &c.
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It will be seen at once that, if in the diagram of Proposition 82
AB be equal to DE, then the straight lines 4D, BE do not meet at
any point at a finite distance, in other words, they are parallel. Also,
because the triangles ABC, DEF are gimilar, if 4B be equal to DE,
then also BC is equal to EF,.and therefore BE and CF are parallel.

Hence we must consider the case when the two triangles are
similarly placed and equal as a special case in which the point of
intersection of the lines joining the corresponding vertices is at an
infinite distance.

EXERCISES.

1. If two similar friangles be similarly placed on two parallel
straight lines, the lines joining corresponding vertices meet in a
point.

2. If any two similar polygons have three pairs of corresponding
gides parallel, the straight lines joining the corresponding vertioes
meet in a point.

8. ABis a fixed diameter of a circle ABC: PQ is a straight line
parallel to 4B and of constant length, which moves so that its middle

point traces out the circle ABC; find the locus of the intersection of
AP, BQ and of 4Q, BP.

4, Prove that, if the corresponding sides of ABCD, EFGH two

squares be parallel, the straight lines AE, BF, CG, DH pass through
& point, and 4G, BH, CE, DF pass through another point.

T, E. 27
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PROPOSITION 33. Parr 1.

In equal circles angles at the centres have the same ratio
as the arcs on which they stand.

Let BCD, MNO be two given equal circles, and let
BAC, MLN be two angles at their centres:
it is required to prove that the angle BAC is to the angle
MLN as the arc BC to the arc MN.

ConsTRUCTION. From 4 draw any number of radii 4D,
AE, AF making the angles CAD, DAE, EAF each equal
to the angle BA(C; and from L draw any number of radii
LO, LP, LQ, LR making the angles NLO, OLP, PLQ, QLR
each equal to the angle MLXN.

P

ProoF. Because the angles BAC, CAD, DAE, EAF
are all equal,
the arcs BC, CD, DE, EF are all equal; (IIL. Prop. 26.)
therefore the angle BAF and the arc BF are equimultiples
of the angle BAC and the arc BC.
Similarly it can be proved that
the angle MLR and the arc MR are equimultiples of the
angle MLN and the arc MN.
And, because the circles are equal, if the angle BAF be
equal to the angle #LE,
the arc BF is equal to the arc MR, (IIL. Prop. 26.)
and if the angle BAF be greater or less than the angle M LR,
the arc BF is greater or less respectively than the arc MR.
Therefore the angle BAC is to the angle MLN as the arc
BC to the arc MN. (V. Def. 5.)

‘Wherefore, in equal circles &c.
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CoROLLARY. In equal circles angles at the cvrocumferences
have the same ratio as the arcs on which they stand.

The angles at the centres are double of the angles at
the circumferences, and therefore have the same ratio.
(V. Prop. 6, Coroll.).

In the econstruction of Proposition 83 there is nothing to limit the
magnitude of the multiple angles BAF, MLR; they may be greater
than two right angles, greater than four right angles, or greater than
any maultiple of four right angles, and at the same time the maultiple
arcs BF, MR will be greater than half the circumference of the circle,
greater than the circumference, or greater than any multiple of the
circumference.

In the Third Book (page 221) we had occasion to remark that
the admittance of angles equal to or greater than two right angles
was not inconsistent with Euclid’s methods. We may now go
further and say that the admittance of angles without any restric-
tion whatever on their magnitude is essential to his method. The
validity of the proof of this Proposition depends on the possibility of
choosing any multiples we please of the angles BAC, MLN, that is,
of taking the multiple angles BAF, MLR as large as we please.

27—2
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PROPOSITION 33. Parr 2.

In equal cvrcles, the areas of sectors have the same ratio
as their angles.

_ Let BCD, MNO be two given equal circles, and let BAC,

MLN be two angles at their centres:

it is required to prove that the angle BAC is to the angle
MLN as the sector BAC to the sector MLN.

ConsrrUCTION. From A draw any number of radii 4D,
AE, AF making the angles CAD, DAE, EAF each equal to
the angle BAC; and from L draw any number of radii
L0, LP, LQ, LR making the angles NLO, OLP, PLQ,
QLR each equal to the angle MLN.

ProoF. Because the angle CAD is equal to the angle
BAC, it is possible to shift the figure C4D so that 4C will
be on 4B, and AD on AC; if this be done, then the point
C will coincide with B and D with C,
and therefore the arc CD with the arc BC. (IIL. Prop. 23.)
Therefore the sector CAD coincides with the sector BAC

and is equal to it in all respects.

Similarly it can be proved that the sectors DAE, EAF
are each equal to the sector BAC.

Therefore the angle BAF and the sector BAF are equi-
multiples of the angle BAC and the sector BAC.

Similarly it can be proved that
the angle MLR and the sector LR are equimultiples of

the angle MLXN and the sector MLXN.
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And it can be proved as before that, if the angle BAF be
equal to the angle MLR,
the sector BAF is equal to the sector MLR;
and, if the angle BA F be greater or less than the angle /LR,
the sector is greater or less respectively than the sector ¥ LR;
therefore the angle BAC' is to the angle M LN as the sector
BAC to the sector MLN. (V. Def. 5.)

‘Wherefore, ¢n equal ctrcles &c.

CorOLLARY. In equal ctrcles the areas of sectors have the
same ratio as the arcs on which they stand.
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PROPOSITION 34.

If an angle of a triangle be bisected by a straight line
which cuts the opposite side, the rectangle contained by the
segments of that side is less than the rectangle contained by
the other sides by the square on the line.

Let the angle BAC of the triangle ABC be bisected by
the straight line 4D, which cuts BC at D:
it is required to prove that the rectangle BD, DC is less
than the rectangle B4, AC by the square on AD.

ConstrucTION. Describe the circle ABC; (IV. Prop. 5.
produce 4D to meet the circle at %, and draw EC.

L
\_

E

Proor. Because in the triangles BAD, EAC,
the angle BAD is equal to the angle £AC,
(Hypothesis.)
and the angle AB.D to the angle AEC,
(IIL. Prop. 21.)
therefore the triangles are equiangular to one another ;
therefore B4 is to KA as 4D to AC; (Prop. 4.)
therefore the rectangle B4, AC is equal to the rectangle

EA, AD, (Prop. 16.)
that is, to the rectangle D, DA together with the square
on 4D. (II. Prop. 3.)

And the rectangle £D, DA is equal to the rectangle BD, DC;
(I1I. Prop. 35.)
therefore the rectangle BD, DC is less than the rectangle
" BA, AC by the square on 4D.
‘Wherefore, if an angle &c.
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EXERCISES.

1. If an angle of a triangle be bisected externally by a straight
line which cuts the opposite side produced, the rectangle contained
by the segments of that side is greater than the rectangle contained
by the other sides by the square on the line.

2. Prove that, if the internal and the external bisectors of the
vertical angle of a triangle ABC cut BC in D and E, then the square
on DE is equal to the difference of the rectangles EB, EC and
DB, DC.

8. If I be the centre of the inscribed circle of a triangle 4BC
and AI produced cut the circumscribed circle ABC in E, then the
rectangle contained by 4I, IE is equal to twice the rectangle con-
tained by the radii of the circumscribed and the inscribed ciroles.

(See Ex. 46, page 324.)

4. If I, be the centre of the circle of the triangle 4BC escribed
beyond BC and AI, cut the circumsecribed circle 4ABC in E, then the
rectangle conta.ineti by AI,, IE is equal to twice the rectangle con-
tained by the radii of the circumscribed and the escribed circles.

5. AB is the base of a triangle ABC whose sides are segments
of a line divided in extreme and mean ratio. CP the bisector of
the angle C, and CQ the perpendicular from C on 4B meet 4B in P
and Q. Prove that the square on CP is equal to twice the rectangle
contained by PQ and 4B.
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PROPOSITION 35.

If a perpendicular be drawn from a vertex of a triangle
to the opposite side, the rectangle contained by the other sides
of the triangle 18 equal to the rectangle contained by the
perpendicular and the diameter of the circle described abowt
the triangle. :

Let 4D be the perpendicular drawn from the vertex 4
of the given triangle 4 BC to the opposite side BC':
it is required to prove that the rectangle contained by
AB, AC is equal to the rectangle contained by 4D and
the diameter of the circle described about 4.BC.

ConsTrRUCTION. Describe the circle 4ABC'; (IV. Prop. 5.)
draw the diameter 4Z and draw £C.

E

Proor. Because in the triangles BAD, EAC,
the angle A BD is equal to the angle. 4 EC, (III. Prop. 21.)
and the angle ADB to the angle ACE; (II1. Prop. 31.)

therefore the triangles are equiangular to one another,
(L. Prop. 32.)

and B4 is to £4 as AD to AC; (Prop. 4.)
therefore the rectangle B4, AC is equal to the rectangle
EA, AD. (Prop. 16.)

‘Wherefore, if a perpendicular &c.
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PROPOSITION 35 A.

The ratio of twice the area of a triangle to the rectangle
contained by two of the sides 18 equal to the ratio of the third
side to the diameter of the circumscribed circle of the
triangle.

Let ABC be a triangle :

it is required to prove that twice the area of 4BC is to
the rectangle contained by AC, BC as AB to the diameter
of the circle described about 4 BC.

CoxnstrUCTION. Describe the circle ABC; draw the
diameter A, draw 4D perpendicular to BC and draw EC.

E

Proor. Because in the triangles BAD, EAC,
the angle ABD is equal to the angle 4£C, (1IL Prop. 21.;
and the angle 4 DB to the angle ACE ; (I1I. Prop. 31.
therefore the triangles are equiangular to one another,
(L. Prop. 32.)
and 4D is to AC as AB to AE. (Prop. 4.)
Therefore the rectangle 4D, BC is to the rectangle AC, BC
as AB to AE; (Prop. 1.)
and the rectangle 4D, BC is equal to twice the area of the
triangle 4BC ;
therefore twice the area of the triangle ABC is to the
rectangle AC, BC as 4B to the diameter of the circle 4 BC.
‘Wherefore, the ratio &c.
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ADDITIONAL PROPOSITION 1.

If a straight line cut the three sides of a triangle produced if
necessary, the ratio compounded of the ratios of the segments of the
sides taken in order is equal to unity.*

Let the sides BC, CA4, AB of the triangle ABC be ocut by the

straight line LMN in L, M, N respectively.
Through C draw CZ parallel to LMN to meet ABN in Z.

Because ZC, NML are parallel,
AM is to MC as AN to NZ,
and CL is to LB as ZN to NB; (Prop. 2.)
therefore the ratio compounded of
the ratios 4 M to MC and CL to LB is equal to the ratio compounded
of the ratios AN to NZ and ZN to NB,
i.e. the ratio AN to NB; (V. Def. 8.)
therefore the ratio compounded of the ratios AM to MC, CL to LB
and BN to N4 is equal the ratio compounded of the ratios AN to
NB and NB to AN, that is, to the ratio AN to 4N, i.e. to unity.
(V. Def. 2.)

* This theorem is attribute1 to Menelaus, a Greek Geometer, who
lived in the latter part of the first century A.p.
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DEFINITION. A straight line drawn to cut a series of
lines i3 often called a transversal.

The straight line LMN in Additional Proposition 1 is a transversal
of the triangle 4 BC.

EXERCISES.

1. Points E, F are taken in the sides 4C, 4B of a triangle such
that AE is twice EC and BF is twice F4 ; FE produced cuts BC in
D; find the ratio BD to DC.

2. If the bisectors of the angles B, C of a triangle 4ABC meet
the opposite sides in D and E, and if the straight line DE produced
meet BC produced in F, then the external angle at 4 is bisected
by AF.

3. BD is the perpendicular let fall from one end of the base
upon the straight line bisecting the vertical angle BAC of a tri-
angle. If BA be three times as long as AC, AD will be bisected at
the point E, where it cuts the base.

4. If a side BC of a triangle ABC be bisected by a straight line
which meets the sides 4B, AC, produced if necessary, in D and E
respectively, then AE is to EC a8 AD to DB.

5. If one side of a given triangle be produced and the other
shortened by equal quantities, the line joining the points of section
will be divided by the base in the inverse ratio of the sides.

6. In Ithe sides AB, AC of a triangle ABC two points D, E are
taken such that BD is equal to CE; DE, BC are produced to meet at
F: shew that 4B is to AC a8 KF to DF.,
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The converse of the theorem on page 418 may be stated as
follows : —
ADDITIONAL PROPOSITION 2.

If three points be taken on the sides of a triangle (either one on
a side produced and the other two on sides, or else all three on sides
produced), such that the ratio compounded of the ratios of the segments
of the sides taken in order is equal to unity, the three points lie
on a straight line.

Let three points L, M, N be taken on the sides BC, C4, AB
of a triangle 4BC, either all on sides produced (fig. 2) or one L on
a side produced, and the others M, N on sides (fig. 1) such that the
ratio compounded of the ratios AM to MC, CL to LB and BN to N4
is equal to unity.

4 (1)
N

B c

Draw LM and let it produced cut 4B in P.
Then the ratio compounded of the ratios
AMto MC, CL to LB and BP to PA is equal to unity;
(Add. Prop. 1.)
and the ratio compounded of the ratios
AM to MO, CL to LB and BN to NA is equal to unity;
(Hypothesis.)
therefore the ratio BP to PA is equal to the ratio BN to NA;
therefore BP is to B4 ag8 BN to B4; (V. Prop. 10 or 11)
therefore BP is equal to BN; (V. Prop. 8.)
that is, P coincides with N,
or, in other words, L, M, N are in a straight line.
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EXERCISES.

1. The inscribed circle of a triangle ABC touches the sides ’
BC, CA, AB at D, E, F; EF, FD, DE produced meet BC, CA, AB
in L, M, N : prove that L, M, N are collinear.

2. An escribed circle of a triangle ABC touches the side BC at
D and the sides 4C, AB produced at E, F; ED, FD produced out
4B, AC in K, H respectively; prove that FE, BC, KH meet in a
point.

8. If AB, CD, EF be three parallel straight lines, and 4C, BD
meet in N, CE, DF meet in L, and E4, FB meet in M, then L, M, N
lie on a straight line,

4. If D, E, F be the points of contact with BC, C4, AB of the
insoribed circle, or of any one of the escribed ciroles of the triangle
ABC, the lines 4D, BE, CF pass through a point.

5. If D be the point of contact of the inscribed circle of a triangle
ABC with BC, and E, F the points of contact of escribed circles with
CA produced and B4 produced respectively, then 4D, BE, CF meet
in a point. .

6. If one esoribed circle of a triangle ABC touch AC in F and
BA produced in G and another escribed circle touch 4B in H and
CA produced in K, then FH, KG produced cut BC produced in points
equidistant from the middle point of BC.
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ADDITIONAL PROPOSITION 3.

If three straight lines be drawn from the vertices of a triangle meet-
ing in a point and cutting the opposite sides or the sides produced, the
ratio compounded of the ratio of the segments of the sides taken in
order is equal to unity.*

Let the straight lines 40, BO, CO be drawn from the vertices of
the triangle 4ABC meeting in O, and cutting BC, C4, 4B in D, E, F
respectively.

Through C draw HC@ parallel to AB to meet BO, 40 produced
in H, G.
Thenbecausethe triangles A OF, GOC are equiangular tooneanother,
AF is to GC as FO to CO; (Prop. 4.)
and because the triangles FOB, COH are equiangular to one another,
' FB is to CH as FO to CO;
therefore AF is to GC as FB to CH, (V. Prop. 5.)
and therefore AF is to FB as GC to CH. (V. Prop. 9.)
And because the triangles CEH, AEB are equiangular to one another,
CE is to AE as CH to AB;
and because the triangles BDA, CDG are equiangular to one another,
BD is to CD as BA to CG;
therefore the ratio compounded of the ratios
AF to FB, CE to EA, and BD to DC
is equal to the ratio compounded of the ratios
GC to CH, CH to AB, and 4B to CG,
which is equal to unity.

* This theorem was first published in the year 1678 by Giovanni
Ceva, an Italian.
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In Additional Proposition 3 it has been proved that, if through
the vertices 4, B, C of a triangle three concurrent straight lines 4D,
BE, CF be drawn meeting the sides BC, C4, 4B in D, E, F, the ratio
of BD to DC is equal to the ratio compounded of the ratios BF to F4
and 4E to EC.

In Additional Proposition 1 it has been proved that, if the straight
line FE be drawn and produced to meet BC produced in L, the ratio
BL to LC is equal to the ratio compounded of the ratios BF to FA
and AE to EC.

Therefore BD is to DC as BL to LC,
or, in other words, BDCL is a harmonic range.

It is a remarkable fact that, although the theorem on page 418
had been known as early as the 1st century, the theorem on page 422,
which seems a very natural complement to the other, should not have
been discovered until the 17th century.

EXEROCISES.

1. Prove Ceva’s Theorem for a triangle ABC and a point O,
(1) when O lies between 4B produced and AC produced, (2) when O
lies between B4 produced and CA produced.

2. Prove Ceva’s Theorem by using the result of Ex. 3, page 355.

8. Prove Ceva’s Theorem by the use of Menelaus’ Theorem,
considering in the figure of Add. Prop. 3 COF a transversal of the
triangle ABD and BOE a transversal of the triangle 4DC.

4. D, E, F are the points in which the bisectors of the angles
A, B, C of a triangle cut the opposite sides ; prove that, if BC be equal
to half the sum of the sides AB, AC, then EF bisects 4D,




424 BOOK VI

The converse of the theorem on page 422 may be stated as
follows ;—

ADDITIONAL PROPOSITION 4.

If three straight lines be drawn through the vertices of a triangle
cutting the opposite sides (either all three sides, or else one side and
the other two sides produced) so that the ratio compounded of the
ratios of the segments of the sides taken in order is equal to unity,
the three straight lines meet in a point.

Let three straight lines 4D, BE, CF be drawn from the vertioes
A, B, C of a triangle ABC to cut the opposite sides in D, E, F
respectively, so that the ratio compounded of the ratios AF to
FB, BD to DC and CE to EA is equal to unity.

E
E (1]
g D

Let AD, CF meet in O: draw BO and produce it to meet CA
in P,

Then because the ratio compounded of the ratios AF to FB,
BD to DC and CP to PA is equal to unity, (Add. Prop. 8.)
and also the ratio compounded of the ratios
AF to FB, BD to DC and CE to EA is equal to unity; (Hypothesis.)

therefore the ratio CP to PA is equal to the ratio CE to E4;
therefore CP is to C4 a8 CE to C4; (V. Prop. 10 or 11.)
therefore CP is equal to CE ; (V. Prop. 8.)
therefore P coincides with E,
or, in other words, AD, BE, CF meet in a point.
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If in the sides BC, C4, AB of a triangle, points D, E, F be taken
such that BD is to DC as n tom, CE is to EA aslto n, and AF is
to FB as m fo l, where I, m, n are any three integers,
the straight lines AD, BE, CF meet in a point, say 0. (Add. Prop. 4.)

It is proved by Add. Prop. 1 that the ratio of 40 to OD is
equal to the ratio compounded of the ratios 4E to EC and CB to
BD, that is, of the ratios n to I and m+n to n;

therefore 40 is to OD as m+n to L.

Similarly it appears that BO is to OF a8 n+! to m and that

CO is to OF as l+m to n.

It follows that, it we divide BC in D so that BD is to DC as n to
m, and then divide D4 in O so that DO is to 04 as Il to m+n, we
arrive at the same point, as if we divide C4A in E so that CE is to
EA as l to n, and then divide EB in O so that EO is to OB as m to
n+1, or as if we divide 4B in F so that AF is to FB as m to 1, and
then divide FC in O so that FO is to OC as n to l+m.

This point O is called the centroid of weights !, m, n at 4, B, C
respectively. It appears that the position of the centroid of three
weights i8 independent of the order in which the weights are taken,
or, in other words, the centroid of three weights is a unique point.

It is not difficult to see that this proposition can be extended to
any number of weights, so that we may state the proposition in the
general form, the centroid of a number of given weights is a unique
point.

EXERCISE.

1. From the vertex 4 of a triangle 4BC a straight line is drawn
cutting BC in D, and the angles BDA, CDA are bisected by straight
lines cutting 4B, AC in F, E respectively: prove that AD, BE, CF
intersect in a point.

T. E. 28
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ADDITIONAL PROPOSITION 5.

The locus of a point, the ratio of whose distances from two given
points is constant, is a circle*.

Let 4, B be two given points and P a pomt such that the ratio of
AP to BP is equal to the given ratio.

Draw PA, PB; and draw PC, PD the internal and the external
bisectors of the angle 4 PB meeting 4B in C and 4B produced in D.

P

A C B D

Because PC, PD are the bisectors of the angle 4APB,
therefore the ratios of AC to CB and 4D to DB are equal to the ratio
of AP to PB; and the ratio of AP to PB is constant;
therefore C and D are two fixed points. (Ex. 1, page 859.)
And because PC, PD are the bisectors of the angle 4PB,
the angle CPD is a right angle. (Ex. 5, page 43.)
Therefore every point on the locus of P must lie on the circle upon
the fixed line CD as diameter.

Next we will prove that every point of the circle belongs to the
locus.

Let P be any point on the circle described on CD as diameter.

Draw P4, PC; and draw PE making the angle CPE equal to the
angle CPA and meeting CD at E;

then AP is to PE as AC to CE. (Prop. 3, Part 1.)
Again, because CPD is a right angle,
PD is the external bisector of the angle APE;
therefore AP is to PE as AD to DE.

* This theorem is attributed to Apollonius of Perga, a Greek
geometer, who lived in the latter part of the third century s.c.
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Therefore AC is to CE a8 AD to DE; (V. Prop. 5.)
and AC is to CB as AD to DB;
therefore CE is to ED as CB to BD,
and E ooincides with B, which is a fixed point. (Ex. 1, page 859.)
Therefore AP is to PB in the fixed ratio AC to CB for every point P
on the circle.

We may state the result of this proposition thus:—If a circle be
described upon the straight line joining two conjugate points of a
harmonic range as a diameter, the ratio of the distances of a point on
the circle from the other pair of conjugate points is constant.

EXERCISES. .
1. Prove that, if 4, B be two fixed points and P be a point such
that P4 is equal to m times PB,
(1) if m vanish, the locus reduces {o the point 4;

(2) if m be equal to unity, the locus is the straight line which
bisects 4B at right angles;

(8) if m be infinitely great, the locus reduces to the point B;

(4) if m be greater than unity, the locus is a circle excluding 4
and including B;

(5) if m be less than unity, the locus is a circle including 4 and
excluding B;

(6) if m be greater than unity, the greater the value of m, the
less the circle;

(7) it m be less than unity, the less the value of m, the less the
circle;
(8) the loci for two different values of m do not intersect.

2. A4 and B are the centres of two circles. A straight line PQ
parallel to 4B meets the circles in P and Q: find the locus of the
point of intersection of 4P and BQ.

8. Find a point such that its distances from three given points
may be in given ratios.

4, Prove that, if a map be laid flat on another map of the same
district on a larger scale, there is one place in the distriet which is

represented in the two maps by points which are superposed one on
the other.

28—2
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ADDITIONAL PROPOSITION 6.

If the line between one pair of conjugates of a harmonic range be
bisected, the square on half the line is equal to the rectangle contained
by the segments of the line between the other pair of conjugates made by
the point of bisection.

Let ACBD be a harmonic range, such that AC is to CB as 4D to
DB, so that 4, B are one pair of conjugates and C, D the other.

First, let O be the middle point of CD, the line between one pair
of conjugates.

Describe the circle on CD as diameter.

Take any point P on the circle, and draw P4, PC, PB, PO.

P

Because the angle OPC is equal to the angle OCP,
the sum of the angles OPB, BPC is equal to the sum of the angles
CAP, CP4; (L. Prop. 82)
and because 4P is to PB as AC to OB, - (see page 427.)
the angle BPC is equal to the angle CP4;

therefore the angle OPB is equal to the angle OAP;

therefore OP touches the circle described about APB;
(Converse of ITI, Prop. 32.)
therefore the square on OP, which is equal to the square on OC, is
equal to the rectangle 04, OB. (I1L Prop. 86, Coroll.)
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Becondly, let O be the middle point of 4B, the line between the
second pair of conjugates.

The rectangle 04, OB is equal to the difference between the
squares on 00’ and O'B, (IL. Prop. 10.)
and the rectangle 04, OB is equal to the square on OC;
therefore the square on OC is equal to the difference between the
squares on 00’ and O'B.
Therefore the square on O’B is equal to the difference between the
squares on 00’ and OC, which is equal to the rectangle 0’C, 0’'D.
(IL. Prop. 10.)

Nore. All the circles, which are the loci of the point P for
different values of the ratio AP to BP, have their centres in the line
AB, and, since the rectangle 0'C, O’D is equal to the square on the
tangent from O’ to the circle CPD, the straight line which bisects AB
at right angles is the radical axis of every pair of such circles. Such
a series of circles is called Coaxial.

The points 4, B are called the limiting points of the series of
circles.

EXERCISES.

1. If two ocircles be described upon the straight lines joining the
two pairs of conjugate points of & harmonic range as diameters, the
eirgles out orthogonally.

2. A common tangent to two given circles is divided harmonically
by any circle which is coaxial with the given circles.
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ADDITIONAL PROPOSITION 7.

A4 chord of a circle is divided harmonically by any point on it and
_ the polar of the point.

Let PQ be a chord of the given circle CQPD: take 4 any point
on PQ produced and draw the diameter ACD.

Let B be the point such that ACBD is a harmonic range.

Draw PB, BQ and draw BR at right angles fo 4B meeting PQ
in R.

P
o7
N
Cc B 0O

Because 4 CBD is a harmonic range and O is the middle point of CD,
the rectangle 04, OB is equal to the square on OC; (Add. Prop. 6.)
therefore BR is the polar of 4. (see page 259.)
Because AP is to PB as AC to CB,

and 4Q is to QB as AC to CB; (Add. Prop. 5.)

therefore AP is to PB as AQ to QB;
and PB is to P4 as QB to 4Q; (V. Def. 5 note.)
therefore PB is to BQ as P4 to 4Q; (V. Prop. 9.)

therefore BA is the external bisector of the angle PBQ ;

(Prop. 8, Part 2.)

therefore BR is the internal bisector,
and PR is to RQ as PB to BQ, (Prop. 8, Part1.)

and therefore ag P4 to AQ;
therefore AQRP is a harmonic range.
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It may be remarked that in the diagram on page 430 the point 4
is taken outside the circle. If the point were inside the circle, say R,
its polar would intersect PQR in A. (Add. Prop. on page 262.)
Hence the theorem is established generally.

EXERCISES.

1. Prove that, if ACBD be a harmonic range, and if O be the
. middle point of CD, then AC is to CB as 40 to OC.

2. Establish the theorem of page 426 by proving that in the
figure of page 430 the triangles 4BQ, APO are similar and also that
the triangles ABP, AQO are similar.

8. If any straight line PQR be drawn touching ome given circle
at Q and cutting another at P, R, the segments PQ, QR subtend
equal or supplementary angles at either of the limiting points of the
coaxial system to wh‘;g the given circles belong.

4. If any straight line PQRS be drawn cutting two given circles
of a coaxial system in P, S and Q, R, the segments PQ, RS subtend
equal or supplementary angles at either of the limiting points,
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ADDITIONAL PROPOSITION 8.

If a pencil be drawn from a point to the four points of a harmonic
range and if a straight line be drawn through one of the points parallel
to the ray which passes through the conjugate point, the part of the line
intercepted between the rays through the other pair of points is bisected
at the point.

Let ABCD be a harmonic range, and O be any point not in the
straight line 4D. Let 04, OB, OD be drawn*, and let FCH be drawn
parallel to 40, meeting OB, OD, produced if necessary, in F, H.

F
A
B /C D
H
Q
Because the triangles 04B, FOB are equiangular to one another,
04 is to FC as AB to BC; (Prop. 4.)

and because the triangles 04D, HCD are equiangular to one another,
04 is to HC as AD to DC.
And because ABCD is a harmonic range,
AB is to BC as AD to DC;
therefore 04 is to FC as 04 to HC; (V. Prop. 5.)
therefore F'C is equal to HC. (V. Prop. 3.)

Nore. The converse of this proposition is true, viz. if the line FH
be bisected at C, then ABCD is a harmonic range.

EXERCISE.

1. Give a construction to find the fourth point of a harmonioc
range when three points are given.

* The ray OC of the pencil O (4BCD) is omitted in the figure, as
it is not wanted in the proof. Similar omissions will be met with
elsewhere.
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ADDITIONAL PROPOSITION 9.

The points, in which a harmonic pencil is cut by any straight line,
Jorm a harmonic range. '

Let O (ABCD) be a pencil drawn through the points of the har-
monio range ABCD: let abcd be any other straight line cutting the
rays O4, OB, OC, OD in a, b; ¢, d respectively.

Through C, ¢ draw GCF, gcf parallel to 04 cutting the rays OB,
0D, produced if necessary, in F, G and f, g.

A.B/a D
F

Because 4BCD is a harmonie range, and GCF is parallel to 04,
therefore FC is equal to CG. (Add. Prop. 8.)
And because fcg is parallel to FC@,
therefore fc is equal tocg.  (Ex. 1, page 369.)
And because fcg is parallel to Oa and fe is equal to cg,
abed is & harmonic range. (Note, p. 432.)

EXERCISES.

1, The pencil formed by joining the four angular points of a
square to any point on the circumseribing circle of the square is a
harmonie pencil,

2. G@ive a construction for drawing the fourth ray of a harmonic
pencil, when three rays are given.

8. Draw a harmonic pencil of which the rays pass through the
angular points of a rectangle, and one of which 1s given in direction.

4. CA, CB are two tangents to a circle; E is the foot of the
perpendicular from B on AD the diameter through 4; prove that CD
bisects BE.



434 : BOOK VLI

ADDITIONAL PROPOSITION 10.

If two harmonic ranges have two corresponding points, one in
each range, coincident, the straight lines joining the other pairs of
corresponding points pass through a point.

Let ACBD, Acbd be two harmonic ranges, of which the point 4
is a common point.

Draw Cc, Bb and let them, produced if necessary, meet in O, and
draw OD.

Because O (4CBD) is a harmonie pencil,
if Acb cut OD in &',
then 4cbd’ is a harmonic range;  (Add. Prop. 9.)
therefore Ac is to cb as 4d’ to d'b;
but Acbd is a harmonio range;
therefore Ac is to cb as Ad to db;
therefore Ad’ is to d'b as Ad to db, (V. Prop. 5.)
and d’ coincides with d; (Ex. 1, page 859.)
i.e. C¢, Bb, Dd meet in a point,

EXERCISE.

1. Prove that the intersections of the pairs of straight lines Cb,
Be; Bd, Db; De, Cd in the above figure lie on a straight line which
passes through 4.
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ADDITIONAL PROPOSITION 11.

If two harmonic pencils have two corresponding rays, one of each
pencil, coincident, the intersections of the other three pairs of
corresponding rays lie on a straight line.

Let O (4BCD), O’ (abcd) be two harmonie pencils, of which 04a0’
is a common ray.

Let OB, 0'b meet in Q, and OC, (’c in R; draw QR and let it
meet 00’ in P, OD in 8, and 0’d in s.

Then because O (4BCD) is a harmonie peneil,
PQRS is a harmonic range; (Add. Prop. 9.)
therefore PQ is to QR as PS to SR;
and because O'(abed) is & harmonic pencil,
PQRs i8 a harmonic range;
therefore PQ is to QR as Ps to sR;
therefore Ps is fo sR as PS to SR, (V. Prop. 5.)
and the points S, s coincide; (Ex. 1, page 859.)
i.e. the intersections of OB, 0’b; OC, O’c, and OD, O’d are collinear.

EXERCISE.

1. Prove that the straight lines joining the intersections of the
pairs of straight lines OB, O’c and OC, 0'b; OC, O'd and OD, O’c;
OD, 0'b and OB, 0'd intersect in a point which lies on the line 00’.
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ADDITIONAL PROPOSITION 12.

If a pencil be drawn from a point to the four pointsof an anharmonic
range and if a straight line be drawn through one of the points parallel to
the ray which passes through a second point, the part of it intercepted
between the rays through the other pair of points will be divided in a
constant ratio at the first point.

Let ABCD be an anharmonic range and O be any point not in the
straight line AD.

Let 04, OB, OD be drawn and FCH be drawn parallel to 40
meeting OB, OD, produced if necessary, in F, H.

F

4 B% »

o

Because the triangles 04B, FCB are equiangular to one another,
04 is to FC as AB to BC; (Prop. 4.)
and because the triangles 04D, HCD are equiangular to one another,
04 is to HC a8 AD to DC;
therefore the ratio of the ratio 04 to FC to the ratio 04 to HC is
equal to the ratio of the ratio 4B to BC to the ratio 4D to DC,
which is constant;
i.e, the ratio HC to FC is constant and is equal to the ratio of the
range ABCD. (Def. 10.)

EXERCISES.
1. If ABCD, ABCE be two like anharmonic ranges, then the
points D, E coincide.

2. If the ratio of the range ABCD be equal to the ratio of the
range ADCB, the range A BCD is harmonie.
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ADDITIONAL PROPOSITION 18.

The points in which an anharmonic pencil is cut by any straight
line form an anharmonic range of constant ratio.

Let O (4BCD) be a pencil drawn through the points of the an-
harmonie range 4BCD.

Let abed be any other straight line cutting the rays 04, OB, OC,
ODina,b,c,d respectively.

Through C, ¢ draw GCH, gch parallel to O4 outting the rays OD,
OBin G, Hand g, h.

Because ABCD is an anharmonio range,
and GCH is parallel to 04,

therefore the ratio of GC to CH is the ratio of the range ABCD;

(Add. Prop. 12.)
and because abcd is an anharmonic range and geh is parallel to Oa,
therefore the ratio of ge to ch is the ratio of the range abed;
(Add. Prop. 12,)
and because gch is parallel to GCH,
geis to ch as GC to CH; (Ex. 2, page 365.)
therefore abed is an anharmonic range of ratio equal to that of the
range ABCD.
EXERCISES.

1. Find a point on a given straight line such that lines drawn
from it to three given points shall intercept on any parallel to the
given line lengths having a given ratio.

2. Three points F, G, H are taken on the side BC of a triangle
ABC: through G any line is drawn cutting 4B and AC in L and M

respectively; FL and HM intersect in K; prove that K lies on a
fixed straight line passing through 4.
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ADDITIONAL PROPOSITION 14.

If two like anharmonic ranges have two corresponding points, one
in each range, coincident, the straight lines joining the other pairs
of corresponding points pass through a point.

Let ACBD, Acbd, be two like anharmonic ranges, of which the
point 4 is a common point.

Draw Ce, Bb, and let them, produced if necessary, meet in O; and
draw OD.

D

Because O (4CBD) is an anharmonic pencil,
if Acb cut OD in d',
then Acbd’ is an anharmonie range of ratio equal to that of the pencil ;
(Add. Prop. 13.)
and Acbd is a like anharmonic range;
therefore the ratio of the ratio ¢ to cb to the ratio 4d’ to d'b is equal
to the ratio of the ratio 4¢ to ¢b to the ratio 4d to db; -
therefore the ratio 4d’ to d'b is equal to the ratio 4d to db,
and d’ coincides with d, (Ex. 1, page 859.)
i.e. Cc, Bb, Dd meet in a point.

EXERCISE.

1. Prove that the intersections of the pairs of straight lines Cb,
Be; Bd, Db; De, Cd in the above figure lie on a straight line through 4.
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ADDITIONAL PROPOSITION 15.

If -two like anharmonic pencils have two corresponding rays, one
in each pencil, coincident, the intersections of the other three pairs of
corresponding rays lie on a straight line.

Let 0 (4BCD), 0’ (abed) be two like anharmonie pencils, of which
OAaO’ is a common ray. Let OB, O'b meet in @, and OC, O’cin R;
draw QR and let it meet OO’ in P, OD in S and O’d in s.

Because PQRS is a transversal of the anharmonic pencil 0 (4BCD),
PQRS is a range of ratio equal to that of the pencil; (Add. Prop. 13)
and hecause PQRs is a transversal of the anharmonic pencil 0’ (abed),
PQRs is a range of ratio equal to that of the pencil ;

and because O (43CD), O’ (abed) are like anharmonic pencils,

(Hypothesis)
therefore PQRS, PQRs are two like anharmonio ranges;

therefore the points 8, s coincide; (Ex. 1, page 436)
i.e. the intersections of OB, 0'b; OC, O’c; and OD, 0'd are collinear.

EXERCISE.

1. Prove that the straight lines joining the intersections of the
pairs of straight lines OB, O’c and OC, 0'b; 0C, O'd and OD, O'c;
OD, 0'b and OB, 0'd intersect in a point which lies on the straight
line O0'.
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ADDITIONAL ‘PROPOSITION 16.

The anharmonic ratio of the pencil formed by joining four given
points on a circle to any fifth point on the same circle is constant.
Let 4, B, C, D be four given points on a circle, and let O be any
fifth point on the circle, and let the pencil O (4BCD) be drawn.
Take O’ any other point in the same arc 4D as O;
then the angles 40’B, BO'C, CO'D are equal to the angles 40B,
BOC, COD respectively;
and the pencil 0’ (4BCD) is equal * to the pencil O (4BCD).

[¢)

B

Next take 0 any point in the arec 4B.
Then the angles BO'C, CO’'D are equal to the angles BOC, COD
respectively,
and the angle between O'B and 40’ produced, say 0'4,, is equal to
the angle 40B,
and the pencil 0’ (4,BCD) is equal to the pencil O (4BCD).
Similarly it can be proved that the pencil is the same for all
positions of O’ on the circle.

EXERCISE.

1. The locus of the vertex of a harmonic Eenoi.l. whose ra pass
through the angular points of a square, is the circumscribed circle
of the square.

* 1In the sense that one pencil can be shifted so-that its rays
coincide with the rays of the other peneil. (I. Def. 21.)
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ADDITIONAL PROPOSITION 17.

The anharmonic ratio of the range formed by the intersections of
Jour given tangents to a circle by any fifth tangent to the same circle
is constant.

Let 4a, Bb, Cc, Dd be the tangents at four given points, 4, B, C,
D on a circle, and let them cut the tangent at any fifth point 7" on the
circle in a, b, ¢, d.

Find P the centre, and take any point O on the circle,

Draw PA, PB, PT, Pa, Pb.

(1)

v
p

Because the angle APT is equal to twice the angle 40T,
(III. Prop. 20)
and also equal to twice the angle aPT,
the angle AOT is equal to the angle aPT'.
Similarly it can be proved that
the angle BOT is equal to the angle bPT ;
therefore the angle 40B is equal to the angle aPb.
Similarly it can be proved that the angles BOC, COD are equal to
the angles bPe¢, cPd;
therefore the pencil O (4BCD) is equal to the pencil P (abed),
and the pencil O (4BCD) has a constant ratio; (Add. Prop. 16)
therefore the pencil P (abcd) has a constant ratio;
and therefore the range abcd has a constant ratio. (Add. Prop. 13)

0

EXERCISE.

1. If a straight line cut the four sides of a square in a harmonio
range, it touches the inscribed circle of the square.

T. E. 29
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ADDITIONAL PROPOSITION 18.

The anharmonic ratio of the pencil formed by joining four points
on a circle to any fifth point on the circle is the same as the ratio of
the rectangles contained by the chords that join the points.

Let 4, B, C, D be four given points on a circle. Draw 4B, AC,
AD, BC, CD.

In AD take 4b equal to AB; draw Bb and let it be produced to
meet the circle in 0; draw 04, OC, OD and let OC cut 4D in c;
draw be parallel to CD to meet OC in e, and draw 4e.

Because be is parallel to CD,
the angle bec is equal to the angle OCD,
which is equal to the angle O4¢; (IIL Prop. 21)
therefore 4, b, ¢, O lie on a circle.
Therefore the angle 4eb is equal to the angle 40B,
which is equal to the angle 4CB;
and the angle Abe is equal to the supplement of the angle 40e,
which supplement is equal to the angle 4BC;
therefore the triangles 4be, 4 BC are equiangular to one another;
and 4b is equal to AB; (Constr.)
therefore be is equal to BC.
Now the anharmonioe ratio of the pencil O (4BCD) is equal to that
of the range AbcD, (Add. Prop. 13)
which is equal to the ratio of the ratio 4b to be to the ratio 4D to De,
that is, to the ratio compounded of the ratios 4 to bc and De¢ to 4D,
which is the ratio of the rectangle 4b, cD to the rectangle 4D, be.
(See page 399.)
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And because be is parallel to CD,
the triangles DcC, bee are equiangular to one another ;
therefore ¢D is to bc as CD to be; (Prop. 4)
therefore the ratio of the rectangle 4b, ¢D to the rectangle 4D, be
is equal to the ratio of the rectangle 4B, CD to the rectangle 4D, be.
Therefore the anharmonio ratio of the pencil O (4BCD) is equal
to the ratio of the rectangle 4B, CD to the rectangle AD, BC.

The anharmonic ratio of a range ABCD is defined to be
(Definition 10) the ratio of the ratio 4B to BC to the ratio 4D to DC,
which, by Definition 8 of Book V., is equal to the ratio compounded of
the ratios 4B to BC and DC to AD; and this last ratio has, on
page 399, been shewn to be equal to the ratio of the rectangle
AB, CD to the rectangle 4D, BC.

Now it can be proved (Ex. 1, page 137) that, if 4BCD be & range,
the sum of the rectangles AB, CD and 4D, BC is equal to the
rectangle AC, BD. .

If therefore any two of these three rectangles be given, the third
is at once found. There ars six ratios, of which one of these rectangles
is the antecedent and another the consequent; if any one of these
ratios be given, the other five ratios are at once found. Now in
the definition the ratio of the rectangle 4B, OD to the rectangle
AD, BC is defined as the anharmonic ratio of the range 4BCD.
There is no reason against adopting any other of the six ratios as the
ratio of the range, but it is important strictly to adhere throughout an
investigation to one and the same ratio.

EXERCISES.

1. The anharmonic ratio of the range formed by the intersections
of four given tangents to a circle with any fifth tangent is equal to the
ratio of the rectangles contained by the chords which join the points
of contact of the given tangents.

2. Two fixed points D, E are taken on the diameter 4B of a
circle, and P any point on the circumference; perpendiculars 4AM,
BN are let fall on PD, PE; prove that the ratio of the rectangle
PM, PN to the rectangle AM, BN is constant.

29—2
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ADDITIONAL PROPOSITION 19.

A

If two triangles be such that the straight lines joining their vertices
in pairs pass through a point, the intersections of pairs of correspond-
ing sides lie on a straight line.

Let ABC, abc be two given triangles such that the straight lines
Aa, Bb, Cc meet in a point O.

Let the pairs of sides 'BC, bc; CA, ca; AB, ab, produced if
necessary, meet in D, E, F respectively, and let OBb cut AC, ac in
H, h,

Because EAHC, Eahc cut the same pencil O (EAHC),

EAHC, Eahe are like anharmonic ranges; (Add. Prop. 13),
therefore the pencils B (E4AHC), b (Eahc) are like anharmonic pencils;
and they have a common ray BHhb;
therefore the intersections of the pairs of rays BC, bc; BE, bE;
BA, ba lie on a straight line; (Add. Prop. 15);

that is, D, E, F lie on a straight line.

Nore. The point O is often called the pole of the triangles 4BC,
abe, and the straight line DEF the axis of the triangles.

This theorem may then be enunciated thus, compolar triangles are
coazial.

Compolar triangles are often said to be in perspective.
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ADDITIONAL PROPOSITION 20.

If two triangles be such that the intersections of their sides taken in
pairs lie on a straight line, the straight lines joining pairs of corre-
sponding vertices meet in a point.*

Let ABC, abc be two given triangles such that the pairs of sides
BC, bc; CA, ca; AB, ab intersect in three points D, E, F lying on a
straight line.

Let the straight lines 4a, Bb, Cc be drawn and let Bb cut 4C, ac,
DEF in H, h, K respectively.

D

Because the pencils B(EFKD), b(EFKD) have a common trans-
versal EFKD,
they are like anharmonic penecils;
and because EAHC is a transversal of the pencil B(EFKD),
and Eahe is a transversal of the pencil b (EFKD),
EAHC, Eahc are like anharmonio ranges ; (Add. Prop. 13)
and they have a common point E ;
therefore the lines 4a, Hk, Cc meet in a point, (Add. Prop. 14)
: that is, 4a, Bb, Cc meet in a point.
Nore. The above theorem may be enunciated thus, coazial tri-
angles are compolar.

* The tl;eorems of this and the preceding pages are attributed to
Gerard Desargues (born at Lyons 1593, died 1662),
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ADDITIONAL PROPOSITION 21.

If a hexagon be inscribed in a circle, the intersections of pairs of
opposite sides lie on a straight line.*

Let ABCDEF be a hexagon inscribed in a given circle.

Let the pairs of sides AB, DE; BC, EF; CD, FA meet in L, M,
N respectively, and let 4B, CD meet in P, and BC, DE in Q.

N L M

Because 4, B, C, D, E, F are points on a circle,
A4 (BCDF), E (BCDF) are like anharmonio pencils; (Add. Prop. 16)
and because PCDN is a transversal of the pencil 4 (BCDF),
and BCQM is a transversal of the pencil E (BCDF),
PCDN, BCQM are like anharmonic ranges; (Add. Prop. 18)
and they have a common point C';
therefore the lines PB, DQ, NM meet in a point, (Add. Prop. 14)
that is, AB, DE, NM meet in a point,
or, in other words, the points L, M, N lie on a straight line.

EXERCISES.

1. If the tangents to the circumscribed circle of a triangle ABC
at 4, B, C meet the sides BC, C4, 4D, in L, M, N, then L, M, N
lie on a stralght line.

2, It ACE, BDF be two ranges, then the intersections of the
pairs of strmght lines 4B, DE; BC, EF; CD, FA are collinear.

* This theorem is true for any conic. It was discovered at the
age of sixteen by Blaise Pascal (born at Clermont 1623, died at Paris,
1662).
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ADDITIONAL PROPOSITION 22.
If a hexagon be described about a circle, the straight lines joining
opposite vertices pass through a point.*

Let ABCDEF be a hexagon described about a given circle.
Let AB meet CD, DE in L, M and EF meet BC, CD in N, P.

Beoause the six sides of the hexagon are tangents to a circle, the
points where the sides AB, EF are cut by the remaining sides of the
hexagon form like anharmonic ranges, (Add. Prop. 17)

that is, ABLM, FNPE are like anharmonio ranges;
therefore D (ABLM), C (FNPE) are like anharmonic pencils;
and they have a common ray LCDP;
therefore the pairs of rays DA, CF; DB, CN; DM, CE intersect on
a straight line, (Add. Prop. 15)
that is, D4, CF meet in a point on the line BE,
or, in other words, 4D, BE, CF meet in a point.

EXERCISE.

1. If the inscribed circle of a triangle ABC touch the sides BC,
CA, ABin D, E, F, then AD, BE, CF meet in a point.

* This theorem also is true for any conic. It was discovered by
Charles Julien Brianchon (born at Sévres, 1785).
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SIMILAR FIGURES.

If two similar figures be placed so that their corresponding sides
are parallel in pairs, the figures are then said to be similar and
similarly situate.

It appears from Proposition 32 that, if two triangles be similar
and similarly situate, then the lines joining pairs of corresponding
vertices meet in & point. It is easily proved that, if two polygons of
any number of sides be similar and similarly situate, then the lines
joining pairs of corresponding vertices meet in a point, and farther
that the ratio of the distances of this point from any pair of cor-
responding points of the two figures is constant, and is equal to the
ratio of a pair of corresponding sides of the two figures. Such a
point is called in consequence a centre of similitude of the two
figures.

It is also easily seen that, if & point be a centre of similitude of
two figures, it is also & ocenfre of similitude of any two figures
similarly deseribed with reference to the first pair of similar figures ;
for instance, if a point be a centre of similitude of two triangles, it is
also a centre of similitude of the circumsecribed circles of the triangles,
and also a centre of similitude of the inscribed cirecles and so on.

If a pair of corresponding points lie on the same side of the
centre of similitude, it is called a centre of direct similitude: if a
pair of corresponding points lie on opposite sides of the centre of
similitude, it is called & centre of inverse similitude.

It must be noticed that the centre of direct similitude is at an
infinite distance in the case when the two similar figures are equal.

As an example we will prove an important theorem with reference
to the centres of similitude of the circumscribed circle and the Nine
Point circle of a triangle:

The orthocentre and the centroid of a triangle are the centres
of direct and inverse similitude of the circumscribed circle and the
Nine Point circle of the triangle.
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If ABC be a triangle, and D, E, F be the middle points of its sides,
the triangles ABC, DEF are equiangular to one another,
and the ratio of AB to DE is equal to the ratio 2 to 1.

(Add Prop., page 101.)
Also the radii of the circles ABC, DEF are in the ratio of 2 to 1.
Because the lines AD, BE, CF meet in a point G,
and the ratios 4G to GD, BG to GE, CG to GF areeach equalto 2 to 1,
. (Add Prop., page 103.)

@ is the centre of inverse similitude of the two circles 4BC, DEF.,
Again, if P be the orthocentre of the triangle ABC,
and a, b, ¢ be the middle points of P4, PB, PC,
the ratios P4 to Pa, PB to Pb, PC to Pc are each equal to 2 to 1.
Therefore P is the centre of direct similitude of the triangles
ABC, abe, and therefore of the circles 4BC, abe.
Now the circles abe, DEF are identical.  (Add. Prop., page 271.)
Therefore P is the oentre of direct similitude of the circles 4BC,
DEF.
Now, if O, O’ be the centres of the circles ABC, DEF,
gince the radii of the circles are in the ratio 2 to 1,
their centres of similitude lie in the straight line 00’,
and divide the distance internally and externally in the ratio 2 to 1.
That is, P, 0’, G, O lie on a straight line,
and PO is equal to twice PO’,
and GO is equal to twice GO’
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ADDITIONAL PROPOSITION 23.

Every straight line which passes through the extremities of two
parallel radii of two fized circles passes through a centre of similitude
of the circles.

Let AP, BQ be two parallel radii of two given circles, whose
centres are 4, B.

Draw AB, PQ and let them, produced if necessary, meet at S.

4

Because the triangles APS, BQS are equiangular to one another,
AS is to BS as AP to BQ; (Prop. 4)
that is, S is a point, which divides the distance AB externally
(fig. 1) or internally (fig. 2) in the ratio of the radii;
therefore § is a fixed point.  (Ex. 1, page 859.)
Again, because the triangles 4PS, BQS are equiangular to one
another, SP is to SQ as AP to BQ; (Prop. 4)

that is, the ratio of the distances SP to SQ is a constant ratio;
therefore S is a centre of similitude of the circles.

In figure 1, where the two radii 4P, BQ are drawn in the same
sense, S is in the line of centres 4 B produced, and the two distances SP,
SQ are drawn in the same direction. S is a centre of direct similitude.

In figure 2, where AP, BQ are drawn in opposite senses, S is in
the line of centres AB, and the two distances SP, SQ are drawn in
opposite directions. S is a centre of inverse similitude,
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ADDITIONAL PROPOSITION 24.

If a circle be drawn to touch two given circles, the straight line
which passes through the points of contact passes through one of the
centres of similitude of the given circles.

Let a circle be drawn to touch two given cireles, whose centres are
A4,B,at P, Q.

Draw AP, BQ and let them, produced if necessary, meet at O *.

Draw PQ and let it, produced if necessary, meet the circles again
at P, Q': draw BQ'.

Because the circles touch at P, the centre of the circle which
is described to touch the given circles must lie in 4P;
(II1. Prop. 10, Coroll.)

similarly it must lie in BQ;
therefore O is the centre;
therefore the angle OPQ is equal to the angle OQP,
which is equal to the angle BQQ' and therefore to the angle BQ'Q;
therefore 4PO, B are parallel ; (L. Prop. 28)
therefore PQ passes through a centre of similitude. (Add. Prop. 23.)

* If AP, BQ be parallel, so that the point O is infinitely distant,
and the radius of the circle which touches the given circles at P, Q
is infinitely large, PQ becomes one of the common tangents of the
given cireles, which common tangents pass through S.
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ADDITIONAL PROPOSITION 25.

If two straight lines be drawn through a centre of similitude of two
given circles to cut the circles, a pair of chords of the two circles join-
ing pairs of inverse* points intersect on the radical azis of the given
circles, and a pair of chords of the two circles joining pairs of cor-
responding points are parallel.

Let S be a centre of similitude of two given circles PQgp, P'Q'q’p’
and let SPQP'Q’, Spqp’q’ be any two straight lines drawn through
8 cutting the circles; P, Q'; @, P'; p, ¢'; q, P’ being pairs of
inverse points and P, P'; Q, Q'; », 9'; q, ¢’ being pairs of ¢orrespond-
ing points.

Draw Pg, Q'p’, and let them, produced if necessary, meet at R.

Because S is a centre of similitude, Sp is to Sp’ as SQ to SQ’;
therefore Qp, @’p’ are parallel;  (Prop. 2, Part 2)
therefore the angles PQp, PQ'p’ are equal; (I. Prop. 29)
and the angles PQp, Pygp are equal; (IIL. Prop. 21)
therefore the angles PQ’p’, Pgp are equal.
Therefore the four points P, g, p’, Q' lie on a circle,
. (ILL. Prop. 22, Coroll.)
and the rectangle RP, Rq is equal to the rectangle RQ’, Rp';
(IIL Prop. 36)
therefore the squares on the tangents drawn from R to the two circles
are equal,
and consequently R lies on the radical axis of the given circles.
(Add. Prop. page 264.)

* For this name see page 460.
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ADDITIONAL PROPOSITION 26.

If a straight line be drawn through a centre of similitude of two
given circles, the rectangle contained by the distances of two inverse
peints is constant,

Let S be a centre of similitude of two given circles, whose centres
are 4, B.

Draw MNS a common tangent through S (see note on page 451),
and let SQ’QP'P be any straight line through S cutting the circles
in P, P'and Q, Q.

Draw 4P, BQ, AM, BN.

Because the rectangle SP, SP’ is equal to the square on SM,
SPis to SM as SM to SP'.  (Prop. 17, Part 2.)
And because S is a centre of similitude,
SPis to SQ as SM to SN;
and therefore SP is to SM as SQ to SN; (V. Prop. 9)
therefore SQ is to SN as SM to SP'; (V. Prop. 5)
therefore the rectangle SQ, SP’ is equal to the rectangle SM, SN.
(Prop. 16, Part 1.)

Similarly it can be proved that the rectangle SP, SQ’ is equal
to the rectangle SM, SN.

EXERCISE.

1. Prove that in the above figure the rectangle PQ, P'Q’ is equal
to the square on MN,



454 BOOK VI

ADDITIONAL PROPOSITION 27.

The six centres of similitude of three given circles taken in pairs lie
three by three on four straight lines *.

Let 4, B, C be the centres of three given circles; let a, b, ¢ be the
radii of the 4, B, C circles, and let D, D’ be the centres of direct and
of inverse similitude of the B, C circles, E, E’ those of the C, 4 circles,
and F, F’ those of the 4, B circles.

Because BD is to DC as b to ¢,
and CE is to E4 as ¢ to a,
and AFisto FBasatod, (Add. Prop. 23)
therefore the ratio compounded of the ratios
BD to DC, CE to E4 and AF to FB,
is equal to the ratio compounded of the ratios
b to ¢, ¢ to a and a to b, that is to unity;
therefore DEF is a straight line.  (Add. Prop. 2.)
Similarly it can be proved that DE'F', D’EF', D’E'F are straight
lines,
and also that the lines of each of the sets AD’, BE', CF’; AD',BE,CF;
AD, BE', CF; AD, BE, CF'’ meet in a point. (Add. Prop. 4.)

* These lines are called the axes of similitude of the three circles.
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ADDITIONAL PROPOSITION 28.

If a point on the radical azis of two given circles be joined to the
points of contact of a circle, which touches both the given circles, by
straight lines which cut the circles again, another circle can be de-
scribed to touch the given circles at the points of section.

Let O be a point on the radical axis of the given circles 4, B;
and let a circle touch them at P, Q.

Draw OP, OQ and let them meet the 4, B circles in p, g. Draw
PT, @S, pt, gs the tangents to the circles at P, @, », ¢ and draw
PQ, pq.

Because O is on the radical axis of the circles 4, B,
the rectangle OP, Op is equal to the rectangle 0Q, Og;
therefore P, Q, g, p lie on a circle. (Ex. 1, page 258.)
The difference of the angles tp0O, sqO is equal to
the difference of the angles TPO, SQO,
which is equal to the difference of the angles PQO, QPO,
which is equal to the difference of the angles ¢p0, pgO;
(IIL Prop. 22)
therefore the angle tpq is equal to the angle sgp.
1t is therefore possible to describe a circle touching the circles
4, Batp,q.

CoroL1ARY. If the radical centre of three given circles be joined
to the points of contact of a circle, which touches all the three given
circles, by straight lines which cut the circles again, another circle can
be described to touch the given circles at the points of section.

(See Ex. 140, page 284.)
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ADDITIONAL PROPOSITION 29.

If two circles be drawn to touch three given circles, so that the

" straight line Joining the two points of contact on each of the given circles

passes through the radical centre of the given circles, the radical azis

of the pair of circles is one of the axes of similitude of the three given
circles. :

Let PQR, pqr be a pair of circles touching three given circles 4,

B, C at P, p; Q, q; R, r, so that Pp, Qg, Rr pass through O the

radical centre of the circles 4, B, C. (Add. Prop. 28, Coroll.)

Draw PQ, pq and let them, produced if necessary, meet in F,
Because the circles PQR, pgr touch the circles 4, B,
the lines PQ, pq pass through one of the centres of similitude of the
circles 4 and B (Add. Prop. 24)
therefore the rectangle FP, FQ is equal to the rectangle Fp, Fg;
(Add. Prop. 26.)
therefore F is a point on the radical axis of the circles PQR, pqr.
Similarly it can be proved that a centre of similitude of each of
the pairs of circles B, C and C, 4 lies on the radical axis of PQR,
r.
Therefore the radical axis of the circles PQR, pgr is an axis of
similitude of the circles 4, B, C.
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ADDITIONAL PROPOSITION 80.

If a pair of chords of two given circles intersect in the radical
aris, and if the chords intersect the polars of one of the centres of
similitude in two points collinear with the centre of similitude, then
the points of intersection of the chords with the circles lie two by two
on two straight lines through the centre of similitude.

Let S be one of the centres of similitude of two given circles 4, B;
let L, M be two points collinear with S, on the polars of S with
respect to the circles 4, B; and let O be a point on the radical axis.

Draw OL, and let it intersect the circle 4 in P, p.

Draw SP, Sp, and let them meet the circle 4 in P, p’, and let the
corresponding points to P, P/, p, p’, where the lines meet the circle
Bbe @, Q. ¢, 4.

Because L is on the polar of 8, the line P’p’ passes through L.
(Add. Prop. page 261.)
Because S is the centre of similitude, and the intersections of
Pp, Pp’, and of Q'¢’, Qq are corresponding points, and Pp, P’p’ inter-
sect at L,
and L, M are corresponding points,
therefore Qg, Q'q’ intersect at M ;
and because S is the centre of similitude,
Pp, Qg intersect on the radical axis, (Add. Prop. 25)
that is, Qg must pass through O ; and it also passes through M,
Therefore the points @, g obtained by the above construction are
the points where the straight line OM cuts the circle B, that i, if OL
cut the cirele 4 in P, p and OM cut the circle B in Q, ¢, then PQ, pg
pass through 8.
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ADDITIONAL PROPOSITION 31.

To describe a circle to touch three given circles.®

Let 4, B, C be three given circles, Find O the radical centre of
the circles 4, B, C, and draw DEF one of their axes of similitude.

Find the poles L, M, N of the line DEF with respect to the circles
A, B, C respectively. Draw OL, OM, ON and let them, produced if
necessary, cut the circles 4, B, C respectively in P, p; Q, ¢; R, r.

D

Because L, M are the poles of DEF with respect to the circles
4, B, therefore L, M are on the polars of F with respect to the circles
4, B;

and because F is & centre of similitude of the two ciroles,
therefore LMF is a straight line.
Therefore the line PQ passes through F. (Add. Prop. 80.)

* This solution of the problem is due to Joseph Diez Gergonne
(born at Nancy 1771, died at Montpellier 1859).
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Therefore a circle can be described through P, Q to touch the
given circles at P, Q. (Add. Prop. 24.)
Similarly it can be proved that circles can be described through
Q, R, and through R, P to touch at each pair of points.
Therefore these three circles are identical (see Ex. 140, page 284),
that is, the circle PQR touches the given circles at P, @, R.
Similarly the circle pgr touches the given circles at p, g, r.

Since there are four axes of similitude, and since two circles can
be obtained by the foregoing construction from each axis of similitude,
there are 2 x 4 or 8 circles which can be described to touch three given
circles.

It is readily seen that, if three circles touch a fourth circle, there
are two distinct possible types of configuration of the three circles
relatively to the circle which they touch :

(1) the three circles may lie on the same side of the fourth circle,

(2) two of the three circles may lie on one side and the third on
the other side of the fourth circle.

Since any one of the three given circles may be the one which lies
by itself on the one side of the fourth circle, the type (2) may be sub-
divided into three different groups.

It can be proved without much difficulty that of the eight circles
which can be described to touch three given ocircles 4, B, O, there
are four pairs of circles, such that

4, B, C lie on the same side of each circle of one pair ;

A lies on one gide, and B, C on the other, of each circle of a
second pair;

B lies on one side, and C, 4 on the other, of each circle of a third
pair; .

and C lies on one side, and 4, B on the other, of each circle of a
fourth pair. .

Each of these four pairs of circles is obtained by the above con-
struction from one of the axes of similitude of the given circles.

30—2
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INVERSION.

1. We will now proceed to give an account of a geometrical Method
called Inversion, and we will do so without stating the theorems
which we are about to establish in the formal way in which theorems
have been stated heretofore. We will further depart from our former
method by making use of the arithmetical method of representing
geometrical magnitudes (see page 135), so that we shall mnot be
debarred from using fractions to represent the ratios of geometrical
quantities, and if necessary we shall use the signs ordinarily used in
Algebra to signify addition, subtraction, and the other elementary
operations.

2. DermNrTioN. If O be a fixed point and P any other point, and if
on the straight line OP (produced if necessary) we take a point P’ such
that

OP.OP=a?,
where a is a constant, then each of the points P, P’ is called the
inverse of the other with respect to the circle whose centre is 0 and
radius a.

QI

The straight line OP is often called the radius vector of the
point P.

The point O is called the pole of inversion and a the radius of
inversion.

If the point P trace out a curve, the curve which is the locus of
P’ is called the inverse of the curve which is the locus of P.
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8. If we consider the points P/, P”/, which are the inverses of P
with respect to the same pole and different radii of inversion a, b,
since OP.OP=a? and OP.OP'=
therefore OP : OP'=a? : b3.

It follows that since the points P/, P lie on the same radius veoctor,
and OP' : OP” is a constant ratio, the loci of P/, P” are two similar
curves of which O is a centre of similitude.

4., IfP, P, and Q, Q be two pairs of inverse points, then since

OP . OP'=a? and 0Q.0Q =a?,
therefore OP.0P=0Q.0q;
it follows that P, Q, @/, P’ lie on a circle, and the angle OPQ is equal
to the angle OQ'P'.

Again, if the line 0QQ’ approach nearer and nearer to the posi-
tion of OPP, the lines QP, @'P’ in the limit are the tangents to the
curves which are the loci of P and P’ at P and P’ respectively.

(See page 217.)

We may state this result in the form :

Two inverse curves at two inverse points cut the radius vector
through the pole of inversion at the same angle on opposite sides.

It follows that any two curves cut at the same angle as their
inverse curves at the inverse point. (See Definition on page 266.)

5. From the definition of inversion it follows at once that a
straight line through the pole inverts into itself.

Three points 4, B, C in the same radius vector, whose distances
04, 0B, 0C are such that 04+ 0C=20B3, invert into three points
4’, B', ¢, whose distances 04’, OB’, OC’ are such that

1,1 _3
oxtoc=oB"
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Three magnitudes such as 04, OB, OC are said to be in Arith-
metical Progression, and three magnitudes such as 04’, OB’, OC’ are
said to be in Harmonical Progression.

1 1 2
Because o7 + 00 = 08"
therefore OB’ . 0C"+ 04’ . OB'=204'. 0C’;
whence 04’ . B'C'=0C" . A'B’,
and 04’ : A’'B'=0C": C'B’;
therefore 0A’B’C’ is a harmonio range.

Also three points 4, B, C in the same radius vector, whose distances
04, OB, OC are such that 04 . OC=0B?, invert into three points
A', B', ¢, whose distances are such that 04’. 0C'=0B"%,
Three magnitudes such as 04, OB, OC are said to be in
Geometrical Progression, '
It may be noticed that three magnitudes a, b, ¢ are in Arithmetical,
Geometrical, or Harmonical Progression according as

a-b:b-c=a:a,
a-b:b-c=a:bd,
or a-b:b-c=a: c respectively.

6. Let P be a point on a fixed straight line; draw 04 perpendicular
to the line, and on 04, produced if necessary, take the point 4’ such

that 04 . 04'=a?,
ﬂ P
o g P

Let P’ be the inverse of P, so that OP. OP =a?: then
OP.OP'=0A4.04’; therefore P, 4, A’, P’ lie on a circle, and the
angle OP’A’=the angle O4AP=a right angle; therefore the locus of
P’ ig a circle whose diameter is 04’. Hence the theorem :

4 straight line which does not pass through the pole of inversion
inverts into a circle which passes through the pole and touches there a
parallel to the given line.
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7. Again let P be any point on a circle, of which 04 is a diameter.

Take in OA, produced if necessary, the point A’ such that
OA4 . OA'=ad.

4[4’

Let P’ be the inverse of P, so that OP. OP' =a?;
then OP, OP'=04.04';
therefore P, 4, A’, P, lie on a circle,
and the angle P’A’O=the angle OPA =a right angle, i.e. the locus
of P’ is a straight line through A’ the inverse of 4 drawn at right
angles to 04’. Hence the theorem :

4 circle which passes through the pole of inversion inverts into a
straight line parallel to the tangent at the pole.

8. Again, let P be any point on a circle, which does not pass through
the pole, and P’ be the inverse point so that OP . OP'=a?: let OP, pro-
duced if necessary, cut the circlein Q; find 4 the centre and draw Q4,
and let 04, produced if necessary, cut P'B drawn parallel to Q4 in B.

Pl

Because OP . 0Q =13, where ¢ represents the length of the tangent
from O to the given circle, and OP . OP'=a3,
therefore OP' :0Q=a3:t3=0B: 04=BP': 4Q;
therefore the locus of P’ is a circle such that B is its centre and O is
one of the centres of similitude of it and the given circle.

Hence the theorem : A circle, which does not pass through the pole
of inversion, inverts into a circle which does not pass through the pole,
and is such that the pole is a centre of similitude of the two circles.
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9. Again, if P, P’andQ, @ be two pairs of mversepomta,
OP.OP'=0Q.0Q =a3,
the triangles OPQ, OQ'P’ are similar.

P'Q’ oY 0Q.0Q a?
B P¢ = 0P=0P.0¢ — 0P.0Q’
or P’Q':a’.oTp.Qw.

Thus the distance between two points in a figure is expressed in
terms of the distance between their inverse points and the distances
of the inverse points from the pole. ’

10. Now let us take the ordinary definition of a circle, i.e. the
locus of a point P such that its distance PC from a fixed point
C is constant.

Let P’ be the inverse point of P; take C’ the inverse point of C.

If we please we may in this investigation choose the radius of
inversion (see page 461) equal to the tangent drawn from O to the
original circle ; then P lies on the same circle as P, -

and 00.0C'=0T?=0P.0P.

Therefore the triangles OP'(C", OCP are similar,
and OP : P'C'=00: CP.

Hence the theorem (which has been already proved otherwise,
Add. Prop. 5):

The locus of a point the distances of which from two fized points
are in a constant ratio is a circle.

It will be seen that the straight line 7'T’, which is the polar of O,
and the circle on OC as diameter are inverses of each other.
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11. Again, it is known from Book III. that all straight lines which
cut & circle at right angles pass through the centre, and also that all
straight lines through the centre cut the circle at right angles.

If therefore we invert a figure consisting of a series of straight
lines cutting a series of concentric circles (centre C) at right angles,
we shall obtain a series of coaxial circles passing through O the pole
of inversion and through €’ the inverse point of C, and cutting each
of a second series of circles at right angles. (Add. Prop. page 268.)

A’

Henoe the theorem :
A system of concentric circles inverts into a system of coazial circles.

In the above diagram O is the pole of inversion, and the tangent
from O to the circle PQR (or P'Q'R’) is taken as the radius of inver-
sion so that the circle inverts into itself. The points O, 4, B in the
left-hand figure are supposed to coincide with 0, B’, 4’ respectively in
the right-hand figure ; the figures are drawn apart merely for the sake
of clearness.

Farther, if we invert the last system with respect to any point, we
shall get a system of exactly the same nature; viz. a system of circles '
passing through two fixed points and cutting each of another system
of circles at right angles.

Hence the theorem :

A system of coazial circles inverts into another system of coaxial
circles, and the limiting points into the limiting points.
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- 12. A circle can be inverted into itself with respect to any point
as pole of inversion, if the tangent to the circle from the point be
taken as the radius of inversion. .

Any two circles can be inverted into themselves with respect to
any point on their radical axis as the pole of inversion.

Any three circles can be inverted into themselves with respect to
their radical centre as the pole of inversion.

Hence we conclude that when one circle is drawn to touch two
given circles at P and @, if O be any point on the radical axis
of the given circles, the lines OP, OQ will cut the circles again in
two points P, Q’, such that another circle can be described to touch
the given circles at P, Q.

‘We also conclude that when one cirecle is drawn to touch three
given circles at P, Q, R, if O be the radical centre, the lines OP,
0Q, OR out the circles again in three points P’, Q’, R’ such that a
circle deseribed through them will touch the circles at P, ¢/, R'.

These two theorems have been proved before (page 455).

18. If two circles PQO, pgO be described to touch two given circles
4,Bat P,p; Q, g, and to touch each other at 0, then the centre of
similitude F, which is the point of intersection of the straight lines
PQ, pq, must lie on the common tangent to the circles at 0.

(Add. Prop. 29.)

Hence, if O be taken as the pole of inversion, the two circles
OPQ, Opq will invert into two parallel common tangents to the
inverse circles (page 423), and therefore the given circles will invert
into a pair of equal circles.

And since FO?*=FP . FQ=FM . FN, if FMN be a common tangent
to the given circles, (Add. Prop. 26)
we see that the pole O may be chosen anywhere on the circle, whose
centre is F and whose radius is a mean proportional between the
tangents from the point F to the circles 4, B.

Hence with any point on two definite circles as pole of inversion
we can invert two given circles into two equal cireles.

It follows that with any one of certain definite points as pole of
inversion, three given circles can be inverted into three equal circles.
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14. If we take 4’, B’, C’ three points in order on a straight line,
the relation 4’B’'+ B'C’'=A'C’ exists between the segments.

If we invert with respect to any pole O, the three inverse points
A4, B, C will lie on a circle through O, and the chords will satisfy the
relation
AB BC AC

04.0B ¥ 0B.0C—04.0¢° (% page 464),
or AB.OC + BC.04=A4C. OB,
which is Ptolemy’s Theorem. (ILL. Prop. 37 B.)

Again if we take 4’, B/, C’, D', four points in order on a straight
line, the relation
A'B' .C'D'+A'D' . B'C’=4'C’' . B'D’
exists between the segments. (Ex. 1, page 137.)

If we invert with respect to any pole O, the four inverse points
4, B, C, D will lie on a circle through O, and the chords will satisfy
the relation,

4B cD 4D BC _ AC BD
04.0B"0C.0D ' 04.0D 0B.0C™ 04.0C" 0B.OD’
or _ AB.CD+A4D .BC=AC. BD,

which also is a form of Ptolemy’s Theorem.,
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PEAUCELLIER'S CELL.

15. Before we leave the subject of inversion, it will be as well to
explain the nature of a simple piece of mechanism, by the use of
which the inverse of any given curve can be drawn.

The figure represents such an instrument; 04, OB are two equal
rods and 4P, PB, BP, P'A, four other equal rods, all six bemg freely
hinged together at the points 0, 4, B, P, P,

- 3BN

This instrument is generally called a Peaucellier's Cell*.
Because A PBP is a rhombus,
its diagonals bisect each other at right angles at M'; (Ex. 1, page 89)
and becanse OAB is an isosceles triangle,
and M is the middle point of 4B,
OM is at right angles to 4B.
Therefore OPP is a straight line,
and the rectangle OP . OP'=0M?—- MP3 (II. Prop. 6)
=042-AP3
=a constant.
If therefore the point O be fixed, and P be made to trace out any
ourve, P’ will trace out the inverse curve.

* This mechanical invention is due to A. Peaucellier, Capitaine
du Génie (3 Nice), who proposed the design of such an instrument as
a question for solution in the Nouvelles Annales 1864 (p. 414). His
solution was published in the Nouvelles Annales 1878 (pp. 71—8).
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We will now proceed to prove a theorem which establishes a
relation between six of the common tangents of pairs of four circles
which touch a fifth given circle, of a kind similar to that which
Ptolemy’s Theorem establishes between the chords joining the points
of contact.

Let a circle whose centre iz 0 touch two given circles whose
centres are 4, B at P, Q; let PQ, produced if necessary, cut the
circles 4, B again in P, @’ and pass through their centre of similitude
F; and let pgF be one of their common tangents through F.

(Add. Prop. 24 note.)

Because F is a centre of similitude of the circles,
pP is parallel to ¢qQ, and pP to ¢Q’; (Add. Prop. 25)
therefore pq : PQ =Fq : FQ,
and pq : PQ'=Fq : FQ';
therefore pg? : P'Q . PQ'=Fq*: FQ . FQ';
and Fg?=FQ . FQ';
therefore pg?=P'Q . PQ'. (Ex. 1, page 463.)
Again because F is a centre of similitude,
OPA is parallel to Q'B, and 0QB to P'4;
therefore 04 : OP=PQ : PQ,
and OB : 0Q=PQ' : PQ;
therefore 04 . OB : OP . 0Q=PQ’ . P'Q : PQ*,
or 04 . OB : OP3=pg3: PQ?;
therefore, if 04 . OB=0L3,
then OL : OP=pq : PQ. (V. Prop. 16.)
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Similarly, if two other circles, whose centres are C, D, touch the
same oircle, centre 0, at R, S, and rs be their common tangent,
0C . OD : OP*=rs?: RS3;
therefore, if 0C . OD=0M3,
then OM : OP=rs : RS; (V. Prop. 16)
therefore OL . OM : OP*=pq . rs : PQ. RS.

If we denote the common tangent to the two circles which touch the
fifth circle at P, Q by (PQ), and so on for the other pairs of circles,
we may write this proportion,

OL . OM : OP*=(PQ) . (RS): PQ . RS.

It can be proved in a similar manner that,

if OL?=04 . 0C and OM?=0B . OD,
then OL'. OM : OP*=(PR) . (QS) : PR. @S.
Now OL?: OL®=04 .0B: 04 .0C=0B: 0C,
and OM": OM3*=0B. 0D :0C. OD=0B : 0C;
therefore OL? : OL?=0M" : OM3,
and OL : OL’=0M' : OM; (V. Prop. 16)
therefore OL . OM=0L'. OM'. (Prop. 16.)

Hence we have
(PQ) . (RS) : PQ . RS=(PR). (QS): PR. QS
and similarly =(PS).(QR): PS. QR.

And because, if PQRS be a convex quadrilateral,

PR .QS=PQ. RS+PS. QR (Ptolemy’s theorem),
therefore (PR) . (QS)=(PQ) . (RS)+(PS) . (QR).

This theorem is generally known as Casey’s Theorem*.

It may be observed that the common tangent of each pair of
circles, which appears in the equation, is that tangent which passes
through the same ocentre of similitude of the circles as the chord
joining the points of contact of the circles with the fifth circle.

* This theorem was discovered by John Casey (born at Kilbenny, -

County Cork, 1820, died at Dublin 1890).
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It is readily seen that, if four circles fouch a fifth circle, there are
three distinet possible types of configuration of the four circles
relatively to the circle which they touch;

(1) the four circles may lie on the same side of the fifth circle,

(2) three of the four circles may lie on one side and the fourth
circle on the other side,

(3) two of the four circles may lie on one side and the other two
on the other side.

The converse of Casey’s Theorem may be stated in the following
manner : if an equation of the form of the equation in Casey’s Theorem
exist between the common tangents of four circles taken in pairs, the
common tangents being chosen in accordance with one -of the three
possible types of configuration, then the four circles touch a fifth circle.

The truth of this converse theorem which is often assumed without
any attempt at proof can be proved, but the proof of it is thought to
be beyond the scope of this work.
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CONTINUITY.

Let us consider a variable point P on a given straight line, on
which 4, B are two fixed points. It is seen at once that,

(1) if P be outside 4B beyond 4, then the excess of PB c;ver PA
is equal to 4B ;

(2) if P be in 4B, then the sum of 4P and PB is equal to 4B,
and

(8) if P be outside 4B beyond B, then the excess of AP over BP
is equal to 4 B.

@ (2 ' @
P 4 B 4 P B 4 B P

We can write these results in the forms
(1) PA+AB=PB,
(2) AB=AP+PB,
(8) 4B+BP=4P.

Here we observe that, while P changes from one side of 4 to the
other, the distance P4, which vanishes when P coincides with 4,
changes sides in the equation, which otherwise remains unchanged;
and again that while P changes from one side of B to the other, the
distance PB similarly changes sides in the equation,

A geometrical theorem consists, in many cases, of & proof that a
certain equation exists between a number of geometrical magnitudes,
such equation remaining unchanged in form for variations in the

geometrical magnitudes involved, consistent with the conditions to
which they are subject.
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It is found in many of such theorems, as in the illustration
which we have just given, that, if subject to continuous variation of
some chosen geometrical magnitude some other magnitude con-
tinuously diminish and vanish, then in the equation which applies to
the configuration determined by the next succeeding values of the
chosen variable magnitude, the magnitude which has vanished
appears on the opposite side of the equation. This fact is due to the
absence of any sudden changes in the magnitudes under considera-
tion. The general law that no sudden change occurs is often spoken
of 88 THE PRINCIPLE OF CONTINUITY.

Let us consider a variable point P on a given straight line, on
which 4 is a fixed point; and let us consider any equation between
variable geometrical magnitudes, one of which is P4 the distance
between P and 4. The principle of continuity leads us to expect
that, if P in the variation of its position pass from one side to
the other of 4, the sign of P4 in the equation will change. In other
words, we may consider the equation to remain unchanged in form, if
we resolve to represent by the expression P4 not only the distance
between P and 4, but also the fact that the distance is measured
from P towards 4. This result is at once obtained by resolving
that — P4 shall represent a distance equal to P4 and measured in
the opposite direction ; in other words, that AP= — PA4. ‘

Let us return to the consideration of a variable point P on a given
straight line, on which 4, B are two fixed points. It appears that
the equation which exists between the distances between the points
takes different forms according as P is (1) in B4 produced, (2) in
4B, or (3) in 4B produced.

If we allow the use of the minus sign, we may write these equations,

(1) 4B+P4-PB=0,

(2) AB-AP-PB=0,

(3) 4B-AP+BP=0,
where each symbol such as AB represents merely the length of a
line measured in the same direction as 4B,

It is at once seen that, if we adopt the convention that

PQ=-QP,
all these equations are the same; each may be written
AB=AP+ PB,
or AB+BP+PA=0.

! - 31
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The first form expresses that the operation of passing from 4 to B is
the same a8 passing from 4 to P and then from P to B;

the second form expresses that the aggregate result of the operatlons
of passing from 4 to B, and then from B to P and then from P
to A is to arrive at the point 4 of starting;

both of which facts are true for all combinations of three points
4, B, P on a straight line.

The results of the theorems contained in Propositions 5 and 6 of
Book II. become the same, if we take into account the fact that the
distance BD is measured in opposite directions in the two figures: and
similarly the results of Propositions 12 and 13 of Book II. become
the same, if we take into account the sign of C2

As a further illustration of the Principle of Continuity we v~

take Ptolemy’s Theorem.
Let us consider & variable point P on a circle, on which 4,
are three fixed points. It is proved in III. Prop. 37 B, that

(1) if P be in the arc 4B,
AB.PC=BC.PA+CA.PB;

(2) if P be in the are BC,
BC.PA=CA.PB+AB.PC;

a (8) if P be in the arc C4,
CA.PB=AB.PC+BC,PA.
These equations may be written
(1) 4B.PC-BC.P4A-CA.PB=0,
(2) 4B.PC-BC.PA+CA.PB=0,
(8) AB.PC+BC.PA-C4A.PB=0.
Hence, while P passes along the arc from one side of B to the
other, the sign of PB, which vanishes when P coincides with B,

changes sign in the equation, which otherwise remains unchanged,
and 8o on for passage through C or 4.
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Acute-angled triangle, 12.

Alge;)m and Geometry connected,
134,

Aliquot part, definition of, 327.

Alternate angles, definition of, 75.

— are, definition of, 244.

Altitude, 351.

Ambiguous case, preface, x.

— extension of, 867.

Angle, acute, 9.

— in an aro, definition of, 168.

— in a segment, 168.

— obtuse, 9.

— of intersection of curves, 266,

— not limited to 2 rt.ss (ex-
tension of application of the
term), 221.

— of a sector, 351.

Angles, addition of, 8.

— of any magnitude, essential
to Euclid’s method, 411.

— all right angles equal, 37.

— test of equality of, 8.

Anharmonic pencils, having com-
mon ray, 439.

—_ — ttansvelt'_s:;_ls of, 437.

-~ property of four tangents to
oﬁ‘ole, 441

— ,property of four points on
ci-cle, 440.

— 4igtio of four points on circle,

—_ iges, having common point,
438. .

— — preperty of, 436,

Antecedens, definition of, 328.

Apollonius, circle of, 426.

Are, definition of, 167.

Arcs, direction of measurement
of, 289.

Area, definition of, 10.

Arithmetical Progression, 462.

Away from, why used, 33, 41.

Axiom, use of term, preface, vi.

Axioms, definition of, 15.

— examples of, 15.

— the list of, imperfect, preface,
vid,

Axis of similitude defined, 454.

— of triangles, 444.

— radical, 264.

— — of pair of circles touching
three circles, 456.

Base of a parallelogram, 851.
— of a triangle, 851.
Brianchon’s theorem, 447.

Casey’s theorem, 469—471.

Centre, definition of, 13. Cf.174.

— of direct similitude, when
infinitely distant, 4564,

— radical, 265.

— of similitude, (a) direct, (b)
inverse, 455.

— — condition that chords in-
tersecting on radical axis should
pass through inverse points
with respect to, 467.

— — rectangle under distances
to inverse points on two circles
from, 453.

Centroid, centre of gravity, de-
finition of, 103.

— of weights, 425.

Ceva, theorem of, 422.

Ceva’s theorem, converse of, 424,

Chord, definition of, 167.

— of an are, 167.

— — acircle, 167.

— — contact of circle touching
two circles, 451,

Chords of two circles intersecting
on radical axis, 452.

Cirale, definition of, 18.

— escribed, definition of, 294.

— inscribed, definition of, 172,
294.

— of Apollonius, 426.

— Nine-point, 271.
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Circles, coaxial, definition of,
429,

— constructionfor circlestotouch
three, 458.

— equal, have equal radii, 231.

— four pairs of circles touch three,
459.

— orthogonal, 266.

— pair of, touching two circles,
455,

— — touching three circles, 455.

— touching three circles, radical
axis of pair of, 456.

Circumference, definition of, 167.

Circumsecribed circle, definition of,
297. Cf. 172.

Coaxial circles, properties of, 268,
465, 479, 481, 482, 483,

— triangles, definition of, 444.

— — are compolar, 445.

Collinear points, 351.

Commensurable, definition of,
328,

Complete quadrilateral, 353,

Complement. Complementary
angles, definitions of, 45.

Complements of parallelograms,
&e., 111,

Compolar triangles, definition of,
444

— — are coaxial, 444,

Concentric, definition of, 170.

Concurrent lines, definition of,
351.

— — examples of, 53, 71, 95,
103, 422, 424.

Configuration of three oircles
touching a fourth circle, 459.
— of four circles touching & fifth

circle, 471.
Conjugate points, 352,
— rays, 352,
Consequent, definition of, 328.
Contact, external, defined, 199.
— internal, definition of, 201.
Conglsxin. Arcs contain angles,
1

Conta.ined, a rectangle is, 134,
Continuity, principle of, 472,
478, 474.

Converse propositions, 27.

— — not necessarily true, 27.

Convex figure, definition of, 10.

Corollary, =a further inference
from facts proved.

Correspondence of sides of A 8,256.

Corresponding angles, definition
of, 75.

— vertices, 849.

Curve, inverse of a, 460.

Curves, angle between, 266.

Data, definition of, 61.

— often eond.moned 61.

Decagon, definition of 285.

De:u.rgu“ es, theorems due to, 444,

Diagonals, of a complete quadri-
lateral, 353.

— definition of, 10.

Diameter, definition of, 13.

— bisects circle, 175.

Duzgetlon of measurement of arcs,

9.

Distance from a point, definition
of, 171.

— between centres of inscribed
and circumscribed circles of
triangle, 476.

Distances of point from two
points, sum of multiples of
squares on, 478.

Dodecagon, definition of, 285.

Duplicate ratio, definition of, 832,

Each to each, why discarded, pre-
Sace, ix.

Enunciation, joint for Props. 5
and 6, Book II., 145. .

— joint for Props. 9 and 10, Book
1I., 158,

Equal in all respects, definition
of, 13.

Eq\;’a(.)lity of ratios, definition of,
330.

— — remarks on, 329.
E ratio of, 328.
quiangular triangles, propert;
of sides of pair of, 256P v
Equilateral figure, 11.
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Equimultiples, definition of, 327.

Euclid, by his Postulates restrict-
ed himself in his use of instru-
ments, 21.

— in Prop. 4, Book I., assumes
that two lines cannot have a
common part, 23.

Example of the principle of con-
tinuity, 474.

Exterior angles, definition of, 75.

Exitreme and mean ratio, 351.

Extremes, definition of, 832.

Figure, definition of, preface, vi.
— circumsecribed, 172, 285.

— oconvex, definition of, 10.

— equiangular, 11.

— equilateral, 11.

— inscribed, 172, 285,

— plane, 6.

— rectilinear, 9.

— regular, 11,

Figures, impossible, preface, ix.’

Gauss, what regular polygons can
be inscribed in a circle, 820.

Geometrical Progression, 462.

Gergonne’s construction for cir-
cles touching three circles, 458,

Gnomon, why discarded, preface,
vi.

2larmonic pencils, having com-
“  -mon ray, 485,
— — transversals of, 433.
— groperty of polar, 430.
— rhnge, defined, 352.
— — property of, 428, 432.
— ratges, having common point,
434,

Harmonical Progression, 462,
Hexagon, Jefinition of, 285.
Homologous, definition of, 331.
Hypotenuse, definition of, 11.

Impossible figures, preface, ix.

Incommensurable, definition of,
328.

Inequality, ratio of greater in-
equality, 328,

— ratio of less inequality, 328,
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Interior angles, definition of, 75.

Inverse curves, definition of, 460.

— — mechanical mode of draw-
ing, 468.

— of circle through pole, 463.

— of circle not through pole, 463.

— of straight line, 462.

Inversion, definition of, 460.

— angle between two curves not
altered by, 461.

— distance between two points
in terms of inverse points,
464.

— coaxial circles invert .into co-
axial circles, 465.

— concentric circles invert into
coaxial circles, 465.

— limiting points invert into
limiting points, 465.

— locus of point P, where

mPA=nPB, 464.

— one circle may be its own in-
verse, 466.

— pole of, 460.

—4Ptolemy’s theorem proved by,

67.

— radius of, definition of, 460.

— two circles may be their own
inverses, 466.

— two circles, how inverted into
equal circles, 466.

— two points and their inverses
lie on a circle, 461,

— three circles may be their own
inverses, 466.

— three circles, how inverted into
equal circles, 466.

Isosceles, definition of, 11.

Letters, used to represent magni-
tudes, 327.

Like anharmonic pencils, 853.

— anharmonic ranges, 352.

Limit, explained, 217.

Limiting points of a series of co-
axial circles, 429.

Line, definition of, 2.

— pedal, definition of, 272,

— Simson’s, 272.

— straight, definition of, 4.
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Lines, addition of, 6.

— out proportionally (1) extern-
ally, (2) internally, 350.

Locus, definition of, and example,
39,

— of points, distances from which
to two fixed points are equal,
39.

— — distances from which to two
fixed points are in a fixed ratio,
426, 464.

— — tangents from which to two
circles are equal, 264.

— — tangents from which to
two circles are in a fixed ratio,
479, 480, 481,

Magnitude of angles not limited
by Eueclid’s method, 411.

Magnitndes represented byletters,
327.

Maximum value, definition of, 55.

— — example of, 190, 192, 193,
195.

Maximum and minimum, illus-
tration of, 56.

— and minimum values ocour
alternately, 193.

Mean proportional, definition of,
832.

Means, definition of, 332.

Measure, definition of, 327.

Menelaus, theorem of, 418.

— — converse of, 420.

Method of superposition, 5.

Minimum value, definition of, 56.

— — example of, 65, 57, 198, 195

Multiple, definition of, 327.

— definition of m*, 827.

Nine-point circle, definition of,
271.

— — properties of, 270, 271,
448, 449.

Notation of proportion, 830.

Obtuse-angled triangle, definition
of, 12.

Octagoun, definition of, 285.

Orthocentre, definition of, 95.

Orthogonal circles, 266—268.
Orthogonally, system of circles
cutting two circles, 268.

Parallel, definition of, 7.

Parallelogram, definition of, 12.

Parallelograms about the dia-
gonal of a parallelogram, 111.

Part, definition of m*, 327,

Pa.rZs of a triangle, definition of,
7

Pascal’s theorem, 446.
Peaucellier’s cell, 468.

Pedal line, 272,

Pencil, anharmonie, 852.

— definition of, 851.

— how denoted, 851.

— harmonie, 352.

— like anharmonic, 853.
Pencils, equality of, test of, 440.
Pentagon, definition of, 285.

— regular, construction for, 309. «

Perimeter, definition of, 9.
Perpendicular, definition of, 9.
Perspective, triangles in, 444.
Plane, definition of, 6.
Point, angular, 9.
— definition of, 2.
Points, conjugate, defined, 852.
— limiting, of a series of ooaml
circles, 429.
Polar, definition of, 2568,
Pole, definition of, 258.
— of inversion, 460, /
— of triangles, 444.
Polygon, definition of, 11.
— the term extended to ingjlude
gl;l;ngles and quadnln

Polygons, equiangular, 3'{9

— number of conditior’s of equi-
angularity of, 849.

— numberofneoesss.ryoondmons
of similarity of, 850.

— regular,which can be inscribed
in a circle, 820.

— gimilar, 849.

Poncelet’s theorems, 483.

Porism, definition of, 475.

— examples of, 475—477.

y .
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Porism of inscribed and circum-
scribed cireles, 477.

— — — condition for, 476.

— of set of coaxial circles,
483,

Postulate, definition of, preface,
viii, 4.

— I. Two straight lines cannot
enclose a space, 4.

— II. Two straight lines cannot
have a common part, 4.

— III. A straight line may be
drawn from any point to any
other point, 5.

— IV. A finite straight line may
be produced to any length, 5
— V. All right angles equal,

preface, viii, 9.

— VI. A circle may be described
with any centre, and with any
radius, preface, ix, 14.

— VII. Any straight line drawn
through a point within a closed
figure must, if produced far
enough, intersect the figure in
two points at least, 14.

— VIII. Any line joining two
points one within and the other
without a closed figure must
intersect the figure in one point
at least, 14.

— IX. If the sum of the two in-
terior angles, which two straight
lines make with a given straight
line on the same side of it, be
not equal to two right mgles,
the two straight lines are not
parallel, 51.

Principle of continuity, definition
of, 472,

— — examples of, 474.

Problem, definition of, , preface, xi.

Problems often admit of several
solutions, 17, 19, 249, 287,

Progression, Arithmetical, Geo-
metrical, Harmonical, 462.

Proportion, proportionals, defini-
tion of, 330.

— continued, definition of, 832.

— notation of, 330.

503

Proportional, reciprocally, defini-
tion of, 380.

Propgrtionally cut, externally,
350.

— — internally, 850.

Ptolemy’s Theorem, property of
chords joining four points on
circle, 257.

— — Casey’s extension of, 469,
470, 471,

Pythagoras, Theorem of, 120.

Quadrilateral, complete, 853.

_—— onioc properties of,
423,

— convex, 353.

— cross, 353.

— definition of, 11.

— re-entrant, 853.

Radical axis, 264.

— oentre, 265,

Radius, definition of, 18.

— of inversion, 460.

— vector, definition of, 460.

Range, anharmonic, 352.

— definition of, 351.

— how denoted, 351.

Ranges, like anharmonie, 852.

Ba:x;o of anharmonic range, 352,

3.

— compounded, definition of, 832.

— — independent of order of
composition, 399.

— definition of, 827.

— of equality, 328.

— of greater inequality, 828.

— of less inequality, 328.

— of a penail, 353,

— of ratios, 332.

Rays, conjugate, 352.
— of a pencil defined, 351.
Reciprocally prqportlonal 379
Rectangle, definition of, 12, 134,
— how denominated, 134
Re-entrant qundrilaberals, 858.
Relations between a line and a
circle, 213,
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Relations between two circles,
208.

Respectfully, how used, preface,
ix.
Rhomboid, why discarded, pre-

Jface, vi.

Rhombus, definition of, 12.

Right angles are equsl 87. Cf.
preface, viii

Blg}ltiaingled tna.ngle, definition
of,

Rotation, point about point, 186.

— line about point, 186.

— plane figure about point, 186.

Secant, definition of, 213.

Sector, angle of a, 351.

— of a circle, 851.

Segment, definition of, 167.

Segments of a chord, 251.

Semicircle, definition of, 167.

Sides, corresponding, 256, 349,

— — definition of, 9.

Similar arcs, definition of, 168.

— figures, similar and similarly
situate, 448.

— segments, definition of, 168.

Similarity of figures, condition
of, 403,

Similitude, axis of, defined, 454.

— centre of, defined, 448.

— — direct, definition of, 448.

— — — at infinite distance, 409,
451.

— — inverse, definition of, 448.

— centres of, of two circles, 450.

— — of three circles, 454.

— — of circle of nine points
and circumscribed circle, 449,

Simson’s line, 272.

Solid, definition of, 3.

Square, definition of, 12.

— ordinary deﬁmtlon, why dis-
carded, preface, vi.

Straf.lggt lines, test of equality
o

Superposxtxon, method of, 5.

— — —note on, preface, viii.

BOOK VI

Supplement, supplementary an-
gles, definitions of, 45.
Surface, definition of, 3.

Tangent, definition of, 169.

— common to two circles, 219.

— limit of, a secant, 217, 245,
253,

— — — examples of, 245, 253.

Test of equality of angles, 8.

— — geometrical figures, 5.

— — straight lines, 5.

Third Proportional, definition of,
332.

Theorem of Apollonius, 426.

— Brianchon’s, 447.

— Casey’s, 469, 470, 471.

— Ceva's, 422.

— of Desargues, 444.

— of Menelaus, 418.

— Pascal’s, 446.

— Poncelet’s, 482, 483.

— Ptolemy’s, 257.

— of Pythagoras, 120.

Touch, meaning of, 169.

Transversal, definition of, 419.

Trapezium, why dmcarded pre-
face, vi

Tmngles, coaxial, 444.

— compolar, 444.

— definition of, 11.

— equal, note on, 74.

mscnbed in circle, 416.

— missing case of equahty of,
preface, x.

Triplicate mtxo, definition of, 332.

Units of length and of area, 185.
Unique point, centroid of weights
is a, 422.

Vertex, 7.
— definition of, 9.
— of a pencil defined, 851.

Weights, centroid of, 425.
‘Within a circle, 169.
‘Without a circle, 169.
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DEN, M.A., LL.D. avols. 6s.

ks ITI. IV. and V. By the same Editor. 5s.
Books VL VII VIII. By the same Editor. §s.
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il. LATIN.

Beda’s Ecclesiastical History, Books IIL, IV. ?I J. E. B
MAavor, M.A,, and J. R. Lumsy, D.D. Revised Edition. 7s. 64,

Books I. IT. [Zn the Press.

Caesar. De Bello Gallico, Comment.I. By A. G. PESKETT,
D:}A., Fellow of lene College, Cambridge. 1s. 64. CommenT. IL

IIL. 2s. CommenT. I, IL III, ComMENT. IV. and V. 15.64. COMMENT.
VII. gs. CommENT. VL. and CommeNT. VIIL. 15, 6d. each.

De Bello Oivili, Comment.I. By the same Editor. 3s.
Oicero. De Amicitia.—De Senectnte ByJ S. REID, Litt.D.,
Fellow of Gonv:lle and Caius College. 3s. 64.
i i Gaium Verrem Actio Prima By H. CowiE,
18, 3

In Q. Oaecilium Divinatio et in €. Verrem Actio.
By W. E. HEITLAND, M.A,, and H. Cowie, M.A, 3s.

Philippica Secunda. By A. G. PESKETT, M.A. 3. 6d.
Oratio pro Archia Poeta. By J. S. REID, Litt. D 25,
Pro L. Oornelio Balbo Oratio. By the same. 1s. 64.
Oratio pro Tito Annio Milone. By JOHN SMYTH

PurToN, B.D. as.

Oratio pro L Murena. By W. E. HEITLAND, M.A. 3s

Pro Cn. Plancio Oratio,by H. A. HOLDEN, LL.D. 4. 6d

Pro P. Oornelio 8ulla. By J. S. REID, Litt.D. 3s. 6d.

Somnium Scipionis. By W. D. PEARMAN, M.A. 2s.

Horace. Epistles, BookI. By E.S. SHUCKBURGH, M.A. 2s.6d.

Livy Book IV. By H. M. STEPHENSON, M.A. 2s. 64.

Book V. By L. WHIBLEY, M.A. 2s. 6d.

Book VI. By H. M. STEPHENSON, M.A. 2s. 6d.

—— Book IX. By the same Editor. 2s. 64

——— Book XXI. By M. S. DIMSDALE, M.A. 2s. 64.

Book XXII. By the same Editor. 2s. 6d.

Book XXVII. By H. M. STEPHENSON, M.A. 2s. 64.

Lucan. Pharsaliae Liber Primus. By W. E. HEITLAND,
M.A,, and C. E. Haskins, M.A. 1s. 64.

Lucretius, Book V. By ]J. D. DUFF, M.A. 2s.

Ovidii Nasonis Fastorum Liber VI. By A. SIDGWICK, M.A.,
Tutor of Corpus Christi College, Oxford. 1s. 6d.

.Ovidii Nasonis Meta.morphoseon Liber I. By L. D. DOWDALL,
LL.B, B.D. 1.

Quintus Ourtius. ‘A Portion of the History (Alexander in India).
By W. E. HEITLAND, M.A,, and T. E. RAveN, B.A. With Two Maps. 3s. 6d.
Vell;igi}'i Mgonis Aeneidos Libri L—XII. By A. SIDGWICK,
18,
Bucolica. By the same Editor. 1s. 64.
Georgicon Libri I II. By the same Editor. 2s.
Libri IIT. IV. By the same Editor. 2s.

The Complete Works. By the same Editor. Two vols.
Vol. 1. containing the Introduction and Text. 3s.6d. Vol II. The Notes. 4s.6d.
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Il. FRENCH.

Corneille. La Suite du Menteur. A Comedy in Five Acts.
By the late G. Masson, B.A, 2s.

Polyeucte. By E.G. W. BRAUNHOLTZ, M.A,, Ph.D. 2s.

De Bonnechose. Lazare Hoche. By C. COLBECK, M.A.
Revised Edition. Four Maps. as.

D’Harleville. Le Vieux Oélibataire, By G. MAssoN, B.A. 2s.

De Lamartine. Jeanne D’Arc. By Rev. A. C. CLAPIN,
M.A. New edition revised, by A. R. Rores, M.A. 1s. 64.

De Vigny. La Oanne de Jonc. By H. W. EVE, M.A. 1s. 64.

Erckmann-chatﬂan La Guerre. By Rev. A. C. CLAPIN,
La Ba.ronne de Stadl- Holsteln _Le Directoire. (Considéra-

tions sur la Révol i¢me et quatritme nes) Revised
and enlarged. By G. MASSON, B.A., and G. W, PROﬁlRO.

Dix Années d’Exil. Livre Ohapitres 1-8.

By the same Editors. New Edition, enlarged. 2s.
Lemercier. Fredegonde et Brunehaut A Tragedy in Five
Acts. By GusTAveE Masson, B.A.
Moliére. Le Bourgeois Gentilhomme, Comédie-Ballet en
Cinq Actes. (1670.) By Rev. A. C. CrariN, M.A.  Revised Edition. 1s. 62,
L’Fcole des Femmes. By G. SAINTSBURY, M.A. 2s. 64,
Les Précieuses Ridicules. By E. G. W. BRAUNHOLTZ,
MA., Ph.D. 35, Abridged Edition. 1s.
Piron. La Métromanie. A Comedy. By G. MASSON, B.A. 2s.
Ponsard. Charlotte Corday. By A. R. ROPES, M.A. 2.
Racine. Les Plaideurs, E. G. W. BRAUNHOLTZ, M.A. 2s.
Abridged Elition. 1s.
Sainte-Beuve. M. Daru (Causeries du Lundi, Vol. IX.).
By G. Masson, B.A.  as.
Saintine. Picciola. By Rev. A. C. CLAPIN, M.A. 2s.
Scribe and Legouvé Bataille de Dames. By Rev. H. A.

1L, M.A
Scribe Le Verre d’Bau. By C. COLBECK, M.A. 2s.
8édaine, Le Philosophe sans le savoir. By Rev. H. A.
BuLr, M.A, 2s.
Souvestre. Un Philosophe sous les Toits. By H. W. EVE,

Thlerry I.ettres sur l'histoire de France (X]I[.——XXIV )e
By G. Masson, B.A,, and G. W. PRoTHERO, M.A. 3s. 6d.
Récits des 'i‘emps Mérovingiens L—III. By GUSTAVE
MassoN, B.A. Univ. Gallic., and A. R. Rores, M.A. With Map, 3s.

Villemain. Lascaris ou Les Grecs du XVe Siacle, Nouvelle

Historique, By G. Masson, B.A. 2s.

Voltaire, Histoire du Siécle de Louis XIV. Chaps. I.—
XIIL. By G. Masson, B.A., and G. W. PRoTHERO, M.A. 2s. 6d. Part II.
Cuaps. XIV.—XXIV. 2s 64. Parrt III. Cuaps. XXV. to end. 2s. 64.

Xavier de Maistre. La Jeune Sibérienne. Le Lépreux de
la Cité D’Aoste. By G. Masson, B.A. 1s. 6d.
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IV. GERMAN.

Ballads on German History. By W. WAGNER, Ph.D. 2s.

Benedix. Doctor Wespe. Lustspiel in fiinf Aufziigen. By
KARL HERMANN Breur, M.A., Ph.D.

Freytag. Reg Staat Friedrichs des Grossen. By WILHELM
WAGNER, 25,

Gernf:n Dactylic Poetry. By WILHELM WAGNER, Ph.D. 3s.

Goethe’'s Knabenjahre. (1749—1761.) By W. WAGNER, Ph.D.
New edition revised and enlarged, by J. W. CARTMELL, M.A. 2s.

Hermann und Dorothea. By WILHELM WAGNER,
Ph.D. New edition revised, ﬁj W. CARTMELL, M.A.

Gutzkow. Zopf und Schwert. Lustspiel in fimf Aufziigen,
‘WoLsTENHOLME, B.A. (Lond.). 3s. 64.

By H.

Hauiyf i)a.s Bild des Kaisers. By KARL HERMANN BREUL,
M.A., Ph.D., University Lecturer in German. 3s.

Das Wirthshaus im Spessart. By the late A.

SCHLOTTMANN, Ph.D. and J. W. CARTMELL, M. A,

Die Karavane. By A. SCHLOTTMANN Ph.D. 3s.

Immermann. Der oberhof A Tale of Westphahan Life, by
WiLHELM WAGNER, Ph.D.

Kohlrausch. DasJahr 181 3. By WILHELM WAGNER, Ph.D. 2s.

Lesging a;x{dAGellerb Selected Fables. By KARL HERMANN

REUL,

Mendelssohn's Letters. Selections from. By J. SIME, M.A. 3s.

Raumer. Der erste Kreuzzug (1095—1099). By WILHELM
WAGNER, Ph.D. 2s.

Riehl. Culturgeschichtliche Novellen. By H. J. WOLSTEN-
HOLME, B.A. (Lond.). 3s. 64.

Schiller. Maria Stuart, By KarRL HERMANN BREUL, M.A.

Pl\ D,
ﬁrﬂhelm Tell. By the same Editor. 2s5.64. Abridged
Edition. 1s.

Geschichte des Dreissigjihrigen Kriegs. Buch IIL

By the same Editor.
d.

Ernst, Herzog von Schwaben. By H. J. WOLSTEN-
HOLME, B.A, 3s. 6d.

V. ENGLISH.
Bacon’s History of the Reign of King Henry VIL. By

the Rev. Professor Lumsy, D.D.
Cowley’s Bssays. By the Rev Professor LumBY, D.D.

Discourse of the Commonwealf of thys Realme of Englande.
First printed in 1581, and commonly attributed to W S. . Edited from the MSS.
by the late EL1zABETH LaMoND. [4n the Press.

Milton’s Comus and Arcades. By A. W. VERITY, M.A,

sometime Scholar of Trinity College.

Milton’s Ode on the Morning of Ohrist’s Nativity, L' Allegro,

Il Penseroso and Lycidas. By the same Editor. 2s.
Milton’s Samson Agonistes. By the same Edltor 2s. 6d.
Mﬂton s Paradise Lost. BooksI.II. By the same Editor. 2s.
—_— Bks. ITL. IV. By the same. [Presaring.
—_ e Books V. VI. By the same. 2s.
—_ Books XI. XII. By the same. 2s.
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More’s History of KingRichard ITL. By J. R. LuMBY,D.D. 3s.64.

More’s Utopia. By Rev. Prof. LuMBY, D.D. 3s. 6d.

Sidney, 8ir Philip. An Apologie for Poetrie, By E. S.
SHUCKkBURGH, M.A. The Text is a revision of that of the first edition nf 1595. 3S.

Thales to Cicero, A Sketch of Ancient Philosophy. By
Josern B. MAYOR, M.A. 3s

The Two Noble Kinsmen. By the Rev. Professor SKEAT,
Litt. D. 3s.64.

VI. EDUCATIONAL SCIENCE.

Comenius, John Amos, Bishop of the Moravians. HlS Life
and Educational Works, by S. S. Laurig, LL.D,, F.R.S.E. 3s.
Education, Three Lectures on the Practice of. 1. On Mark-
ing, by H. W. Eve, M.A. 1l. On Stimulus, by A. Sipgwick, M.A. 111, On
the Teaching of Latin Verse Composition, by E. A. AssorT, D.D. as.
Stimulus. A Lecture delivered for the Teachers’ Training
Syndicate, May, 1882, by A. Sipgwick, M.A. 1s.
Locke on Education. By the Rev. R. H. QUIick, M.A, 3s. 64.
Milton’s Tractate on Education. A facsimile reprint from
the Edition of 1673. By O. BRowNING, M.A. as.
Modern La.ngusg , Lectures on the Teaching of. By C.
CoLBEck, M. A.
Teacher, General Aims of the, and Form Management. Two
Lectures delivered in the University of Cambridge i ln the Lent Term, 1883, by
. W. FARRAR, D.D., and R. B. PooLg, B.D. 1s.
'.l.'ea.chmg Theory and Practice of. By the Rev. E. THRING,
.y late Head Mascer of Uppingham School. New Edition. 4. 64

British India, a S8hort History of. By E. S. CARLOS, M.A,,
late Head Master of Exeter Grammar School. 1s.

Geography, Elementary Commercial. A Sketch of the Com-
modities and the Countries of the World. By H.R. MiLt, D.Sc,, F.R.S.E. 1s.

Geography, an Atlas of Commercial. (A Compamon to the
above.) By J. G. BARTHOLOMEW, F.R.G.S. With an Introduction by HuGu
RoBeRrT MuLL, D.Sc. 34,

Vil. MATHEMATICS.

Arithmetic for 8chools. By C. SMiTH, M.A,, Master of
Sidney Sussex College, Cambridge. 3s. 64,

Elementa.ry Algebra (thh Answers to the Examples). By

W. W. Rouse Barr, M.A.

Euclid’s Elements of Geometrx By H. M. TAVYLOR, M.A.
Books I Books zs Books I. and II. 15 6d.
Booklm m 1f“r. 1s. 64. V.and VI. 1s 6d.

Solutions to the Exercises in Euchd, Books I—IV. By

W. W. TavLor, M.A. [(Nearly ready.

Elements of Statics and Dynamics. By S. L. LoNEY, M.A.
i'u;‘g nornulioz:np:smot Dynn:;lc!lumm“ of Btatlcs. 4. &4

Mechanics and Hydrostatics for Beginners. By S. L. LONEY,

[Nearly ready

An Elementa.ry '.l'restxse on Plane Trigonometry By E

W. HossoN, Sc.D., M. JEssor, M.A. 4s.64.

Other Volumes are in preparation.
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GENERAL EpiTOR: J. J. S. PEROWNE, D.D.,
BisHOP OF WORCESTER.

s 1 s difficult to commend too highly this excellent series.”—Guardian.

“ The modesty of the general title of this series has, we believe, led
many to misunderstand its character and undervate its value. The books
are well suited for study in the upper forms of our best schools, but not
the less are they adapted to the wants of all Bible students who are not
specialists. We doubt, indeed, whether any of the numerous popular
commentaries vecently issued in this country will be found more ser-
viceable for general use.”—Academy.

Now Ready. Cloth, Extra Fcap. 8vo. With Maps.
Book of Joshua. By Rev. G. F. MACLEAR, D.D. 2s. 64.
Book of Judges. By Rev. J. J. L1as, M.A.  3s. 64.

First Book of Samuel. By Rev. Prof. KIRKPATRICK,D.D. 3s5.64.
Second Book of S8amuel. By the same Editor. 3s. 6d.

First Book of Kings. By Rev. Prof. LUMBY, D.D. 3s. 64.
8econd Book of Kings. By Rev. Prof. LuMBY, D.D. 3s. 64.
Books of Ezra and Nehemiah. By Rev. Prof. RYLE, B.D. 4s. 6d.
Book of Job. By Rev. A. B. DAVIDSON, D.D. ss.

Book of Psalms. Book I. By Prof. KIRKPATRICK, D.D. 3s. 64,
Book of Ecclesiastes. By Very Rev. E. H. PLUMPTRE, D.D. ss.
Book of Jeremiah. By Rev. A. W. STREANE, B.D. 4s. 64.
Book of Ezekiel. By Rev. A. B. DAVIDSON, D.D. ss.

Book of Hosea. By Rev. T. K. CHEYNE, M.A,, D.D. 3.
Books of Obadiah & Jonah. By Archdeacon PEROWNE. 2s. 64,
Book of Micah. By Rev. T. K. CHEYNE, M.A,, D.D. 1s. 64,
Haggai, Zechariah & Malachi. By Arch. PEROWNE. 3. 6d.
Book of Malachi. By Archdeacon PEROWNE. 1.

Gospel according to 8t Matthew. ByRev.A. CARR,M.A. 25.64.

Gospel according to 8t Mark, By Rev. G. F. MACLEAR,
D.D. 2as.6d.

Gospel according to 8t Luke. By Arch. FARRAR,D.D. 4s. 64,
Gospel according to 8t John. ByRev.A. PLUMMER, D.D. 4s.64,
Acts of the Apostles. By Rev. Prof. LuMBY, D.D. 4s. 64.
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Epistle to the Romans. By Rev. H. C. G. MOULE, M.A. 3s.64.
First Oorinthians. By Rev. J. J. L1as, M.\A. With Map. 2s.
Second Corinthians. By Rev. J. J. L1as, M.A. With Map. 2.
Epistle to the Galatians. By Rev. E. H. PEROWNE,D.D. 1s.64.
Epistle to the Ephesians. By Rev. H.C.G. MOULE, M.A. 2s.6d.
Epistle to the Philippians. By the same Editor. 2s. 6d.

Epistles to the Thessalonians. By Rev. G.G. FINDLAY, B.A. 2s.
Epistle to the Hebrews. By Arch. FARRAR, D.D. 3s. 64.

General Elgistle of 8t James, By Very Rev. E. H. PLUMPTRE,
1.

Bpistles of 8t Peter and 8t Jude. By Very Rev. E. H.
PLumprre, D.D. as.

Epistles of 8t J'ohn. By Rev. A. PLUMMER, M.A,,D.D. 3s. 64.
Book of Revelation. By Rev. W. H. SIMCOX, M.A. 3s.

In the Press.

Bpiﬁtles to the Oolossians and Philemon. By Rev. H. C. G.
OULE, M.

Epistles to '.l'imothy & Titus. By Rev. A. E. HUMPHREYS, M.A.

The Smaller d:;mbrmgt Bible for £chools.

“We can cordially recommend this sevies of text-books.”—Church
Review.

« The notes elucidate every possible difficulty with scholarly brevity and
clearness, and a perfect knowledge of the subject.”—Saturday Review.

“Accurate scholarship is obviously a tltaracterutu of their productions,
and the work of simplification and ppears to have been
Judiciously and skilfully performed.”—Guardian.

Now ready. Price 1s. eack Volume, with Map. )

Book of Joshua. By J. S. BLACK, M.A.
Book of Judges. By J. S. BLACK, M.A.
First and Second Books of Samuel. By Rev. Prof. KIRK-

PATRICK, D

Pirst and Second Books of Kings. By Rev. Prof. LumBY, D.D.
Gospel according to 8t Matthew. By Rev. A. CARR, M.A.
Gospel according to 8t Mark., By Rev. G. F. MACLEAR, D.D.
Gospel according to 8t Luke. By Archdeacon FARRAR, D.D.
Gospel according to 8t John. By Rev. A. PLUMMER, D.D.
Acts of the Apostles. By Rev. Prof. LuMBY, D.D.
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